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1 Bcryniaenune

AnHoranusa

B crarwe umer peus o PL-uzoMmerpun — KyCOUHO-/WHEHHOM n3zomMerpun. byger mano
KOHCTPYKTUBHOE JIOKA3aTEIbCTBO TeopeMbl KupimbpayHa, a TakKe JOKa3aH aHAJIOT TEOPEMbI
Homa—Keiinepa g moansapaabHBIX TPOCTPAHCTE.

Onpenenenne. P L-omobpasicenuem 001020 noauadpassHo20 npocmpancmesns 6 0py20e Ha3v6aemcs
omobpasicenue deticmsyrousue Ha KaHcObl CUMNAEKC MPUGHLYIAUUY KK NUHETHOE.

Onpenenenune. P L-uzomempuets nasveaemcs PL-omobpastcenue coxpanatouiee 0AUHDL KPUBDIL.
Hau wmo mootce camoe, aumnetinve omobpartcenus Mencody CuUMNAEKCAMU CYMb U3OMEMPUL.

Haruisiinoiv mpumepom P L-u3omerpun CjiyKuT 0TOOparkeHne nepeBo/Isinime 00bIIHbIi JIUCT
Oymaru B (pUrypy Opurami.

[TousitHo, ¥T0 P L-M30MeTpHs SIBISETCS HEPACTATHBAIOIINM (HHOT/IA er0 TaKyKe HA3hIBAIOT
KOPOTKHM UJTH CJTADOCKUMAOIINM) OTOOpazKeHHeM, TO €CTh He YBEeJNYNBACT PACCTOSTHIE MEZK LY
TOOBIMU IBYMS TOUKAMH.

2 PL-uzomMmerpus B IPOCTPAHCTBE

B srom paszjiene Mbl Oy1eM paccMaTpUBATh TOJBKO P L-u30MeTpun JefcTBYOIIIe Ha TOTHTONAX
B E¢, H nmu S? u ocraBasionue ux B COAEPKANNX UX TPOCTPAHCTBAX.

[Tycrs PL-uzomerpus ¢ nepesoaut touku A u B B rouku ¢(A) n ¢(B). Tpeanonoxkum,
a0 cymecrByer asuxenue ¢, uto ¢(A) = g(A), a ¢(B) = ¢g(B). Torma, B cuy c1aboro
cxkarust, Juist J0boit Toukn X sexkamieit Ha orpeske AB Bepro ¢(X) = ¢(X) (unave Obi
HAPYIIATIOCH HEPABEHCTBO TPEYTOJIHHUKA).

[TosToMy KazKJIOMy JBUXKEHHIO W3 HAOOpa JBUKeHUil P L-M30MeTpUU COOTBETCTBYET OJHA
U HpUTOM BbIyKJIas obJsiacTb. lajiee OyjieM HasbiBaTh Takue odjactu aucmamu. V1 canrars,
9TO BCEM JIMCTAM COOTBETCTBYIO DA3HbIE JIBUIKEHMUS.

Paccmorpum kakne-aubyap aBa coceannx no runeprpanu gucta L n L. TTockoapKy Ha 37O
TUIIEPTPAHU Y JIUCTOB JBUKEHHS COBIAIAIOT, HO CAMHU OHU OTJIHYAIOTCS, MOKHO CKa3aTh UTO
JIBUZKEHHE TIePBOTO JINCTA 9TO KOMITO3UIHSA JIBUZKEHU BTOPOTO JIUCTA ¥ CHMMETPHH OTHOCHTETHHO
9TOM runeprpanu (II0CKOJIbKY CYIECTBYET TOJIBKO JBa JBHZKEHHsI COBIAIAIONINE HA TUIIEPIIOCKOCTH ):

g = grosym(LNL). (1)



Ecnn nse PL-uzomerpun ¢ u ¢’ mMeroT ogHO W TOxKe pasbuenue Ha JUCTBHL L1, Lo, ...,
TO B CHJIY BBIIIECKA3aHHOTO JIBUXKEHUsI COOTBETCTBYIOIIUE ITUM JIMCTAM B LEPBOH U BTOPOI
OTJINYAIOTCS Ha OJHO W TOXKe apuzkeHue. [losromy gajee Hac OyayT HMHTEPECOBATH TOJIBKO
pa3buenne Ha JIUCTBHI, U 3TO paszbumenue Mbl OyjieM Ha3bIBaTh Toxke P L-uzomerpueii Torja,
KOTrJia 3T0 He OyJ/ieT IPUBOIUTH K Iy TAHHUIIE.

Cnenyromue nse Teopemsl 1 u 2 g E? nokazamm J.Lawrence n J.E.Spingart.s [5]. Msr
37ech IpUBeIeM GoJTee KOPOTKHE JTOKA3ATETbCTBA TIOIXOISINNe TAKKe U /I IPOCTPpaHCTB S?

n H.

Teopema 1. JlokarvHo Koneuroe pazbueHue NoOAUMONG Ha NoAuMons, Asaiemcs P L-uzomempued
mozda U Moabko mozda, k0206 410048 2PaHb KOPAZMEPHOCTY 2, NPUHAOAEHCUM, YEMHOMY
YUCAY AUCTNOG, NPUMEM AALMEPUPOSAHHAA CYMMA Y2068 NPu Imol 2pany (Mo ecmb cocednue
Yeavl BLOOAM 6 CYMMY € PA3HbLMU 3Hakamu) pasra .

Zoxasamenavcmeo. Heobxoanumocts. PaceMoTpum HEKOTOPYIO TPaHb | KOPpa3MepHOCTH 2, U BCe
JIUCTBI, COJIepzKalliie 3Ty IpaHb. BbibepeM MpoM3BOJIbHOE OTOOpazKeHue HEKOTOPOro JIUCTA,
3aTeM II0C/Ie/I0BATE/IbHO OYIeM CTPOUTh OTOOPArKeHHsI OCTAIbHBIX JIUCTOB IO KPYT'y BOKPYT [,
9TO TMOCTPOEHHE OYIET OTHOZHATHBIM.

[Ipu P L-u3omeTpun JIMCTHI OTKJIA/IBIBAIOTCS 110 OJIHY CTOPOHY OTHOCUTE/IBHO 00IIeil runeprpanu,
3HAYHUT JIUCTHI OYAyT OTKJIAABIBATHCS MOOYEPEHO B PA3JIMIHBIX HAlpaBJIeHHsX. Korma Mbl
JiobepeMcst JI0 TOCAeIHEr0, Y HAC JO0JIZKHA COBMECTUTHCS 00Iasi TpaHb 3TOTO JIMCTA C TIEPBBIM.
SHAYUT KOJUIECTBO JIUCTOB JO2KHO OBITH YETHO, 8 CYMMa yIJIOB JINCTOB NPH I'PaHu | B3ATasd
¢ depeyionuMcs 3Hakom paHa (.

Jocrarounocts. Beibepem npousBosibhblii auct Li. Byjum caurarh, 410 €My COOTBETCTBYET
TOXKJIECTBEHHOE JiBHKeHne. Bro MoxKHO coeiuHuTh 1menoukoit Ly, Ly, ..., L, ¢ IpOu3BOJIbHBIM
jquctoM L, Tak uto cocepuue L;, L; 1 nMeroT o0ILyIo runeprpanb. 1oria BIo/Ib 3TO MenouYKH
JBUzKeHue Jimcta L, 0JHO3HAYHO 3ajaeTcs ¢ momomibio dhopmyanl 1. Heobxoaumo j10ka3aTh,
YTO HPHU JII0OOOM BBIOOPE TEHOYKH Pe3yIbTaT ¢, OyIeT OJHO3HATHBIM.

[IycTh h HEKOTOPOI KpUBas, HAUMHAOMASCA B L 1 3aKaHINBAIOMAsCA B L, 1 He MepeceKaorast
rpaHu Kopa3MepHocTH 2 u Bbilie. Kax/10it Takoit KpuBOil COOTBETCTBYET HENOYKa JIMCTOB, B
COOTBETCTBHH C T€M, B KAKOM TOPS/IKE 9Ta KPUBasl MPOXOAUT JIMCTHI. B CHIIy OXHOCBS3HOCTH
obnactu onpeaenenns P L-m3omerpun, 3Ty KpuByI hg MOKHO HEpPeBECTH B JIIOOYIO JAPYTYIO
O/IO0HYI0 KPUBYIO Ay, HEIIPEPBIBHOW roMoTomnuei h; octapigronieii KOHIIbI KPUBOil HA MecTe.
DTy TOMOTOIIMIO MOYKHO OCYIIECTBUTH He Iepecekass rpanu P L-nu3oMeTpuu Kopa3MepHOCTH
3 u Bbime (310 caemyer u3 cjaaboii Teopembl ToMa O TPAHCBEPCATBHOCTH), & MEPECEYCHUSs C
IpaHsSIMU KOPa3MEPHOCTH 2 IMPOUCXOIS IMPU PA3JInIHBIX T.

Kak Oyzmer uameHsIThCS ¢, IpH T10100HOIT roMoTonnn? B MOMEHTHI £, KOTIa HET MepecevdeHnst
¢ TPaHSIMHU KOPa3MepPHOCTH 2, COOTBETCTBYIOIIAdA IEIMOYKa JUCTOB He MeHseTcs. B MomeHT
nepeceveHnsd HEKOTOpOil Momo0HONH TpaHu [, OJUH KYCOK IENOYKH OyaeT 3aMeHeH IPYTHM.
OTH JBa KyCKa BMecTe 00pa3yioT HUKJI BOKPYT rpaHu [. DTH JBa KyCKa HPUBOIAIT K OJHOMY
pesyJsbrary (HMOCKOJIBKY aJbTepupoBaHHas cyMma yrioB pabHa (), a 3HAYUT ¢, OPU TAKOM
epexojie He M3MEHAETCS. 0

Bameuanue 1. Koneuno, 0aa okpysicrHocmy ama meopema He 6epHa. lai Heé anaro2udHbviMm
Kpumepuem 6ydem mo 4mo “ucso 4acmeti 00AACHO ObMb YEMHBLM U CYMMO OAUH BCET
“yemnol i’ ompesros, doaNcHa ObIMb PABHA CYMME BCEX “HEYEMHBLL” 0MPE3KOE.

Cie1y1oIyo TeopeMy MOYKHO TaKKe PACCMATPUBATH KAaK AHAJTUTHYIECKOE OIMPEeIeTeHue
P L-uzomerpun.



Teopema 2. Omobpasicenue ¢ 3adannoe na noaumone P (narodawumes 6 6 npocmpancmee
Ed, H? uau S?) seasemes PL-usomempueti mozda u moavko mozda, £020a 66inoAHeno cAOYI0ULEE
mpebosanue:

VX € P,3r(X),VY € B(X,r(X)) sepro XY = ¢(X)o(Y).

Joxazameavcmeo. To uro P L-uzomerpusi 00/1a1aeT 3TUM CBOMCTBOM NOHATHO. /leficTBuTe/ IbHO,
B kadecTBe B(X, 7(X)) MOXKHO B3Th Imap JeKammii e TMKOM B 00be IMHEHUH JINCTOB COePIKAIIIX
TOUKY X.

Jlokazkem, 9T0 TpeOOBAHUS CYIIEeCTBOBAHUS TAKON OKPECTHOCTH /TSI KazKI0i TOUKH JOCTATOYHO.
s Hagasia, 3aMeTUM 9TO MOYKHO CUUTATh 9T0 P — orpanudeno. /leiicrBure/ibHO, 09EBUIHO,
CYIIECTBYET JIOKAJbHO-KOHEYHOe pasbuenue P (1a u Bcé BceoObeMJIIoNee MPOCTPAHCTBO) HA
orpaHudYeHHble TOJUTONBI (/151 chepuIecKnX TMPOCTPAHCTB, TOTpedyeM TakzKe, YTOOBI OHU
He COJepzKasid JIBYX MPOTUBOIOJOXKHBIX TOUYeK). U ecsim orpanuveHue oToOpazkeHusl ¢ Ha
KazKJIbIil 13 MOJTUTONOB pa3dueHus cyTh P L-m3oMeTpus, To 0TOOpazkeHne W Ha BECh IOJHTOI
P Toxe, oueBuano, P L-u3oMmerpus.

Jlerko moHsTh, 9TO OTOOPAKEHHE ¢ CITADOCKUMAIOIIEe (A 3HAYUT HepepbIBHO). PaccmoTpn
npousBoJibHbIE jiBe Toukn A u B. CoeuHAONMiT NX OTPE30K MOKPOEM OTKPBITHIMU MHOYKECTBAMHU
B(X,r(X)), rakue MHO)KecTBa GepyTcs i BCeX TOYEK JiexKalluX Ha orpeske AB. Dru
MHOZKECTBA, OYEBH/IHO IMTOKPBIBAIOT BeCh 0TPe30K A B, 1 B Ty KOMIIAKTHOCTH OTPE3Ka, MOZKHO
BBIOPATH KOHEYHOE YUCTI0 TAKIHX MHOXKECTB, KOTOPBIe TAKKe MOKPBIBAIOT BECh OTPe30K. I1ycTh
HEHTPbI BHIOPAHHBIX OKpecTHOCTER 910 Touku X1, Xa... X, (B3sarbie B nmopsiake or A k B).
[Tockosibky obsactu TOYeK X7 U Xo THEpecekaloTcs, CyMIECTBYeT TOYKA JIeKallas MezKLy
HAMW W TpHHAIIeKamas obenM obsmactam. Obo3radnm eé depe3 Y]. AHATOTHIHO TTOCTPOUM
Touku Y;, 1 = 2...n — 1. [loayumm, aro mymubl 3BeHbeB Jjomanaoi AX Y1 X,...Y, 1 X,B
He MEHSIOTCS IPH OTOOpaKeHWH. A IOCKOJIbKY PACCTOSHHE MEXKIy KOHIIAMH JIOMAaHOH He
NPEBOCXOAUT €€ jymHbL, noaydaeM, uto AB < ¢(A)¢(B).

Kpome Toro, BujiHO, 9TO OrpaHudeHne ¢ Ha 0Tpe3ok AB 310 PL-uzomerpus, JUCTHI
KoTopoit 510 orpesku AXy, X1V, ...,Y, 1X,, X, B. [ToaroMy, MO’KHO CUHTATH, 4TO TEOPEMA
JIOKa3aHa B Caydae ecan P JIeKuT B 0JJHOMEPHOM IPOCTPAHCTBE.

[IpeamonoKum 9T0 TeopeMma AOKa3aHa s MPOCTPAHCTBA padMepHocTH d — 1, moKaxkem
u i d-mepHoro npocrpanctsa. lefictBoBarh Oy/eM aHAJOIMYHO M OJHOMEPHOMY CJIydalo.
[Tosmuron P oiHoCThIO HOKPLIT OTKpbIThiMu mapamu B(X, r( X)), nocrpoeHHbIMuE J1/1s1 KK 107
TOYKN P, H03TOMY B CHJIy KOMIIAKTHOCTH (OH 3aMKHYT W OPPAHIYEH ), MOYKHO BHIOPATH KOHETHOE
qucsio mapos B(Xy,7(X1)), B(Xa,r(X2)), ..., B(X,, (X)) Toxke mokpbiBatomux see P. [Tis
y100cTBa, OyJeM cauTaTh, 4To Mbl Gpasau r(X) Takum mMaseHbKuM, uToobl map B(X;, r(X;))
HE IIePECeKaJICH C I'PAHIMU MEHbIIEH Pa3MEepPHOCTH, 4eM Ta I'Ppab, B KOTopoii jexur X;. Toria
orpaunyuenne orobpazkenns F uwa B(X;, r(X;)) N P Gyner 0JHO3HAYHO ONPEIENSITHCA 110 TOMY
KaK OHO JeiicTByeT Ha TOuKy X; u Ha 4dacThb cdepor S; = S(X;, r(X;) NP

[Tokazkem, uro orpanuvenue I Ha j060ii Kycok mapa B(X;, r(X;))NP sro P L-uzomerpusi.
JelicTBUTEIBHO, pACCMOTPUM YacTh cdepbl S;. Orobpazkenue ¢ nepesoaut eé B cdepy S(H(X;), r(X;))
(toro ke paamyca). Kpome Toro, jjst mo6oii Toukun A u3 S; cymecrByer o6J1acTh, TOUKH
KOTODOIi K Heil He Npub/IHzKAIOTCs (B CHILY yCIOBHSI TEOPEMBI). A 3HAYHT, B CUJLY HPEIOI0KEHHs]
WHYKIUU, orpanundenune ¢ Ha S; 310 PL-uzomerpus. O4UeBUIHO, MOCKOJIBKY PACCTOSTHHE OT
ToukH X; 0 TOYeK S; MOJ JeifiCTBHEM ¢ He MEHSeTCsd, a ¢ 0TOOpazKeHne CJIabOCKIMAIOIIEe,
3HAYUT OTpe3ku X;Y MepexoidaT B OTpe3kH, Jis Jodoro Y uz S;. [Tosromy B(X;, r(X;)) NP
pasbuBaeTcs HA KOHEYHOE YUCIO Yacreil (JTUCTOB), HA KayKJIO# U3 KOTOPHIX ¢ JeficTByeT Kak



JIBUKEHUE.

[TonsiTHO, YTO ec/in KaKue-To JBa Jucra, u3 coceanux mapos B(X;, r(X;)) u B(X;,r(X;))
nepecekaTes “no mMscy” (pasMepHOCTb Hepecedenns paBHa d), TO Ha 9THX JIMCTAX COBIAJAET
U JBUKEHWE, & 3HAYUT UX MOYKHO CIUTATH MPOCTO OTHUM OOJIBIITHM JIICTOM.

[TockompKy MIapoB, KOTOPBIMEH MBI MOKDPBLIH P KOHEYHOe YHCJIO0, M KayKJI0e U3 HUX MBI
pa3dUIN HA KOHEYHOE YHCJIO JIICTOB, MBI MOJTy9aeM 9To P2 MOYKHO TpeJICTaBUTDh KaK 00be THHeHe
KOHETHOTO YUC/Ia JTUCTOB, HA KayKIOM U3 KOTOpLIX F' meiicTByer Kak JABU:KeHUWE. A 3TO U eCThb
P L-uzomerpusi. O]

OTMmeTHuM elie OJTHO BayKHOE CBOWCTBO, KOTOPOE SBJSETCS YA0OHBIM HHCTPYMEHTOM IPH
IIOCTPOEHUN pa3auvdHbIX P L-u3omerpunii.

Jlemma 3. /L 0601 P L-usomempuu 3a0anmoti Ha MHO202DAHHUKE MONCHO YKA3AMb HECKONDKO
mouex u ux 06pasos nod deticmeuem 3moti PL-uzomempuu, 4mo no amum mouka ona 60CCMaHABAUCAEMC A
00H03HAYHO.

Jokasamenvcmeo. B cayaae E¢ u HY noctaTodno BHIOpATD Bee BePITHHLI BCEX MHOTOIPAHHIKOB.
[TockoTbKY KazK/Iblil BEITTYKJTbIi MHOTOTPAHHUK SBJSETCS BLITYKIONH 000T0YKOI CBOMX BEPIIIHH,
BCE JIUCTBI (KOTOPBIiT B JAHHOM CJiydae Oy/LyT BBIILYKJIBIMUA MHOIOIDAHHUKAME ) MOZKHO OJTHO3HAYHO
BOCCTAHOBUTh.

DTO CBOWCTBO MOXKHO 0000IMHUTHL W Ha BCE cdhepudeckoe MPOCTpaHcTBO. Ho Bo3HWKaer
TPYAHOCTH, HOCKOJIBKY JIICT MOZKET CO/lepyKaTh Morycdephbl B KauecTBe CBOUX IDaHeil W TOTIa
BepIINHBI MOIUTONA He JOCTATOYHO JIs eé onpejenenus (HampuMmep B S? cylmecTByeT Iesoe
ceMeiicTBO TOMYOKPYZKHOCTel ¢ obmmvu Kormamn). “Paspexkenm” chepy S¢ ¢ momompio d + 1
MOTIAPHO TEPIIEeHIUKYJISIPHBIX THIIEPILIOCKOCTEHl. DTH TUHEPIIOCKOCTH TaKyKe W Pa3pe3aror
JINCTHI U3 KOTOPBIX COCTOUT Hama P L-m3omerpusi. 9T HOBbIE “MaJIeHbKHe  JIUCTHI HE MOTYT
coZlepzKaTh MoTycdepbl, TOTOMY MBI MOXKeM 33/1aTh JAeiicTBue P L-m30MeTpuu Ha HUX, 33/1aB
€ro TOJbLKO Ha BepIINHAX. ]

Jlokazkem TeopemMy, KoTopast 0y/IeT OCHOBHBIM HHCTPYMEHTOM ITPHU J0Ka3aTe/IhCTBE aHAJI0Ta
TeopeMme Hama-Keiimepa.

Teopema 4. ITycmv na Koreuwrnom mmnoscecmee mouer 6 npocmpancmee B, He uau ST zadaro
caabocotcumarousee omobpasicenue f. Tozda amo caabocHCUMAIOWEE OMOOPANCEHUE MOHCHO
npodoastcums do PL-usomempuu na 6ce npocmpaHcmeo.

Jloxazameavcmeo. JlokazareabcTBO Oy/ieM NMPOBOAWTH WHIYKIMEH YUCIY TOYEK HA KOTOPBHIX
3a/1aHO 3TO OoTOOpakernue f.

Ecim pazmeprHocTh mpocTpancTBa paBHa () TO yTBepKIeHHE — OYEBHTHO.

B cnyuaae ecim y Hac 3a1aHO 0TOOpazkeHHe TOJBKO /s OJHON TOUKH TeopeMa, OYeBHUIHA.
JleiicTBUTEILHO, BCE MPOCTPAHCTBO MOXKHO CYUTATH OJHUM JIMCTOM. A COOTBETCTBYIOILMM
JIBU2KEHHEM — KaKoe-HuOy/Ib JBUKeHHe nepesoisiiee A, B By.

Wrak, OymeMm cauTarh, 9TO TeOpeMa J0Ka3aHa B CAydae eCJIM YUCI0 TOYEK B 0TOOparKeHNn
He npeBocxoauT 1 — 1. Jlokaxkem eé it ciydas KOT/ia IUCJI0 TOYeK PAaBHO 1.

[IycTs 3aman0 ciabockuMaroliee oTrobpazkenune mepepoadamntee Toukua Ay, A, ..., A, B TOUKH
By, Bs, ..., B, coorBercrBenno. bes orpannuenus o6IHOCTH, MOKHO CUUTATL 9TO TOYKUH A,
u B, cosmazaior. Ilo npeamnosnoxennto nuayknun, cymecrsyer PL-uzoverpust ¢ (3amanHast
Ha BceM d-MepPHOM MpOCTpaHCTBe), epesoasimas A; B B;, rie i mpoberaer 3uadenus ot 1 1o
n— 1.



[Iyctb ¢ me ocraBiaser A, Ha Mecre (MHa4Ye B KadecTBe HYKHOH HaMm P L-uzomerpun
MOZKHO B3sTbh camo ¢). Pacemorpum muozkectBo Touek X yjassiionuxcs or A, naade roBopsi,
MHOZKECTBO TOYEK X TaKHUuX, 4TO

A, X < Ad(X).

O603uaunM ero 3a 2. [TouaTHo uTo ) HE MyCTO, OTKPBITO (¢ — HENMPEPBIBHOE OTOOPaZKEeHHe,
a HePABEHCTBO OTPAHUIMBAIONIEe () — CTPOroe) U He 3aMOTHIEeT BCE IPOCTPAHCTBO, TIOCKOJIBKY
toukn A;, i = 1,...,n — 1 emy He npuHajjekar (OHH MO-YCJIOBHIO TEOPEMBI HE yJIAJISIOTCS
or Ay).

[Tokazkem uTO BMecTe ¢ 11000 Toukoil X mpunaaiezxkarieii €2, orpe3ok A, X Takke 1me1uKoM
nmexxuT B (). Bo3zbMmeMm mpou3BOIBHYIO TOUKY Y JIeXKallyio Ha 3TOM OTpe3ke. Tak Kak ¢ —
cnaboczkuMatotee oroopaxkenne, XY > ¢(X)o(Y), a mockonbky, A, X < A,F(X), ciegoBarenbHo:

AY = A, X — XY < 4,8(X) — ¢(X)p(Y) < Anop(Y).

[Tociennee BepHO, B CUTY HEPABEHCTBA TPEYTOTHHUKA.

[Tocmorpum, kak obpasyercs rpanuta 2. [lycrs L kKakoi-HUOYIb JIUCT @, & g1, COOTBETCTBYIOIIEE
emy apuzenne. Pacemorpum touky g7 (A,) (ona ne obs3aTenbno poikna texkath B L). Jlerko
nOHSATH, 9T0 L N ) cyTh MHO)KeCTBO TOYeK L jexkamux Ojnxke K A,, dem K g;l(An). Ecmn
9TO MHOYKECTBO He IIYCTO U He BeCh JIUCT L (3Tu cjiydanm HaM He HHTEePECHBI, HOCKOJIbKY TOI/a
L nexur qmbo meaukoM BHE, JuGO MeJUKOM BHYTpH 1), TO 4acTh TpaHuIpl () jgexarieii B
L 310 npocro nepecedenne L u cpejnHHOil rUIepIIOCKOCTH Mexty Toukamu A, u g; ' (A,).
Taxum oOpa3zoM, paccMaTpuBasi BCe JINCTHI ¢ HNPUXOJAUM K TOMY, 9TO TpaHuna () cocrout u3
BBITTYKJIBIX TTOJTUTOTIOB.

Tenepnb onuireM HOCTPOEHHE HYKHOrO HaM oTobpazkenud ¢’ . Bue muozkecrsa (2 orobpazkenue
¢’ 6ynmer coBmagarb ¢ ¢. Jdamee, mycth L' wacrh rpamunsl ), Jjexkaimeil BHyTpu Jucta L.
Pacemorpum nupamvuy ¢ Bepiiunoii 8 A, u ocaoBanuem L' (miiu npotie roBopsi, UX BbIILYKJIYIO
060J104Ky) — 310 Oymer quct ¢'. ConmocTaBuM eMy JBUXKEHHUE g, © Sr/, TJe S/ — CHMMeTDHs
OTHOCHUTE/ILHO TUIePILIOCcKOCcTH cojepzkaiieit L. [To nocrpoenuto sroit cummerpuu, sy (A,) =
g; ' (A,). IposeseM Ty mpomneypy /s Beeil rpaHumbr 2.

[Tycts Touka X mpunasie:kut L'. Torma, 1erko HOHATH, 9TO JBUKEHHE §1 O S1/ TEPEBOIUT
orpe3ok XA, B orpesok F(X)A,. Heiicreurenbho, gy, o sp/(X) = gr(X) = ¢(X), a g1 o
sp(An) = 9971 (An)) = Ay, 1 orpesok X A, J1exKuT HeJMKOM BHYTPH OJIHOIO JIHCTA OTOOParKeHus
¢

Takum 06pa3oM, Ha TPAHUIIE IBYX JMCTOB COOTBETCTBYIOIIUE JIACTAM /IBUKEHHS COBIIAIAIOT,
MOCKOJIbKY OHM COBIAJIAIOT HA rpanure ).

Ecan Mpl onpenennin orobpazkenue ¢’ ma BceM 2, To 0HO gBagerca uckoMbiM. OIHAKO,
@' moxer ObITh onpejesneno He Ha Beem §). Pacemorpum Jiyu Bbixoggmuii u3 A,. Ecian on
nepecekaer rpanuiy {2, Ha Hem orobpazkenne ¢ onpeaeneno. Ecan ke OH IOTHOCTBIO JEXKUT
B 2, To A, sBJIgETCS eIMHCTBEHHO TOYKON Ha Jiyde Ha KOTOPOH OIpPeIe/IeHO OTOOparkeHue
¢

B cyuae, ecm Ml HaxoamMes B SY, To ¢ yike ompesesen Ha BeéM mpocTpancTse. Ilokazke
9TO.

Bamernm, 9o Touka A/ — nmpoTHBONOIOKHAS A,, HE MOXKeT YIAIUTHCS OT A, (MOCKOIBKY
HAXOJINTHCST UTAK HA MAKCHMAJIBHOM paccTosiinn ). [Tokazkem 9To OHa MPUHAJIEKUT BHY TPEHHOCTH
JionoJiHeHud K €.



1. Ecmu A, ze ocTaercsa Ha MecTe, 3HAYUAT OHA TIPUOTHZKAECTCA K A;,, a B CIITYy HEITPEPBIBHOCTH
IpuOIMKAETCA BMECTE ¢ HEKOTOPOH CBOEH OKPECTHOCTHIO.

2. Ecu ¢(A]) = Al . Jlerko moHsATb, 4TO CYIIECTBYET OKPECTHOCTH TOYKU Al 4ro jjis
ar060it roukn X u3 sroit okpecrnoctu Al X = AL #(X) (B kKauecTse 910l OKpECTHOCTH
MOZKHO B3sITh BCe TOYKHM JincToB copepxkammx Al). st 060t Touku cdepbl BepHO
pasencrtBo A, X = A, Al —A! X = A,¢(X), nockosbky Touku A, u A, TIPOTHBOIOJIOKHBIE.
Buaunt, BRIOpaHHAs HAMH OKPECTHOCTH He mnepecekaercs ¢ (). Takum obpaszom, Jrobast
Jyra 60sbInoit okpyRuHOCTH A, Al TepecekaeT rpanuiy ), a 3HAYUT HA Heil OMpe/IeTeHO
orobpazkenue ¢'.

Tenepb MOKazKeM 4TO MOXKHO J0OHpe/ieuTh ¢ B ciayudae npocrpancts E?, HY,

Paccmorpum cepy S ¢ menrpom B A, ¥ J0CTaTOYHO MaJIEHbKYIO, 9YTOObI OHA IEJTHUKOM
nexasa BayTpu (2. [loctpoennast namu wenosnasg P L-uzomerpus ¢ (1o ects P L-uzomerpuu,
06J1aCcTh OIpe/ie/ieHrst KOTOPOil He COBIAAET CO BCeM MPOCTPAHCTBOM) oTobpazkaer S B cebdl.
Taxum obpaszom, y Hac ompenenena Henosnas PL-uzomerpus na S. Ilo nemme 3 nBuzkenme
KazKJIOr0 JINCTa MOYKHO OJIHO3HAYHO BOCCTAHOBUTH 110 JIBUKEHHUIO HECKOJIBKUX TOYEK (BEPITHH
¥ MHOTJ/Ia TOYeK BHYTDH U Ha rpanuiie jucra). OTMeTrM Bee TaKie TOUKH JJisl KazKJ0T0 JINCTA.
Eciu y nac 3amana PL-n3omerpus, KoTopad AefiCTByeT TakzKe Kak U ¢/ Ha BCeX 3THX TOYKAX,
TO OH coBHaJaeT ¢ AeiicreueM ¢ Ha cdepe S. Takag PL-u30MeTpus CYIIECTBYET, IOCKOJIbKY
st cpeprIecKuX MPOCTPAHCTB HAIlla TeopeMa yiKe JoKa3aHa. Ero MOXKHO MpOJOIKAUTH HA
Beé ). [eitcrBurenbno, ecan Touka X Jexkaias Ha cdepe nepexogaur B Touky X', Torga Jayd
A, X (rounee ero wacth, jsexaiast BuyTpu €2) nepesegem B A, X’. D10 orobpakenue Oymer
coBnagaTh ¢ ¢, Tam tae ¢ onpeaeseHo, MO3TOMY €CIM MbI JI00NpPeaeanM ¢’ TakuMm 06pasom,
MBI TOJIy4IuM P L-n30MeTpuio AeiiCTBYIONLYIO Ha BCE IPOCTPAHCTBO. ]

BamMeTuM 9TO IPSMbIM CJIEICTBAEM TOH TeOpeMbl siBjIsseTcss TeopeMma Kupibpayma

Caencrue 5 (Teopema Kupmibpaysa). Ecau na KOHEUWHOM MHOMHCECTNGE MOYUEK 6 NPOCMPAHCMEE
E?, H? uau S s3adano caabocorcumarowee omobpasicernue f. Tozda amo caabocorcumarouiee
0MOOPAHCEHUE MOACHO NPOJOANCUMD HA BCE NPOCMPAHCINEO

Hannep, I'pronbaym n Kiin B kaure “Teopema XeJin” nogHuMaOT 3a/1a4y O MOCTPOECHUM
[IPOCTOTO NeOMEeTPUYIECKOro npojaoskeHns. [Toctpoenune u3 reopembl 4 SBJISIETCs JIOCTATOYIHO
HaJISOHBIM B TpocThiM. OTMmeTnM, uTo B Teopema Kupmibpayna, KOHEUHO, He 00s3aTE/IHHO
TpeboBaTh KOHEYHOCTh HAYA/IbHOTO MHOZKECTBA TOYEK.

3ameuanue 2. Ommemum, 4mo 8 meopeme 4 He 0043ameavHo mpebosamsb, 4mobbl NOAUMON
6viA MOTL oHCe PAZMEPHOCTU, WMO U NPOCMPAHCMEO (NPOCMPAHCMBO MOAHCEM. bbimb U 60AbULel
pasmepHoCmU,).

3 PL-anajor teopembl Hamia-Keiinepa

CymecrBoBanue P L-u3oMeTpuu norpyzkarorieii KoHeqHble JIByMepPHbIe H TPeXMepHbIe IOJU3/IpaabHble
npocrpancrsa B E? (H? u S) 66110 moxaszano 3amramiepom B [1].

C. Kpar, A. Tlerpyunn u /1. Byparo [3] gokazamu 310 1jist MOIU3APATbHBIX TPOCTPAHCTE
J1I000i1 pazMepHOCTH. A MMEHHO:



Teopema 6 (C. Kpar, A. Ilerpynnn u /1. Byparo). Jlio6oe koneunoe d-meprioe e6xaudoso
noAusdpasbHoe npocmpancmaeo (chepuueckoe uru 2unepboruyeckoe) donyckaem P L-usomempuio
na d-meproiti noausdp 6 B (uau ST u H? coomeememeenio).

B sroii :xxe pabore Obl1a JI0Ka3aHa CaeAYIONAs TeopeMa.

Teopema 7 (C. Kpar, A. Ilerpyaun u . Byparo). ITycmv P xoneunoe deymeproe
e6kAUd060 NoAUIIPasLHOE NPOCMParcmeo , a omobpasicerue f : P — E? aeaiemces nepacmsazueaouum.
Tozda dasa mobozo € > 0 cywecmeyem PL usomempua ¢. : P — E2, wmo d(f(x), (7)) < e

s 10001 mouku x u3 P.

YrnoMmaHeM TakzKe CBI3aHHBIN ¢ 9Toit TeopeMoii pesyabrar FO.Byparo n B. 3anrannepa:

Teopema 8 (FO.Byparo u B.3asrasmiep). Kasicdoe xopomxoe C?-nozpyoicenue fo mmozozparnura
M 6 E3 moorcno CO-annporxcumuposamo usomempuyeckumu kycouno-aunetinvmu CC-noepyocenuamu.
Ecau fy asasemes C°-srooiceruem, mo v annpokcuMupyiouue Kycouno-aunetinoe usomempuu
Mooicho evbpams CP-enoocenuamu.

ABTopsl Ha3BBAIOT 3TH TeopeMbl P L-anamoramu teopembr Hama-Keiitepa. Mbr mokaszkem
0600ITIeHIe STUX TeopeM (eCIH FOBOPUTD O TeOpeMe 8 TO B KJIACCe TOTPY2KEeHHil) /I IPOCTPAHCTB
1000 pa3sMepHOCTH, a TakxKe cdepuuecKux u rumnepbonnueckux. Ho crmauana caemaem asa
BayKHBIX 3aMeJYaHud.

3ameuanmne 3. Ananoz meopemut 4 044 NOAUIIPAALHOLT NPOCPAHCME He 6epen. Paccmompum
caedyrougut npumep (asmopy ezo coobuyun Armon Ilempynun). Hycmos ABC'D — npaguavhoid
mempatidep, a M — yenmp epanu ABC'. [Tycmo nawe noausdpaisvroe npocmparcmeo cocmoum,
u3 mpex mpeyzosvnuros ADM, BDM u CDM. Jlezko nonams, wmo we cywecmeyem PL-
UBOMEMPUU, NEPEBOOAULUT IMO NPOCMPAHCMEO 6 naockocmov epanu ABC u ocmasastowas
mouku A, B, C u D na mecme.

Sameuanue 4. Ananoz meopemol 7 He 6eper 0AA chHePUMECKUT NOAUIOPAALHBLT NPOCTPAIHCING.
Konmpnpumepom moostcem cayscums nosusdpasvHoe npocmpaHcmeo CoCMmoAuLee us chepol
paduyca 1 u nocmpoenrot na Hel KOHCMPYKUUY U3 3GMEUGHUA 3. A uMenmno, 603bmem Ha
cihepe npoussorvuyro mouwky M u nocmpoum okpystchocms paduyca 1 ¢ yenmpom 6 Hed.
Iycmo ABC — npasuivhoili mpeyzosvhuk 6nucaHHull 6 amy okpyscrocmo. Ilpukieum
cihepe mpu npasusoHu mpeyzoivhuka co cmoponott 1 — ADM, BDM uw CDM. Ilycmo f
— PYHKUUA, KOMOPAA 0CMABAAEM HA MeCMe CHePy, a Imu mpu MmpeyzosbHUKa Nepesoodum
coomeememeenno 6 ompesku AM, BM u CM (nanpumep, 6 mpeyzorvnure AMD dynxyus
f exaeusaem ece mowku, narodausuecs na odunarosom paccmosnuu om A). Taxyro dynryuro,
KOHEUHO, HEAL3A GNNPOKCUMUPOBAML ¢ Nomouwwbto P L-usomempu.

W3-3a mocyeHero 3aMevdannsd TpUIeTca HAJTOKUATh HEKOTOPOe OrpaHudYeHne Ha (pyHKITHIO
f B caydae cdhepudecKux mOJIHAPAIbHBIX TPOCTPAHCTB.

Teopema 9. ITycmv P — koneunoe d-meproe e6kAuUd060 NOAUIIPAALHOE NPOCPAHCMEO,
nyems gynrkyus f: P — E" (n > d) asasemes nepacmazusarowet. Tozda das abozo € > 0
cywecmsyem PL uzomempus ¢. : P — E", wmo d(f(X), ¢(X)) < & das w060 mouru X u3
P. Ananozuunas meopema 6epra u 0as 2unepbosUNECKUT NOAUIOPANOHBLL npocmparncms. B
cAYuae chepuveckus npocmparcmes na f 00AAHCHO bbimb HAA0AHCEHO 00HO U3 08YT CACINOUUL
oeparnunenuli: aubo [ asasemca (1 — 9)-corcumarowets (dan nexomopozo § > 0), aubo ezo
00pa3 UeAUKOM AEHCUM 8 OMKEPLIMOT nosychepe.
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Jokazamenvcmeo. CHadaa Mbl HECKOJTBKO MOAUMDHUITIPYEM HAIIe MOJTU3IPATbHOE POCTPAHCTBO
1 byHKIUIO f, KOTOPYIO Mbl alllIPOKCUMHUPYEM.
Oyurmuio [ caegaeM CTPOTOCKUMAIOIIEil. A UMEHHO, JIOKAYKeM CJIeYIONLYIO JIeMMY:

Jlemma 10. /[ aoboti pynkuuu f us yeaosus meopemovt 9 u arwbozo € > 0 cyuecmeyem
makas (1—0)-kopomkas (dasn nexomopozo § > 0) pynxyua f maxas, wmo d(f(X), f'(X)) < e
oas awbozo X € P.

Jlokasamenvcmeo. Harra mesib moka3aTh 94T0 Ha BCEX TPEX MPOCTPAHCTBAX (TOYHEE HX OrPAHUIEHHBIX
06J1aCTSX) CYIIECTBYET CTPOrOCKMMAoIIee OTOOpasKeHue, CABHTAOIIee KarKIyl TOYKY He
0oJiee YeM Ha €.

JI1s1 €BKJIMIOBOTO MIPOCTPAHCTBA, 9TO JOCTATOYHO scHO. Ilycth X mpom3BobHAS TOUYKA
obpa3za momdIpaabHOro mpocTpancTBa P. CaemaeM roMoreTnio obpas3a OTHOCHTETBHO X ¢

di P)—¢e/2
K03 duimeHTom %. Torya paccrosinue MezK 1y JIOOBIMU JIBYMSI TOUYKAMU Y MEHbITUTCS
diam(P)—e/2

XO0Ts OBl B , a paccTostHue MexKIy obpasamu J0060it Touku Y npu orobparkenun f

diam(P)
u f' (cxkarom f) we mpesocxouT £/2.

Teneps paceMoTpuM caydail chepuaecKoro IpocTpaHcTBa. B ycaoBuu OBLIO CKa3aHO, UTO
B chepudyeckoMm ciaydae ¢yHKus [ aubo yKe CTporocKmmamoias Jubo orodbpazkaer P B
nosiycepy. B nepsom ciydae J0KasbiBaTh HEYErO, pacCMOTpUM BTOpOit ciyd4ait. [lycrs 310
cdepa S ¢ nenrpom B O, Haxoagamascs B (n + 1)-MepHOM €BKIMI0BOM mpocTpancTse. IlycThb
obpa3 P nonazaer B OTKpHITYIO mosycdepy S’, meHTpoM KoTopoii (Kak Kpyra B cdepraeckoii
reomerpun) apisgerca rouka A. [unepmiockocrs B E" | npoxojgnryto gepes O u nepreniuKyIapHyio
AQ, oboznaunm yepes a. Ha myge AO ormernm Touky X . Paccmorpum cieayroiee mpeobpa3oBaHue:

gx = sym(a) o inv(X),

rie inv(X) — uuBepcus ¢ neHTpom B X u ocrapisiomas cdepy S Ha MecTe (TO eCTh pauyca
R = VX0O? — 0OA?)). Kak usBectno, eciu A u B iBe npousBosbabie Touku, a A" u B’ ux
obpasbl, To Tpeyronpinku AX B u A’X B’ nonobnb ¢ koadgdumuentom nogodua AX - BX/R?.
[Tockoabky obpa3 P Bcerja JIeXKUT HEJUKOM BHE chepbl WHBepCUH, st 1000 Toukn A
u3 obpasa P, nonyuaem XA > R + 0 ang nekoroporo d > 0. ITosromy unBepcus inv(X)
BCEer/a YMEHBIAET PACCTOSTHUE MKy JTFOObIMHU JBYMS TOYKAMU XOTs0bl B 1 +§/R, a 3Ha4uT
U YMEHBIAeT pacCTosgHus Ha cdepe 1o chepruueckoii MeTpuke (MOCKOJbKY 3Ta METPUKA
WH/LYIUPYETCs €BKIJINIO0BOIA ).

Kpowme Toro, nousitno, uto npu crpeMsieHnn X K OECKOHEYHOCTH §x CTPEMUTCS K TOZXKJIECTBEHHOMY
npeobpa3oBaHuio (IpUYeM PaBHOMEDHO, B Uity KoMIakTHocTH cdepsl). [losromy, BeiGpas X
JIOCTATOYHO JIAJIEKO, YTOOBI IpeoOpa30BaHue gy He CMEeA]0 HUKAKYIO TOUKY JaJIbIle YeM Ha
€, MBI OJIYIUM CzKUMaotee Xors 66l B 1 4+ 6/ R pa3 oroGparkenue.

Jlig runep6osmuecKoro npoCTPAHCTBA PACCY 2K ICHUEe TPAKTHYCCKH AHAJIOTHYHO. Mbl J10/12KHbBL
paccMOTpeTh MO/JIe/Ih, TJie TUIePOOINIecKoe MPOCTPAHCTBO CYyTh OJHA U3 JABYX (IIycTh TOM T1e
1 TOJIOZKATETHHO) TOJI0CTell runepGoIon/Ia, 3aJaHHOTO yDABHEHNeM T —13 - —22—x2, | = 1
B E"™! u merpuxoii unaymupyemoii Ha HeMm HceBAoMeTpuKoil ds® = —dx? + dx3--- + dx? +
dxiﬂ, 3aJIaHHOIl HA BceM mpocTpaHcTBe. [lycth X — Touka, Jexkamas Ha OCH X1, a §] —
IJIOCKOCTD, IPOXOA4lIas 4epe3 Havda/ 10 KOOPAUMHAT M IEePUeHJAMKYJIdpHas T1. 1aK ke, KaK u
JUIsE ¢(PePUIECKOro MPOCTPAHCTBA ONpPeAeanM (DYHKIMIO §x:

gx = sym(sy) oinv(X),



rie inv(X) — uaBepcus (MO MCEBJIOMETPUKE) ¢ MEHTPOM B X U OCTABJSIONIAsT MHIEPOOTIOH,T
Ha Mecre. Tak ke, Kak U B ¢(hepuIecKoM Ciiydae, JIErKO BUJETh YTO §x ABISETCH C2KUMAIOIUM
orobpazkenuneM (Ha obpasze P) i crpeMuTCs K TOXKIECTBEHHOMY (DABHOMEPHO, B CHJIy KOMITAKTHOCTH
obpaza P) npu crpemsiernn X K —oo. [Tosromy MoKHO BBIOpaTh Takoe X, 9T0 gx CABHTaeT
KazkK/Iy10 TOYKY u3 obpasza P He Gojiee 4eMm Ha €, m TeM caMbIM OTOOpakeHme ¢x o f Oymer
HMCKOMBIM. O]

B panbreiimem Mbl OyaeM cOuTATh, 9TO Halla 3ajada — allpOKCHMUAPOBAThH (DYHKINIO f,
KOTOpasi YMEHbIIaeT PAcCTOHUE MeZK Ty JIIOOBIMH JIByMsl TOYKaM# XOTs Obl B 1 — 1 pa3, Jiid
HEeKOTOpPTO [t > 0.

Tpuanrymupyem P Tax, 9To AuaMeTp KazKJI0r0o CHUMILTEKca He TpeBocXoauT €. Hamra menrnb
nocTpouTh P L-u30MeTpuio, HepeBoJIsIiLy 0 BCe BEPIIUHbI CUMILIEKCOB B X 00pa3bl pu 0TOOparKeHun
f.

s ccheprdeckux U runepooJIMIecKuX IPOCTPAHCTB HAM IIOHAI00UTCH Cae/IaTh enre OoJiee
MeJIKyIo TpHaHTyasamuio. BosbmeM v > 0 takoe, uto (1 + v)*(1 — u) < 1. Janee BosbMem
Takoe p, I4TO JI00YI0 GUTYPY AHaMeTpa p HAIIero MPOCTPAHCTBA MOYKHO TaK 0TOOpa3uTh B K",
9TO PACCTOSHUSA TIPH STOM U3MeHATcs He bosee uem B (1+1). Byaem nostarars, 4To guamerps
Haleit TpuaHryaanun P MeHbIie p.

Jlastee MBI TOKazKeM, 9TO MOYKHO HAJIOKUTh eIlle OJHO ycjoBue Ha (hyHKmio f. A nuMeHHO,
noTpedbyeM, 9TOObI BOIM3U KazK/0# IpaHd TPUAHTYJIAINE OHA BeJia ceOd Tak Ke, KaK U caMa
IrpaHb.

Onpeaenenue. bydem 2060pums, wmo dynkyus h, 3adannas na cumnierce yooeAemMEOPAEM
U-mpebosanuto, ecau das 1106010 k-2panu 3navenue Gynkuyuu h 6 nexkomopot okpecmHocmu
MOt 2PAHU 3ABUCUM MOALKO OM NPOEKUUL MOYKU HA IMY 2PAHD.

Hanpuwmep, ecim cummyiekc ogHoMepHBIi, TO (yHKmus yjaosjiaeTBopsier U-TpeboBaHUIO,
€CJT BMecTe ¢ KayK/IbIM KOHIIOM B Ty K€ TOYKY OHa OTOOpazKaeT HEKOTOPYIO 00JIACTb ITOM
TOYKH. AHAJIOT ITO JIEMMBI JIJIsT IBYMEPHBIX €BKJINIOBBIX IO IPATbHBIX TTPOCTPAHCTB OBIT
J0Ka3aH B pabore [3|.

Jlemma 11. ITyecmo na koneurnom d-meprom noauadpasvrom npocmpancmee P sadana mpuaneyssyus,
u duamemp Kaxicdoz2o cumniekca menvwe p. Toeda das aobozo 6 > 0 cywecmeyem makas
dynryua h : P — P, ydosaemesopsarowas U-mpebosanuto Ha A1000M CUMNACKCE MPUGH2YAIUUL,
nepesodauLas €20 6 cebs, 0CMaBAANULAA GEPULUHDL HA MECTIE U MAKAA, 40O 0AA A100T J6YT

mouex X uY us P :

(1+0)(1+ ) d(X,Y) > d(h(X), h(Y)).

Jokazamenvcmeo. Paccmorpum O-rpanu sToro pazouenud. [IycTh h Ha 9THX BepIIMHAX TOZXKIECTBEHHO.
Jlamee GygeM MPOBOIUTH MOCTpoeHHe (YHKIUU h HHAYKIHeil 1Mo pa3MepHOCTH T'paHeil Ha
KOTOPBIX €€ OlIpeJleJIsieM.

[Tycrb agist io6oro 6" > 0 u k < d Mbl MOKeM TOCTPOUTDH (BYHKIUIO R YI0BIETBOPSIOINLY O
YCJIOBUIO TEOPEMBI Ha k-OCTOBE HAIIero mpocTpancTra. [1 ocTponM e€ Ha BCeM TOJN3IPaTbHOM
IIPOCTPAHCTRBE.

BosbMem mpou3BoIbHBI cuMIuteke T’ u3 Hamieil Tpuanryasiiun u byHKuio hy Ha ero (d—
1)-rpansx. Buyrpu cummiexca T’ BoiGepeM Kakylo-HUOY/Ib TOUKY, CKAZKeM II€HTD BIMCAHHOI
cdepnr . 3adurcupyem Hekoropoe uncao 1 > A > 0 m kaxkgoi Bepmuuae X cumiuiekca 1
MOCTABUM B COOTBETCTBHE TOUKY X', jexkantyro Ha orpeske X [ u Je/sIyto ero B OTHOIeHUH
XX'/X'I =\ CuMIuiekc ¢ BepHIMHAME B 9TUX TOYKax 0003HauuM 4epes 17,
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st Beex Touek X nexamux B T\ 7" onpenenum hsy(X) = hy(pr(X)), tme pr(X) —
upoekiusi ToYKu X Ha COOTBETCTBYIOILYIO I'PaHb (Ty I'paHb, B KOTOpyto nouajaer Jjyd I.X).
OueBuHO, YTO P BHIOOPE A JIOCTATOYHO MAJEHbKUM 3TO OlpejiesieHne Oy1eT KOPPEKTHBIM
JIUISE BCEX CUMILIEKCOB TPUAHTYJISIIUN.

[TokazkeM, 9TO IPU 3TOM MOXKHO BBIOPATbH A TAKUM, YTO PACCTOSHHE MEXKJy TOYKAMU
yBeImIuThes He Gomee deM B (14 )(1 + v)%e,

JleficTBUTEIBHO, KOT/Ia MBI TOBOPUIN 9ITO Pr() MPOENUpyeT Ha KOHKPETHYO MIOCKOCTh, —
910 He coBceM BepHO. [lockobky BO/IM3H J1T000# rpanu a pa3MepHOCTH MeHbIeil, yem d — 1
dbyukuus hy Beger cebst Tak XKe, KaK U Ha IPAHU @, Mbl MOXKEM TAKHe TOYKHU POLIUPOBATH HA
JIIOOYT0 THIIEPrpaHb, comepzKaniyo a. O4eBuIHO, 9TO /i JiI0boro o > () cymecTByeT A Takoe,
YTO PACCTOSHHE MEeZK/ly TOYKAMHU MPH HPOEKIMU OYIeT yBeJUInBaThCs He Gosee yeM B 1 + o
(111 €BKJIMIOBOTO U THIEPOOTMYECKOrO TIPOCTPAHCTBA OHO U BOBCE BCET/IA YMEHBINALTCH ).

Eciin ke X u Y HeJb3s CHIPOEKTUPOBATH HA OJIHY I'PaHb, 3HAYUT PACCTOSHUE MEXK/Ly HUMU
IPEBOCXOAUT HEKOTOPOe T. [ToaTomy Jijist TOro, 4ro0bl IPH IIPOEKIUN PACCTOSTHUS Y BEJIMIUBAJIUCH
He Gosiee ueM B (1 + o), HAHO BHIOpATh A TaKUM MaJIEHBKUM, YTOOBI KaXK/as TOYKA MPH
HPOEKIMU CMeMaIach MeHbIIe 4eM Ha 70 /2. A 310 ¢ienaTh, OYeBUIHO, MOXKHO.

Bribpas o taknM, uro (1+0)(1+6") < 14 0, Mpr Mozxem momyauts dyuknmo za 1"\ 17,
KOTOpas yBeJnuuBaeT paccroguus e 6ojee, uem B (1+6)(14+2)* 4. Ocranocs €8 nposo/zKuTh
10 dyukuun Ha Beem T Tak, 4ToObl OHA yBeIMYUBAJIA PacCTosinus He Oosiee, yem B (1 +
§)(1 + v)*. JIns eBKAMIOBOTO MPOCTPAHCTBA, 3TO CAeAyeT U3 Teopembl Kupmbpayna. s
cepruecKux U runepOboJnIecKuX IPOCTPAHCTB ¢enaeM ciaenyoriee. Ilockonbky auaverp 1T
He IIPEBOCXOJNUT p, CyIecTByeT oTobpazkenue 7 : T — K¢ u3Mensiomee paccTodnus He Gosee,
geMm B (1 + v). Tlosromy orobpazkenne mw(hsy @ (T \ T") — w(T) yBenudauBaer paccTosiHme
ne Gosiee, gem B (1 + v)*72(1 + §). [To Teopeme KupmiGpayna oHO MOeT GBITH MPOIOIAKEHO
1o orobpaxkenust h' @ w(T) — w(T), yBeMunBaIoOIero paccTosiius Tak:kKe He Oojiee, YeM B
(14v)%=2(144). Teneps paccmorpum otobpazkerne 7+ (h') : T — T. Ono GyeT yBenInBaTh
paccrosug He Gonee, uem B (1 + 0)(1 + v)*, u copnanats ¢ hsy na T\ T". Takum oGpazoM,
WH/IYKIMOHHBIN TTepexo/] J0Ka3aH.

]

Bri6paB ¢ 70CTaTOYHO MaIeHbBKIAM, MBI MOXKEM JO0OUThCs, 9T00B! (byHKIHU foh yMeHbIIATA,
BCce paccrostuug B 1 — g/ pa3 mag wekoroporo i’ > 0 (11 57010 Ha0, 4TOObI BHIMOTHSIIOCH
nepasenctso (1 — p)(1+0)(1+v)* < 1 — ).

[TomprTOXKUM BCE BBITIIECKA3AHHOE:

Urak, Mbl MoxkeMm cuautarh, uro dbyukmus f ssiaserca (1 — p)-cxkumaromeir (To ecTh
YMEHBIIIAeT BCe PACCTOSIHUS XOTs Obl B 1 — p pa3) mis Hekoroporo p > 0 u, KpoMme TOro,
yaoByieTBopsieT U-TpeOoBaHUIO HA CHUMILIEKCaX TpuaHryasanuu. Hama mens moctpouts PL-
M30METPUIO Tak, 4T00bl OHA nepesojauIa Jobyo Bepumny rpuanryasuun X B f(X).

Crestaem HEKOTOpOe TIpeobpa3oBaHue HAIero moaunyapa P.

Huzke MBI onmiem mporeypy CKJIeiiKn (OTOKIeCTBIEHNs) HEKOTOPBIX YacTeil Mou3apa
BOKpPYT ero rpameii. Haunnars o1y mpomeaypy Oyaem ¢ rpaneii pasmeproctu d — 1, morom
d — 2 u Tax gmaJee.

Omnucanne nponeaypsl. [lycts | — k-rpanb HaIero moandapaabHOrO MPOCTPaHCTBaA, a b
Bee (k + 1)-mepubie rpanun, cogepzxamue [. [lycrs I — nentp Bnucannoit cdepbl cnmmiexca [.
s kaxaoro S € P, nocrponm meprieHaukysip Kk rpanu [ (B S) B Touke I, n Ha paccTOsTHUH
0 ot | BeIOepem TOouKy X. BoiGepem 0 J0cTaTOYHO MajeHBKHM YTOOBI BCe TaKHEe CHMILIEKCHI
nonaJii B 06J1acTh rpanu [, B KOTOpoil 3HavYeHne (pyHKIUH h 3aBUCUT TOJHKO OT ITPOEKITHH
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TOYeK Ha IPaHb .

Haszosem “rpy6oit” rpanu [ (0603nauum U;) BbliryKiyto 000J104Ky Bcex Takux To4ek X u
rpanu [ (Bo Bcex CHMILIEKCAX MOJIUdApaIbHOro npocrpancrsa P). Hanpumep, st o6brau0oro
TPEXMEPHOTO TeTpaiigepa TpyOoii BEPIIUHBI OyIeT COOTBETCTBYIONINNA YIOJIOK. 3aMETHM, 9TO
U, 110 cBOeMY CTPOEHHIO CyTh IIpou3Beienue k-mepHoii rpanu [ u (d—k—1)-meproro cepuaeckoro
MOJIM3IPATFHOTO MPOCTpaHcTBa. Bocmomb3yeMces TeopeMoit 6 u ¢ momornibio P L-u3omerpun
0TO6Pa3HM (MBICIeHHO) 3T0 TpocTpancTso B SY~#~1, TTocte wero oToxaecTBIM B P CKICHBAIOTIHCCS
npu 3ToM orobpazkenun vactu. O603HavuM nosyudnsmeiics noauron vepes P’. TTockosnbky
3HaveHus PYHKIUN [ HA CKJIEMBAIONUXCS 9aCTAX COBIAIAIOT, HUKAKUX MPOOJIEM C OTIPe/Ie/IeHUEM
dyuknun f ma P’ #e Bo3HEmKaeT. 3aMeTHM, 9TO HOCKOJBKY TPYOBl ABJISIOTCS YacTaMu d-
MEepHOTO MPOCTPAHCTBA, K HUM MOYKHO NMPUMEHATH TeopeMy 4.

MpI TIOCTenIeHHO OyIeM JOOTpeIeNsTh Hatly P L-u30MeTpuio Ha 0cTOB (TouHee Ha “TpyObl”
IpaHeif TOro 0CTOBA) OYEPEHON PA3MEPHOCTH.

Urak, BozbMeM “rpyObr” Beex Beprmi (0-MepHBIX rpaneii) Haimero MoaudUIPOBAHHOIO
MOJIU3PAILHOrO pocTpancTsa P’ n annpokcuvmupyem orobpazkenne f Ha HUX C TOYHOCTHIO .
DTO MOYKHO CJIe/1aTh, IOCKOJIBKY JIJIs JIF000it BepIIuHbI X COOTBETCTBYIOIIA eii “Tpyda’ MozKeT
P L-uzomeTpnyHo mOrpy3uThcd B Halle TpocTpaHcTBo. [locme dero mamo mokpwITh 00Opa3 e-
CeThIO U BCE TOYKH TOH ceTr ¢ noMombio PL-u3oMeTpun mepeBecTu B TOUKY X € IOMOIIBIO
Teopembl 4. BoIOOpoM /10CTaTOYHO MaJIeHBKOTO € MOZKHO JOOMThCSI, 9TOOBI 9TO MOTPYKEHUEe
OBLJIO HE PACTIATHBAIOIIAM B COBOKYIHOCTH. [Ipo61eMbl MOTYT BO3HUKHYTH, €CJIU Pedb UIET O
JBYX TOYKaX u3 pasubix “rpy6”. Ho mockosbky orobpazxkenune [ (1 — p)-czkumMarornue, T0 Npu
BBIOOPE JIOCTATOYHO MATIEHBKOIO £ 0TOOpazKkeHne GyIeT HEPACTIATUBAIONMM B COBOKYITHOCTH ).

[TycTh MBI HAYYWJINCH ANIPOKCUMUPOBATH Bee “TpyObl” k-ocroBa (oGoznaduum ux Ug) ¢
mo6oit manepes 3agannoil Tounocteio € > 0. Tlokaxkem, Kak annpokcuMupoBarhb “Tpy6br”
(k 4+ 1)-ocroBa ¢ mr060it Tounocreio € > 0. TTokpoem e-cerbio muOKecTBO Upyq \ Uy (BazknO
3aMeTHTh, 9TO ocTaTku “Tpy6” pasubix (d + 1)-mepHbIX rpaneii He mepecekatorcs). IlycTsb a
— MHHHMYM U3 PACCTOSHUNH ME¥KITY TOUKAMU ITOi ceTn 10 MHOXKecTBa U M MeKTy Pa3HBIMU
KOMIIOHEHTAMU CBsi3HOCTH MHOXKeCTBa Uyyq \ Ug. BoibepeM € MeHbIuM, uem aji/2. 3ameTnm,
yro P L-n3omerpus ¢, annpokcumupyiomas f Ha Uy ¢ TO4HOCTBIO €', MOZKeT ObITH OJIHO3HAYHO
3a/1aHa 0TOOpazkeHHeM Ha KOHEYHOM vucie ToueK (jemma 3). [Jo6aBuM K 3TUM TOYKAM TOYKH
Haieii e-ceru MuozkecTBa Uy 1\ Uy 1 Oy 9UM COBOKYIIHOCTD TOY€K, HA KOTOPBIX Y HAC 33/1aHO
HepacTAruBalnee orodpazkenue (Ha £-CeTH 3T0 0ToOpakeHue f, a HA BepIIMHAX U TOYKAX U3
Uk 9TO (ﬁg).

C moMoIbIo TeopeMbr 4 Mbl MOYKEM TIPOOJIZKUATH 9TO 0TOOparkenue Ha Bce TpyOnr u3 Uy 1,
U OHO OyJer HepacTsiruBaromuM (10 BHyTpeHHell MerTpuku moswmdapa P'). eiicturessbho,
ecim X u Y — JiBe TOUKH W3 OJHOI TPyObI, TO Ha HUX 3TO OTOOparKEHWE HEePaCTATHBAIOIIEe
o ompenesenuto. Ecan u3 pa3uuIx, To:

A6 X,6.Y) < d(f(X), f(Y)) + 22 < (1 - p)d(X,Y) +ap < d(X,Y),

rae ¢. X — mocrpoennas P L-uzomerpus.
]

3ameuanue 5. Ommemum, wmo no cymu Mo ewe pas dokasdairu meopemy 6. /eticmeumenvro,
6 dokasamenvcmee meopemv, 9 Mol NOAB30GAAUCH IMOT MEOPEMOTE MOALKO OAA MEHBULUT
pasmepHocmed.
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baaronaprocTu

Asrop 6staromapen Astekcero TapacoBy u Aurony [lerpyHuny 3a MHOTOYHC/IEHHBIE 0OCY 2K IEHUS
" BHUMaHUe K pabore.
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