DEVIATION OF THE RANK AND CRANK MODULO 11

NIKOLAY E. BOROZENETS

ABSTRACT. In this paper, we build on recent results of Frank Garvan and Rishabh Sarma as well as
classical results of Bruce Berndt in order to establish the 11-dissection of the deviations of the rank
and crank modulo 11. Using our new dissections we re-derive results of Garvan, Atkin, Swinnerton-
Dyer, Hussain, Ekin and Chern. By developing and exploiting positivity conditions for quotients
of theta functions, we will also prove new rank-crank inequalities and make several conjectures.
We would like to point out that Kathrin Bringmann and Badri Vishal Pandey have recently solved
one of our conjectures. For other applications of our methods, in this paper we will also prove
new congruences for rank moments as well as the Andrews’ smallest parts function and Eisenstein
series.

1. INTRODUCTION

A partition of a positive integer n is a weakly-decreasing sequence of positive integers whose sum
is n. We denote the number of partitions of n by p(n). Among the most famous results in the
theory of partitions are Ramanujan’s congruences:

p(5n +4) =0 (mod 5),
p("Tn+5) =0 (mod 7),
p(11n + 6) =0 (mod 11).

In 1944, Dyson [15] conjectured combinatorial interpretations of the first two congruences. He
defined the rank of a partition as the largest part minus the number of parts and conjectured that
the rank modulo 5 divided the partitions of 5n + 4 into 5 equal classes and that the rank modulo
7 divided the partitions of 7n 4+ 5 into 7 equal classes. For example the partitions of the number
4 are (4),(3,1),(2,2),(2,1,1),(1,1,1,1) and their ranks are 3,1,0, —1, —3 respectively, giving an
equinumerous distribution of the partitions of 4 into the five residue classes modulo 5. His modulo
5 and modulo 7 rank conjectures were proved by Atkin and Swinnerton-Dyer [7].

Although the rank does not explain Ramanujan’s third congruence, Dyson conjectured another
function, which he called the crank, that would divide the partitions of 11n+6 into 11 equal classes.
Andrews and Garvan later discovered the crank [3]. For a partition 7, let A(7) denote the largest
part, ¥(m) the number of ones, and p(7) the number of parts larger than 9J(m). The crank of m,
denoted ¢(7), is defined as follow

o(m) = A7), when ¢(7) =0,
") wu(x) —9(x),  otherwise.

The cranks of the five partitions of 4 are 4,0, 2, —2, —4 respectively, giving an equinumerous distri-
bution of the partitions of 4 into the five residue classes modulo 5.

Let N(m,n) denote the number of partitions of n with rank m and N(a,r,n) denote the number
of partitions of n with rank = a (mod r). Note that there is a symmetric property N(a,r,n) =
N(r —a,r,n). Let M(m,n) denote the number of partitions of n with crank m and M(a,r,n)
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denote the number of partitions of n with crank = a (mod 7). As with the rank, the crank has the
symmetry property M (a,r,n) = M(r —a,r,n). Andrews and Garvan [3] showed

p(bn +4)

M(a,5,5n+4) = . , for 0 <a <4,
M(a,7,7n+5):p(7n7+5), for 0 < a <6,
11
M(a,11,11n +6) = W, for 0 < a < 10.

Let ¢ := €™ be a nonzero complex number with Im(z) > 0. Using the terminology above, we
define the deviation of the rank from the expected value to be

oo
D(a,r) = D(a,r;q) := Z <N(a,r,n) — p(n)) q"
n=0 "
and the deviation of the crank from the expected value to be
o
D¢(a,r) = De(a,r;q) == Z (M(a,r, n) — p(rn)> 4.
n=0
Recall the g-Pochhammer notation, defined by
n—1
(@) = (230)n = [J (1 — 2q").
i=0

In his last letter to Hardy, Ramanujan gave a list of seventeen functions which he called “mock
theta functions. “ He stated that they have certain asymptotic properties similar to the properties
of ordinary theta functions, but that they are not theta functions [32]. Recall the definition of the
universal mock theta function, which gives many mock theta functions as a special cases,

glwiq) =2~ <1+E SERCTN )

Also recall the definition of the theta function

o0

(@50) = (@)oo(@/D)c (@ = Y (~1)Fq)a?,

k=—o00

where the equivalence of product and sum follows from Jacobi’s triple product identity. Let a and
m be integers with m positive. We introduce

Jam =3(q"4™)s Im = Jmszm = (079" o and Pii=Jin, Xi:= Juii21. (1.1)
To formulate our main results we need the following notation.

Definition 1.1. We define

v11(ao, a1, az, az, as, as, ar, ag, ag, aip)

.:J121( 1, Xs N X3 N Xi—I— s 1
Ty M, TM%x azg’ X, x, B x x, "M, (1.2)
X, 1 X, 1 o1

+a5q ﬁ+a7q Y—Faq ﬁ—i-agq Y—l—aloq X5>

G11(bo, ba, bz, by, b1o) := bog**g(q**; ¢***) + bag® g(¢**; ¢**)
+b7q"%9(¢°%; ") + bod® 9(q®%; ¢"*) + brolg ™ + ¢'09(a' 5 4],



and

Y(a1,az,as, a4, a5) =
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JY ¢ 1 q q q ]

. (13
72"z T2 prp, T e T M p, T B2 (1.3)

The next two theorems give the 11-dissections for the deviations of the crank and rank modulo

11.

Theorem 1.2.

Theorem 1.3.

D(0,11)

D(1,11)

D(2,11)

D(3,11)

D(4,11)

D(5,11)

where

= GH(—Q, 0,0,0, 0) + 1)11(10, —1

We have
D¢ (0,11) = v11(10,—12,-2,8,6,4, —4, —6, —8, 2),
De(1,11) = v11(—1,10,-2,-3,-5,4,7,5,3,2),
D¢(2,11) = v11(—1,-1,9,-3,6, -7, —4, -6, 3,2),
D¢(3,11) = v11(—1,-1,-2,8,—-5,4,—4,5,3, —-9),
Dc(4,11) = vy1(—1,-1,-2,-3,6,—7,7,5,—8,2),
D¢ (5,11) = vy1(—1,—-1,-2,-3,—-5,4,—4, -6, 3, 2).

We have

10
2,-2,8,6,4,18,—6,-8,2) + Y _ dom(q" g™,
m=0

10
= G1(1,0,-1,0,0) +v11(~1,10, -2, =3, 5,4, —4,6,3,2) + > J1m(¢'")g",
m=0
10
- Gll(oa Oa 17 07 _1) + ’Ull(_la _17 91 _37 67 _77 _47 57 37 2) + Z ﬁQ,m(qll)qm7
m=0
10
- Gll(oa 07 07 17 1) + Ull(_L _17 _21 _3’ 17a _77 _47 57 3> _9) + Z ’ﬁ3,m(q11)qm7
m=0
10
= G11(0,1,0,—1,0) + vp1 (=1, —1,-2,-3,6,4,—4,5,-8,13) + > Vam(q" g™,
m=0
10
= G11(0,-1,0,0,0) + v (—1,-1,-2,-3,-5,4,-4,-6,3,—9) + > _ ¥5.m(q"")q",
m=0

790,6((]) 9(0,0,2,2,—2),
V16(q) = (-1 1,-2,1),
U2,6(q) = 9(1,0,-1,2,0),
U3,6(q) = V(1 07 1,-1,-1),
794,6((]) 9(0, — 1,1,0 2)
U56(q) = U(—1 -1),

and the other Vqm(q) are given explicitly in Section .

Remark 1.4.

The dissections for the deviations of the rank and crank modulo 5, 7 and 4, 8 were

found by Hickerson and Mortenson [23] 29] and we use the setting from there.
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1.1. A prelude to new proofs of class1cal results. Using Theorems [I.2 and [I.3] we give new
proofs of classical results. In Section [5.1| we re-derive crank equalities found by Garvan [20] such
as, for n > 0,
M(0,11,11n + 1) + M(1,11,11n + 1) = 2M (2,11, 11n + 1),
M(2,11,11n + 1) = M(3,11,11n + 1) = M (4,11, 11n + 1) = M(5,11, 11n + 1).

In Section we re-derive crank-crank inequalities, which were first proved by Ekin [16] and
Berkovich and Garvan [§], such as, for n > 0,

p(11ln+1)

11

In Section we re-derive congruences for the partition function, which were establish by Atkin
and Swinnerton-Dyer [7], such as

M(1,11,11n + 1) > > M(2,11,11n 4+ 1) > M(0,11,11n + 1).

In Section we re-derive linear rank congruences due to Atkin and Hussain [6], such as, for n > 0,
N(2,11;11n) — 5N (3,11;11n) — 2N (4,11;11n) + 6N(5,11; 11n) = 0 (mod 11).

1.2. A prelude to new results and new conjectures. In Section [2| we present new rank and
rank-crank inequalities, such as, for n > 0,

2N(2,11,11n) + N(3,11,11n) + N(5,11,11n) > 4N (4,11, 11n),
which follow directly from the positivity of Fourier coefficients of theta quotients as described in
Section Then as a corollary we derive two-term, four-term and six-term inequalities, such as,
for n >0,

M(1,11,11n) > N(4,11,11n),
N(2,11,11n) + N(3,11,11n) > N(4,11,11n) + M(1,11,11n),

N(2,11,11n) + 2N(3,11,11n) > N(5,11,11n) + 2M (1,11, 11n).
Using a numerical computing environment, it is possible to generate higher order inequalities for
eight-terms, ten-terms, etc.

As another application of Theorem we present in Section [2| new congruences for rank and
crank moments, such as

i ( i m?N (m, 11n+6)> q" =9(—4,3,1,5,—2) (mod 11).

n=0 \m=-—oo

and congruences for the Andrews’ smallest parts function spt(n), such as
o0
> “spt(1ln +6)¢" = 9(2,4,5,3,1) (mod 11).
n=0
In Section we state new conjectural two-term rank and rank-crank inequalities, such as

11
N(0,11,11n) >3 N(1,11,11n) > N(2,11,11n) >; M(0,11,11n) > p(nn)

> M(1,11,11n) > N(3,11,11n) >3 N(4,11,11n) > N(5,11, 11n),

where A, > B, means that A4, > B, for all n > 0 and A,, >,, B, means that A, > B, for all
n > m. Recently, our inequalities among rank and crank from Conjecture were fully solved by
Bringmann and Pandey using techniques connected with the Circle method [I3]. Also in Section
we state Conjecture which is the generalization of our observations on the positivity of

>
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Fourier coefficients of theta quotients provided in Section [6.2] and we state Conjecture [6.20] which
is the generalization of our new rank and rank-crank inequalities from Section

1.3. A guide to the paper. In Section [2] we state our new rank-crank inequalities and new
congruences as described in Section In Section [3] we prove Theorem [I.2] which gives us the
11-dissection of the deviation of the crank modulo 11. In Section [4] we present all the dissection
elements of the deviation of the rank and prove Theorem

In Section |5 we provide new proofs for classical results as described in Section In Section
we observe known results on crank inequalities as described in Section [I.2] In Section [6.2] we
develop techniques to exploit the positivity of Fourier coefficients. In Section [6.3] we use results
from Section [6.2] to prove some examples of new rank-crank inequalities. Proofs of other new rank-
crank inequalities are straightforward and similar but for the sake of prosperity and to underscore
the role played by the dissections of Theorems and we place in Section 8| all the proofs for
the new results found in Section [2] In Section [6.4] we state Conjecture [6.15] which presents rank-
crank inequalities, and state Conjecture [6.19] which describes in general the positivity of Fourier
coefficients of sums of theta quotients. The rank-crank inequalities in Conjecture [6.15have recently
been solved by Bringmann and Pandey [I3]. Also in Section we state Conjecture which
describes the general case of rank-crank inequalities. In Section [7] we prove new congruences for
rank and crank moments, Andrews’ smallest parts function spt(n) and Eisenstein series.

2. THE MAIN RESULTS IN FULL
Using Theorem [1.2] and Theorem [1.3] we are able to find new rank and rank-crank inequalities.

Theorem 2.1. Consider n > 0. For N; = N(i,11,11n) and M; = M(i,11,11n) we have

No + 2N1 + My > 2No + Ny + My,

No + 2Ny + 3Na + My > 3N3 + 3N5 + My,
2Ny + N3 + N5 > 4Ny,

Ny +5N3 + 3Ny + My > Ng + 2N1 + 6N5 + M.

For N; = N(i,11,11n+ 1) and M; = M(i,11,11n + 1) we have

No+4Ng + Ny + My > 2N1 + 3N3 + N5 + Mo,
No + 3Ny +6N3 + Mg > 4No + 6Ny + Mo,
2N + 6Ny > Ny + 3N3 + 4N5,
N1+ 2Ny + 3N5 + 3My > Ny + N3 + 4Ny + 2My + My,
3Ny + 2N3 + Ny + 3My > Ny + Ny + 4N5 + 2My + M.

For N; = N(i,11,11n 4 2) and M; = M(i,11,11n + 2) we have

3Ny + Ny > 2Ny + 2N5
2N1 +2N3 + N5 + 2Mgy > 2No + 3Ny + 2Mo
3No + 2Na + My > N1 + N3 + 3Ns5 + My
2Ng + N1 + N3+ 3Ny + My > 4N9 4+ 3N5 + Mo
No 4+ 3Ny + No + 8N5 + 3My > 8N3 + 5N, + 3Mo.
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For N; = N(i,11,11n 4+ 3) and M; = M(i,11,11n + 3) we have
No +2N3 + My > N1 + 2N5 + My,
5N1 4+ 2Ny 4+ 2Ny > 2Ny 4+ 4N3 + 3N,
9N + 4N3 + N5 + My > Ny + 3Ny + 3N, + M,
6N2 + 3N5 + 5M7 > No + N1 + 2N3 + 5Ny + 5 My,
4Ny + 2N1 + 4Ny + 3My > 7TNa 4+ 3N3 + 3M;.
For N; = N(i,11,11n 4+ 4) and M; = M(i,11,11n + 4) we have
AN; + 3N3 + 5M; > 2Ng 4 3Ny + Ny + N5 + 5Mo,
ANy + 5Ns + 3My > 5N; + 2N3 + Ny + N5 + 3Mj,
3N} + N + Moy > 2Ny + 2N3 + M,
3No + Ny + N5 + My > 3N2 + 2N3 + M.
For N; = N(i,11,11n+5) and M; = M (i,11,11n + 5) we have
3Ny + No + N5 + 2Ms > 2Ny + 3N3 + 2Mo,
TN1 + Ny + 3My > 3N + 2Nz + Nj + 2N5 + 3Mo,
9Ny + No + 3N3 + N5 + 4My > 3Ny + 4Ny + 4Ms,
ANy + TN + 2Ny > 4Ng + 2N; + N5,
AN + Ny + 2Ny + N5 + 5Ms > 2No + 6N3 + 5Mo.
For N; = N(i,11,11n 4+ 7) and M; = M(i,11,11n + 7) we have
No + 2Ny + 2My > 2N3 + N5 + 2M,
3Ny + Ni + Na + TNz + 4N5 > 5Ny + 4My + 7M1,
ANy + ANy + 3N, + 4M; > 4Ny + 6N3 + N5 + 4 Mo,
No+5N3+2Ng > 2N + 2Ny + 4N5.
For N; = N(i,11,11n + 8) and M; = M (i,11,11n + 8) we have
No + 2Nz + 3Ny + 5Mgy > 3Ny + 3N5 + 5M;,
2N7 +4N3 + 2N5 + 3M1 > Ng 4 2No + 5Ny + 3 Mo,
2N1 4+ 5Ng 4+ 2N5 + M1 > 3Ng + 5N3 + Ny + My,
TNo +4N1 +5N4s 4+ 4Ns > 8Ny + N3 + 4My + TMy,
5Ng 4+ 6Ny +4N3 + 2Ny > No + 5N5 + 6 My + 5M;.
For N; = N(i,11,11n 4+ 9) and M; = M(i,11,11n + 9) we have
ANy + My > 2Ny + N+ Ny + My,
ANy + N3 + Ny > Ny + 3Na + 2Ns,
4Ny + 3N3 + 3N4 + 4Mg > 2N1 + 5Ny 4+ 3N5 + 4 M,
3Ny 4+ 4Ny + TN5 + 3M; > 2Ny + 6 N3 + 6 N4 + 3Mj.
For N; = N(i,11,11n + 10) and M; = M (i,11,11n + 10) we have
3N, + 2Ns + 2Ms > 2Ny + 2N3 + Ny + 2Mo,
3No + N2 + N3 + My > 3Ny + 2Ny + M3,
2Ny + 4Ny + M3 > No + No + N3 + 3N5 + My,
6N + 6N3 + 6My + 5M3z > 6Ng + 6N1 + 3N4 + 8Ns.
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As a corollary of Theorem we can derive two-term and four-term rank-crank inequalities
modulo 11. Similar inequalities among rank and crank of different modulus were studied by many
authors. For example, two-term rank-rank and crank-crank inequalities modulo 2, 3, 4 were studied
by Andrews and Lewis [4, 27], two-term rank-rank and crank-crank inequalities modulo 5,7,11
were studied by Garvan and Ekin [16, 20], two-term rank-crank inequalities modulo 8 were studied
by Lewis and Mortenson [26], 29], two-term and four-term rank-rank inequalities modulo 10 were
studied by Mao, Alwaise, lannuzzi, Swisher [Il, 28] and two-term rank-rank inequalities modulo 12
were studied by Fan, Xia, Zhao [18].

Corollary 2.2. Consider n > 0. For N; = N(i,11,11n) and M; = M (i,11,11n) we have

My > Ny,
No+ N3 > Ny + M.

For N; = N(i,11,11n 4+ 1) and M; = M(i,11,11n + 1) we have

Ny > Mo,
M2 Z N47
Ny + N4y > N3+ Ns.

For N; = N(i,11,11n 4 2) and M; = M(i,11,11n + 2) we have

N1 > Mo,

My > N5,
2My > Ny + N5,
N3 + My > Ng + Ns,
N1+ N3 > My + Mo,
N1+ N5 > Ny + M.

For N; = N(i,11,11n 4+ 3) and M; = M(i,11,11n + 3) we have

No > My,

My > Ny,
No + My > 2No,
Ny + My > Ny + My,
Ny + N3 > No + M.

For N; = N(i,11,11n 4+ 4) and M; = M(i,11,11n + 4) we have

N1 > My,
2Ny = No + Mo,
N1+ My > Ny + My,
N1+ N3 > 2M,.
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For N; = N(i,11,11n+5) and M; = M (i,11,11n + 5) we have

Ny > Mo,
Ms > N,
No + N3 > My + Ma,
Ny + My > No + N5,
No + My > N1+ Ny,
N3 + N3 > N1 + N5,
Ny + No > Ny + M.

For N; = N(i,11,11n+7) and M; = M (i,11,11n + 7) we have

No > My,
My > Ny,
N3+ Ny > N5 + M.

For N; = N(i,11,11n+ 8) and M; = M (i,11,11n + 8) we have

Ny > My,
My > N,
Moy + My > Na + Ny,
N1+ N5 > 2N3,
No + My > 2Ny,
N3 + My > Ny + My,
Ny + N3 > 2Mjy,
2Mo > N1 + Ns.

For N; = N(i,11,11n 4+ 9) and M; = M(i,11,11n + 9) we have

Ny > My,
My > N5,
My + My > N2 + N5,
No+ My > No + My,
Ny + N5 > N3 + Ny.

For N; = N(i,11,11n 4 10) and M; = M(i,11,11n + 10) we have

N1 > My,

M3 > Ny,
No+ Mgy > N1+ Ny,
Ny + N3 > 2My,

N1 + Ny > 2My,
N1+ M3 > Ny + Njs.

We can also consider six-term rank-crank inequalities.
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Corollary 2.3. Consider n > 0. For N; = N(i,11,11n) and M; = M (i,11,11n) we have
No +2N3 > N5 + 2M;y,
2N3 + Ny > 2N5 + My,
3M; > N3 + N4 + Ns,
Ny + 2M; > Ny + 2Ns.

For N; = N(i,11,11n+ 1) and M; = M(i,11,11n + 1) we have
2N1 + N3 > No + 2Ny,
2Ny + Ny > No + 2N5,
N1+ 2Ny > 2N5 + My,

Ny + N3+ N5 > 3Ny,
2Ny + Ny > 2N5 + M.
For N; = N(i,11,11n 4 2) and M; = M(i,11,11n + 2) we have
No + N1+ Ny > Na + My + Mo,
3My > No + N3 + Ny,
N1+ Na + N5 > 2My + Mo,
3My > Ng + Ny + N5,
N1+ N3+ My > Ny + 2N5,
Ny + N3+ My > No + N5 + Mo,
Ny +2My > Ny + Ny + Mo,
N1+ Na + N3 > No + N5 + Mo,
N1+ Na+ Mo > No + Ny + Mo.
For N; = N(i,11,11n 4 3) and M; = M(i,11,11n + 3) we have
2N1 + Ny > N3 + N5 + M,
No + N1+ N5 > My + 2M,
No+ Ny + Ny > No+ 2My,

My +2M; > N2 + N3 + N5,
2Ng + N5 > 2N9 + Ny,
No+ N3+ N5 > Ny + Mo + My,

3My1 > N1+ 2Ny,
2N3 + N5 > Ny + 2My,
No+ N3+ My > Ny + 2Ny,
No + 2N3 > My + 2M;.
For N; = N(i,11,11n+4) and M; = M(i,11,11n + 4) we have
2No + My = N1 + 2N3,
2No + N2 > N1 + N3 + M,
No+ N2+ My =2 N1 + Ny + N5,
No + N2 + N3 > Ny + N5 + Mo,
No + 2M; > 2N9 + N3,
3Mq1 > No+ Ny + Ns.
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For N; = N(i,11,11n+5) and M; = M (i,11,11n + 5) we have

2Ny + M
N> + 2N3
N3 + My + My
N3 + 2My
2N3 + N3
N1+ No + Ns
Mo + 2M>
N1+ No+ Ny
No + N2 + Ns

> 2N5 + Mo,

> No + 2N5,

> No + 2N5s,

> Ny + N4+ N5,
> No + N5 + Mo,
> N3 + 2My,

> No + N3 + Ns,
> 3Mo,

> 2My + Ms.

For N; = N(i,11,11n 4+ 7) and M; = M(i,11,11n + 7) we have

N1+ No + M,
N1+ No + M,
Moy + 2M;
Ny + 2Ng
N1+ Na+ Ny

> No + N5 + Mo,
> No + N3 + Ny,
> Ny + 2N5,
> My + 2M;y,
> 2My + M;.

For N; = N(i,11,11n+ 8) and M; = M (i,11,11n + 8) we have

Ny + N5 + My

Moy + 2M,
Ny + N3 + N3
N1+ N3+ Ns
N1+ N5 + My
Ny + N1+ Njs
Na + N3 + My
No + My + My
N1+ Na + Ns
Ny + Ny + Ns

2Ny + M
Ny + N3 + M

2Ns + Mg
No + Ny + My
No + N3+ Ny

2Ny + Ny

> No + N3 + Ny,
> No + 2Ny,

> No + 2Ny,

> Ng+ Mo + My,
> No + 2Ny,

> 2N3 + N3,

> No + 2Ny,

> No + N3 + Ny,
> My + 2Mq,

> Ny + 2M;,

> No + Ny + M,
> Ny + 2M;,

> No + 2N3,

> No + N3 + M,
> 3Mj,

> 3Mj.
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For N; = N(i,11,11n+9) and M; = M (i,11,11n + 9) we have

2N1 4+ M7 > Ng + N3 + Ny,
No + N3+ Ny > No + N5 + My,

Moy + 2My > Na + N3 + Ny,
No + N5 + Mo > N2 + N3 + Nuy,
N1+ No + Ny > My + 2M;,
No + N3 + Ny > 3Mj,

Ng +2My > N1 + No + N,
No + Na + N5 > 3Mj,

No + 2My > Ny + N3 + Ny,
Ny + Mo+ My > Ny + N3 + Ny,
No + No + My > Ny + 2Mq,
Nog + No + My > 2Ny + Ns.

For N; = N(i,11,11n 4 10) and M; = M(i,11,11n + 10) we have

No + No + N3 > Ny + Ny + My,
2Mo + M3 > N1 + N4 + N,

Ny + N3 + M3z > Ny + Ny + N,

Ny + Moy + M3 > Ny + 2Ns,

N2 + N3 + M3 > No + N5 + Mo,
2Mo + M3 > No + N3 + Ny,

No+ N1+ N5 > No + N3 + Ny,
My + 2Ms > Ny + Ny + Ns,
2N1 + N5 > Na + N3 + My,
N1+ 2Ms > Ny + N5 + My,
2N, + Ns > 3Mj.

Remark 2.4. Note that the four-term and six-term inequalities in Corollary [2.2]and Corollary
are selected so that they are corollaries of inequalities in Theorem but they are not corollaries
of Conjecture and they cannot be obtained from each other using Conjecture [6.15

For residue 6 we have the following results.
Theorem 2.5. Consider n > 0. For N; = N(i,11,11n + 6) we have

2N71 4+ No + 2Ny > 2N3 + 3Nj5,

2Ng + No + 2N5 > 2N1 4+ N3 + 2Ny,
No+ N1+ 3N3+ Ny > 4Ny 4 2N5,

Ng 4+ 6Ny + 4Ny > 2N3 + 5N, + 4N5.

Corollary 2.6. Consider n > 0. For N; = N(i,11,11n + 6) we have

11 6 11 6
Nozpi( n +6) and pi( nt )>

Ns.
11 11 =
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Corollary 2.7. Consider n > 0. For N; = N(i,11,11n + 6) we have

No + N3 = Ny + Ny,
N1+ Nz + Ny > N3 + 2N5,
Ny +2N3 > Ny + Ny + N,

No+ N1+ Ny > No + 2N5,

3N3 > N3 + 2N5,

No + 2N3 > 2N, + N
We prove Theorem Corollary Corollary Theorem Corollary and Corollary
in Section In the spirit of Corollary and Corollary we introduce new conjectural

rank-crank inequalities in Section
Recall

P; = J; 11.

Define the following sums of theta quotients.

Definition 2.8. We define

J2
[c1,ca,c3,C4,C5) = % <c1P52P4 + 62q2P12P3 + 03qP42P1 + C4qP22P5 + 05qP32P2>.
1

Definition 2.9. We define

[ | 1 [ I+ JZ, qP1 P3P, Ps
c1,C2,C3,C4,C5;Cglo := —|C1,C2,C3,C4,C C6—4—————,
1,€2,€3,C4,C5,C6|0 P1 1,¢€2,C3,C4,C5 6 Jio) P22
P5 J121 qP22P4
c1,C2,C3,C4,C5; C = ——|c1,C2,C3,C4,C5| + Cg—=
[c1, ¢, €3, €4, C55 Co)1 P2P3[ 1, €2, €3, C4, C5) 6Jio, P
Py JZ PP,
C1,C2,C3,C4,C5; Cgl2 *= ———|C1,C2,C3,C4,C5) + C6—5 ;
P2 J121 qP32P5
c1,C2,C3,C4,C5; Cgl3 := ——|c1,C2,C3,Cq, C C6—7 ,
[c1, €2, €3, ¢4, C55 Co)3 P1P3[1’ 2, €3, C4, C5] + GJ% 7,
J? ¢>P,P,P;P;
[c1,¢2, €3, ¢4, C55 Cola i = 3[01702,03764,05] + Cﬁ%qT,
2 1 4
Py JZ qP P2
C1,C32,C3,C4,C5;C6l5 *= —5—|C1,C2,C3,C4,C5] + C6—5 )
1 J121 q2P1P2P3P4
[c1, ¢, €3, Ca, C55 o7 = E[C1,C2,C3,C4,C5] + CGT%T;’
2 2
c1,C2,C3,C4,C5;Clg := ——|C1,C2,C3,C4,C5| + C6— ,
[c1,¢2, €3, Ca, C55 Cos P4P5[1 2, €3, C4, C5] 6J§ 7
1 J? qP,PyP,P:
[c1, 2, €3, ¢4, €55 Cglo := —-[c1, Ca, €3, Ca, 5] + 06%%2457
Py Ji Py
1 J121 q71P2P3P4P5
[C1,02,03,C4,C5;C6]10 = F{)[Cl,CQ,Cg,C;l,CE)] + Cﬁfp—%.
Recall the following notation:
Jp ¢ 1 q q q
Va1, az, a3, a4,a5) = = ay + as +as +ayq +as ]
T J12 P4P52 P12P3 P1P42 P22P5 P2P32
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Rank and crank moments are defined as [5]

Ni(n) = Z m*N (m,n),
My (n) == Z m*M(m,n)

for even k € N. Define Ty, ,,,(q) to be the elements of the 11-dissection of the generating functions
for rank and crank moments:

[e'e) 10
S Nk =S Tim(aa™,

00 10
D Mi(n)g" =Y Ti(a")g™
n=0 m=0

The reformulation of this definition then reads

Tkm(q) =Y _ Ni(1ln +m)q", (2.1)
n=0

T (a) = My(1ln +m)q". (2.2)
n=0

As an another application of Theorem [I.2] and Theorem [I.3] we derive new congruences for the
rank and crank moments and for the Andrews’ smallest parts function spt(n), where spt(n) denotes
the number of smallest parts in the partitions of n. For example, the partitions of the number 4 are
(4),(3,1),(2,2),(2,1,1),(1,1,1,1) with 1,1,2,2,4 being the number of smallest parts respectively,
so we see spt(4) = 10. Garvan [I9, Theorem 5.1] considered congruences for T} ¢(¢) in terms of
Eisenstein series. We will provide congruences for 7T, kcm(q) for residues m # 6 and congruences

for Ty, (q) for residues m € {1,2,3,5,6,8} in terms of theta quotients (a1, az,as, as,as) from
Definition and [cq, co, €3, ¢4, C5; Cg|m from Definition

Theorem 2.10. Using the notation of Definition [I.1] and Definition [2.9, we have

oo
> spt(1ln+1)¢" = [1,5,—4,1,-5;1]; (mod 11),
n=0

(o.)
> spt(1ln +2)" = [3, 5,3, ~2,5; 5], (mod 11),

n=0

o
> spt(1ln+3)q" = [5,2, -2, —4,4;4]3 (mod 11),

n=0

> “spt(lln+5)¢" = [3,1,3,4, —4; —3]5 (mod 11),

n=0

> spt(1ln+ 6)q" =19(2,4,5,3,1) (mod 11),

n=0

> spt(1ln+8)q" = [-1,-2,2,—1,3;2]s (mod 11).
n=0



14 NIKOLAY E. BOROZENETS

Theorem 2.11. Using the notation of Definition [1.1] and Definition[2.9, for residue 1 modulo 11

we have
Ta(q) = [0,—1,—5,—4,-3; —2]1 (mod 11)
Ty1(q) =0 (mod 11)
Ts1(q) = [0,—1,-4,2,5;3]; (mod 11),
T&l(q) = [075) 1747 _4, _3]1 (mOd ].]_)

Tr2(q) = [2,2,-3,—4,4; —1]2 (mod 11),
Ti2(q) = [2,5,—1,0,3; 1]y (mod 11),
Too(q) = [2,4,—2,2,5;3] (mod 11),
Ts2(q) = [2,-1,2,4,1;5]3 (mod 11).

Tr3(q) = [-3,0,-3,1,—4;3]3 (mod 11),
Tys(q) = [~1,-4,2,5,4; 5}3 (mod 11),
Ts3(q) = [-4,0,3,3,—2;5]3 (mod 11),
Ts3(q) = [-5,2,0,4, —5; 5}3 (mod 11).

) =[-2,5,1,—1,4; =5]5 (mod 11),
) =[—4,3,-3,5,—4; 2|5 (mod 11),
) =[-5,2,-1,0,2;1]5 (mod 11),
5(q) =[4,0,-2,2,5;—3]5 (mod 11).

To6(q) = 9(—4,3,1,5,—2) (mod 11),

Tie(q) = 9(—2,—4,—5,-3,—1) (mod 11),

Ts6(q) = 9(1,5,—5,4,2) (mod 11),

Tz 6(q) = ¥(—5,—5,1,—2,—-2) (mod 11).
For residue 8 modulo 11 we have

Tos(q) = [-1,—4,—1,5,-3; —4]s (mod 11),

—3,5,—5,-3,—2; —5|g (mod 11),
3,4,3,-3,1;3|s (mod 11),
Tzg(q) =1[0,2,—-1,5,—1;5]g (mod 11).
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Theorem 2.12. We have
T2C,0(Q) = Tf,o(@) = T6C,0(Q) = TSC,O(Q) =0 (mod 11),

J? Ps
T5)(q) = TE1(q) = T§1 () = T, (q) = Qﬁ (mod 11),
) Ps
C i arC (o — aC o — omC o — J11P3
7T2,2(Q) = 10T4,2(Q) = 8T6,2(Q) = 2T8,2(Q) = ﬁ (mod 11),
C iy oG omC oy 1arC o IT P2
8T53(q) =TTy 3(q) = 2T53(q) = 10T55(q) = PLPs (mod 11),

t’121 q
mo 11
P2 ( )7

8T§4(Q) = 9Tf4(Q) = 3T66:4(Q) = 6T8?4(Q)

STL30) = 2165 (0) = ST a) = 573 () = 0% (mod 1),

T6}(0) =TT} @) = 1075 g) = 5T53() = 2 (mod 1),

IS4 0) = 9TEA(0) = 9T (0) = TT4(a) = “BLY (mod 1),
T6)(0) = 9764 (0) = 4T4(0) = 3T5a0) = 1L (moa 1),

2
251 (mod 11).

3T20,10(Q) = 4T40,10(Q) = 9Tc§10(‘¥) = Tsc,lo(‘J)

Remark 2.13. The congruences among My (11n 4+ m) given by Theorem were initially found
by Chern [14, (5.6)-(5.15)] using general formulas found by Atkin and Garvan [5 (6.6)-(6.8)].
In Theorem [2.12| we extend Chern’s results to congruences among generating functions of crank
moments and theta quotients.

Using [19, Theorem 5.1] we can also deduce congruences for Eisenstein series E4 and Fg defined
as

n=1

where By, is the n-th Bernoulli number and ox(n) =34, d*.

Corollary 2.14. Using the notation of Definition (1.1, we have

E4(q) 9(-1,1,1,1,1) (mod 11),

~ J2J,

Es(q) 9(—3,1,5,4,—2) (mod 11).

- J2J1

3. PROOF oF THEOREM [1.2]

In this section we demonstrate how to obtain the 11-dissection for the crank deviation as stated
in Theorem

Proof of Theorem [1.3. From [3] we know that the two-variable generating function for the crank

has the form
o0 o

F(z;q) = Z Z M(m,n)z"q¢" = (Z(])oi(i);.le)oo

n=0 m=—o0
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Here for n < 1 we set
-1, if (m,n) =(0,1),
M(m,n):=q1, if (m,n)=(0,0),(1,1),(-1,1),

0, otherwise.

From this we can find the formula for the deviation of crank, which was also mentioned in [29,
(2.12)]:

¢ “J Joo CYF( (3.1)
Z 1q (C @)os ]2:1

Let us take the 11-dissection for F' (Cn, ), which is given in [9, Theorem 7.1] and apply an identity,
which can be verified by rearranging terms:

X1 X2 X3X4X5 = Ji1 i1,
where X; is defined in ([1.1)). Then we will obtain

i 1
+ (Ag + Ay + D¢t XQ_(AQ Ay)q® X + (A + Ay)q" X3
1
— (A A 1 _42 A 1 — A 10
(As + A5+ 1)g XX (Ag +1)¢° X4 3q X5)

where A, = {? +Cﬁj " and ¢, := €2™/" is a primitive root of unity. We put the previous expressions
into (3.1)) with » = 11 and directly obtain Theorem O

4. 11-DISSECTION FOR THE DEVIATION OF THE RANK

Define Qq,m(q) to be the elements of the 11-dissection of the deviation of the rank:

(a,11) ZQW )

The reformulation of this definition then reads

. > p(1ln+m)\ ,
Qam(q) == ;‘6 (N(a, 11,11n +m) — 11) q". (4.1)

For convenience we will decompose

Qa,m(q) = ( ) + Qka( )s

where Qka is a mock part of Qa,m, that is, it corresponds to the terms in G11. Note that Qka
can be non-zero only for (a,m) € {(0,0), (1, O) (4,4),(5,4),(1,7),(2,7),(3,9), (4,9), (2,10), (3, 10)}
as stated in Theorem [.3l For residue 0 we have

665 (0) = —24°g(¢% 4", (4.2)

() = ’g(a* q"). (4.3)
For residue 4 we have

P55 = Pg(dh "),

mck

) = —*9(¢d" ¢").
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For residue 7 we have

1 (q) = —*9(¢"; ¢"), (4.6)
55(q) = ¢*9(¢% ¢*).
For residue 9 we have

15 (q) = °g(q*; q"). (4.8)
15(0) = —d*9(a* ¢™).
For residue 10 we have
Bi6(0) = —lg " +a(a:a™), (4.10)
556(a) = a7 + glg; ¢"). (4.11)
Remark 4.1. We can establish mock parts of Q, by using [23] Theorem 4.1].

The remainder Qq,m — lef}; we will call the theta part and denote Qghm Also recall a useful

identity found by O’Brien 30} p. 6]:
J} = P2Py — > PPy — qP? P, — qPiPs — qPiPs.
By Definition this identity is transformed to
J4=1[1,-1,-1,-1,-1]. (4.12)

Note that by using identity (4.12)) we can convert vii-term of Qg to the form [e1, ca, €3, ¢4, €55 C6]m.-
For example we know
PP

= [17 _17 _]-a _1) _17 0]1

Then we can formulate Theorem in its full form, that is, write ¥4, (¢) explicitly. The mock
parts of the dissection elements for residue 0 are stated in (4.2)) and (4.3). The theta parts of the
dissection elements for residue 0 are

a(0) = 110,56, 52,10, ~10:22)0 = 10780 4 10,6, -2,0,0:2) = 10781 1 54,
0(0) = 11 -10,28,1,1 110 =~ A4 0,1,2,0,05 1) = — 5L 4 a14),
Ho(q) = %[—1, —32,1,12,1;0)p = —111{;211 +10,-3,0,1,0;0]p =: —111?;211 +92,0(q),
$o(q) = %[—1723, —21,1,12;0]p = —1111]511 + 10,2, -2,0,1;0]p =: _111{01211 +93,0(q),
0(6) = 11,710,283, 21,100 =~ T4 0, 1,2, 2,0:0)0 = — 5L 4 0440),
0(0) = 11, -10,12,710:0)0 = 40,0, 1,1, 10 =~ L 0.
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Dissection elements for residue 1 are

Qo(q) = Tll[m’ 12,12,12, —10; —22]; = —% ‘E]]ji +[2,0,0,0, —2; —2]; =: —% ‘?21]25 0.1(9),
Q11(q) = %[—1’—10’—10, 1,23;0]; = 1(1){521]];; +[-1,0,0,1,3;0]; =: ﬁﬁ;ﬁ 1,1(9),
Qaa(a) = 151,121,101 11 =~ 5 TP 01,0, 1,001 = A g, )
@u1(a) = 511, -10,12,1, 22011y = L P o 110, 1) = TP ),
Qa1(q) = %[—17 1,-10,12,-10;0]; = —111% +10,0,-1,1,-1; 0]y =: —111% +Y4,1(q),
Qs.1(q) = %[—1, 1,1,-10,12; —11]; = —% ‘gil]]jj +10,0,0,—1,1; —1]; =: —% ‘glﬁj +UJ5,1(q)-
Dissection elements for residue 2 are
Quala) = 112, -20.20,2,2 20y = = 2TV 1o 5 5.0, 0, < 2Py )
Q12(q) = %[9, 13,-31,2,2;11]5 = —iﬁllljj’ +[1,1,-3,0,0;1]5 =: _121?1]3343 12(q),
@aala) = 151-2,-9,24, 0,210 = 2P g 00y = 2R Ly, )
Quala) = 1y1-2,18,18,2, 95 -2 =~ 2TV o 1 1.0, gy = 2Py, )
Quala) = o129, 20,138,229 =~ 2TV 1o 1 o1 gy < 2Py )
Qsala) = 151-2.2,2, 0,2 11 =~ 2 00,0, 1,0 1)y = 2 TP 4y
Dissection elements for residue 3 are
Quala) = 7718,36,-8,-8,14 22l = ST 1 10,4,0,0,2; 2]y = T 4y ),
Q13(q) = %[—3, —30,3,3,3;22)3 = —131‘;;211]1;; +10,-3,0,0,0;2]3 =: —131}7;211]]5; +913(q),
Q23(q) = %[8, 14,3,3, -8; —22|3 = —131‘2211]];; +[1,1,0,0, —1; —2]3 =: —131‘2211]];; 92.3(q),
Qusla) = 138,83, 822 =~ 2 0.0, 1.0, 10y = - 2 g )
Quala) = 1518, 14,14, 8,3, 11l =2 TP 4o, 1,1 1,01y = - 2T 4y,
Qusla) = 518,719, 8,8,3:0 =~ S L oo 1, 0,0:00 = TP 4y )
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The mock parts of the dissection elements for residue 4 are stated in (4.4) and (4.5)). The theta
parts of the dissection elements for residue 4 are

¢ 1 6 Jf 6 J7

0’4((]) = ﬁ[6’ —6,16,—28,16;0]4 = H?Q +1[0,0,2,—-2,2;0]4 =: H?Q + Y0.4(q),

Palq) = %[675, —17,5,5;0]4 = —151‘;1221 +[1,0,-2,0,0;0]4 =: —151”]7312; +91,4(q),

4(q) = =[5, 6,5,27, ~6;0]s = ﬁ“gl 4+ [=1,0,1,3,0; 04 —: fl‘]@zl +90.4(q),

QUla) = 1716,5.16, 17, 17501 = T 4 [10.3,0,0:00 = 1T 4 (),
i) = %[*fh —6, 17,27, —6; —11]4 = ﬁﬁl [—1,0,—1,3,0; —1]4 =: 161?21 + Y4,4(q),
W(q) = %[—5, 5,5,—28,16;11]; = —fl‘ﬁ; +10,0,0,—3,1;1]4 = —151}7;221 +95.4(q).
Dissection elements for residue 5 are

Qo5(q) = %[47 18, —4, -4, —4;22]5 = iggl +10,2,0,0,0;2]5 = i% Jo,5(q),
Q1,5<Q) = %[4, —15,7,7,—4;0]5 = 141;12215: +1[0,—-1,1,1,0;0]5 =: ﬁgﬁ; + Y15(q),
Q25(q) = %[4» 7, —4,7,7;,-22]5 = —171% +[1,0,-1,0,0; =2]5 = —% Egl 2,
Q35(q) = %[—7, —4,—-4,7,7;11]5 = —% {31221]554 +1[0,-1,-1,0,0;1]5 =: —% g}f:
Qusla) = 11 14.77,-87,~4 11l = T 0,11, 30,15 = 2T ),
Qs5(a) = -7, —4, 4,18, ~4; ~11]; = 141‘2221]]5: +[~1,0,0,2, 05 —1]5 —: i‘ﬁ;}lj:

The mock parts of the dissection elements for residue 7 are stated in (4.6) and (4.7). The theta

parts of the dissection elements for residue 7 are

() = 15118,26,4, 18, 18,07 = 01 0,4,2,0,00 = 13 9 4 (o),

Pr(q) = %[—4, —29,-7,4,37;11]7 = —ﬁﬁ; +[0,-3,-1,0,3; 17 = _141}7312; + 91.7(q),
o (q) = ﬁ[z 26,4,15, —29; —11]; = —f‘l‘gl +[1,2,0,1, =3; —1]7 =: —iﬁ; +92.7(q),
OE 11*1[—47 —18,4,-7,15;0]7 = _;Llﬁ,l +10,-2,0,-1,1;0]7 =: —ﬁg + J3,7(q),
B(0) = 14,15, T, T 0k =~ T 01,1, 1,00 = 5 4 as(0),
2(q) = %[—4, —7,4,4,-18;0]; = —f‘l‘]]f; +10,-1,0,0, —2;0]7 =: _iﬁ; + 0
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Dissection elements for residue 8 are

Qua(a) = 77188,6,6,-16,6:0 = —= T 4 14,00, 2 050] =~ TP 4y ),
Q1,8(q) = %[—17, —5,-5,6,6;11]s = —161<]1;1qu;1 +[-1,-1,-1,0,0;1]g =: —ﬁqupil Y18(9),
Qasla) = 15116,6,-5,6,5:0s = X DU 1y 0,050 = 2 TPy,

Qusla) = 516,517, -5, 50y = 5 DL 1 [11,0,2,0,0,05 = 2 THI 4y, )
Quala) = 151-17.6, 16,5, 5105 = 2T o1 100005 = DIy, )
Qss(@) = 15, —5.6,6,6: 115 = ~ STy 1y g0 0y O TheD

11 P,Ps 58(4)-

The mock parts of the dissection elements for residue 9 are stated in (4.8) and (4.9). The theta
parts of the dissection elements for residue 9 are

11 11 P4 Ps

8 J4 8 J4

0o(q) = %[14787 —36,8,8;0]9 = T +[2,0,-4,0,0;0]o =: T +v90,9(q),

(0) = 514,19, 3,80 = L 1 10,1,2,0,150) = L 4 9,.400),

(0) = 5,198, 3,301 = = T 410,2,1,0,050) = A 4 9(0),

g{lg(q) = T11[3, —14,19, -3, —14; —11]g = 131?241 [0,-1,2,0,—1; —1]g =: 131!?41 +739(q),
Folq) = %[*8,8» —14,8,-3;11]g = iﬁj +10,0,-2,0, —1;1]g =: iﬁi +1949(q),
(0) = 183,14, 3,80 = 2 4 (1,010, 10 = 2T 4y

The mock parts of the dissection elements for residue 10 are stated in (4.10]) and (4.11)). The theta
parts of the dissection elements for residue 10 are

h 1 2 J4 2 J4
Qo10(0) = H[Q, —24,20, 20, —2;0]10 = 1P, +10,-2,2,2,0;0]10 =: P + 90,10(q),

fo(e) = %[13, 20, —13, -2, —2; 0]19 = 121‘5;2; +1,2,-1,0,0;0]19 =: 121‘5_},251 +91.10(q),

$10(q) = ﬁ[—‘@ —13,-2,-24,-2;11]19 = flﬁ,l [—4,-1,0,-2,0;1]19 =: 121{551 + Y2,10(q),
Qiola) = 15146,9,9,9,9: 1110 =~ T 415,0,0,0,0: 1o =t~ 21 4 51(0),

io(a) = %[—9, —13,-13,20,—2; 0]19 = ﬁ’ﬁ; +[-2,0,0,3,1;0]1 =: ﬁ"ﬁ; + 94.10(q),
QP o(q) = %[—9,9,9, —13,-2;0]10 = —191?;251 +10,0,0, -2, —1;0]19 =: _1912251 +95.10(q)-

In the next proof we will show how to obtain these formulas.
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Proof of Theorem[1.3 Recall that the rank generating function has the form

[e o] qn2
;)mz_m I ,;)@q)n(zlq)n'

Let the Pj,,(q) to be elements of the 11-dissection of R(C{l; q):

10

R(yia) =Y Pim(q")g™

m=0
So reformulation of this definition is
0o 10 )
i) = 3 (Lt 11t )
n=0 \k=0

Note that P;,,(¢) can be found from Py ,(q) by taking ¢}, instead of ¢1;. Recall the definition of
the Dedekind eta-function

n=1
and the notation of Biagioli [10]
(p—2k)* _
Foa(2) = a5 (650" oo (0775 6700 (47 4"
3(p-1)
J(p T, 2) = n(pz)" fp(2)™
k=1

where p> 1, ptk, 7 € 72t In [21), (6.13)] Garvan found P; 6(q)

fe'e) 10
(@ ¢Moo Y (ZN k,11,11n 46 cn> Zcﬁrj 11, 7.(77), 2) (4.13)

n=0 \k=0

where cg, € Z[(11] are given explicitly in [21], Section 6.4], W= (15,—4,-2,-3,—-2,—2) and 7, is
the permutation on {1,2,3,4,5}, defined as (i) = i’, where ri’ = i (mod 11). As described in
[22, (1.9)] for p > 3 prime, 1 < a < 3(p — 1) we denote
o 2
qrr
EO (@%:P)n+1(qP~%qP)n’
q’p,a(Q) = - g7 _
-1+ Z qp)n+1(qf’ T if p < 6a < 3p.

if 0 < 6a < p,

Recently Garvan and Sarma found P 7(q) [22] (7.5)]

[e'¢) 10
1
g1 ("5 4" (Z (Z N(k,11,11n+7)d€1> "t arq @11 5(q ))
n=0 \k=0

_ fus) § ; — f114 z)
=) > erpi(1l,m(7), 2) () de (11, 7,(7),2) (4.14)

r=1
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where a7, ¢7,,d7, € Z[C11] are given explicitly in [22, Section 7.1.2]. Also they found P g(q) [22,

(7.6)]
) (o) 10
a1 ("M Y (Z N(k,11,11n + S)Cﬁ> ¢t
n=0

k=0

_ JuaC) 7)) 4 J13(2)
-~ fia(?) ;CBN(H?”T(”) Fria() str] (11,7 (), 2), (4.15)

where cg,,dg, € Z[(11] are given explicitly in [22, Section 7.1.3]. Then using [22, Theorem 4.11]
we can find other P ,,(q) using formulas for P 7(¢q) and P; g(q). We derive

q1i (Z (Z k: 11 11n)§11> q" + aoq)n,g(q))

;Ej z Zcoﬂ (11, 7,( ) z) + Qiz(i) Zdorj 11 wr(ﬁ) z), (4.16)

o] 10
6
a1 ("0 > (Z N(k,11,11n + 1)¢{3> q

k=0

ot S Bt S,

o) 10
a1 (00N (Z N(k,11,11n + 2)4@) g

_ fuale) 5 Co,r] (), 2 u2(2) (), 2
_f1173(z)z 0,d (11, (1), 2) + flll(z)ngr] (11, 7.(7),2), (4.18)

r=1

00 10
8
g1 (¢"5qM)ee Y <Z N(k,11,11n + 3)(51) q

k=0

_ Ius() § (11 (T f115(2) .
= flm(z);c&r](ll, r(n),z)-i-flls(z Zd37~j 11, m.(77),2), (4.19)

o) 10
g7 (q"5 0o (Z (Z N(k,11,11n + 4)Cﬁ> q" + a4q1‘1>11,4(Q)>

k=0

fia(2) & ) §
= IS 0w (7)) P S (11, (7)., (420
1

Ji13(2) = f114 z) =

s /10
g1 (@754 M Y (Z N(k, 11, 11n + 5>d€1) !

k=0

5
- }Cii z S esni(11,m (W), 2) + ﬁi;(; Zdw (11, m(7), 2), (4.21)

r:l
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0o 10
3 n
¢ (¢ 4" (Z (Z N(k,11,11n + 9)Cf1> ¢"t a9‘1>11,3(Q)>
n=0 \k=0

fis(2) < S
= MZC&,«j(llﬂrr(ﬁ) 112 Z ngTj 11 7TT ) Z)v (4'22)

fus(z) = f113 z)

o) 10
g7 (4" ¢ )oo (Z (Z N(k,11,11n + 10)Cﬁ> "t a10®111(g ))

n=0 \k=0
5
~ fualz (11 f113 z) dioj(11 49
A chor] (), 2 f111 2) Z 10,11, (), 2),  (4.23)

r:l

where a;, ¢ r,d;, € Z[(11] can be found explicitly from a7, c7,,d7, and cg,,ds, by [22, Theorem
4.11].
Then we transfer formulas (4.13))-(4.23) to a different notation using

(p—2k)2

fp,k(z) =q ° Jk,p

and
1+ ¢%(q% ¢P), if 0 < 6a < p,
Ppalq) = a ( a .
q*9(q*; ¢%), if p < 6a < 3p.
Recall the formula for the deviation of the rank [29] (2.10)]

SIS en(i-@) (1 g - Lo

As with the crank, if we know the 11-dissection elements Pj,,(q) for R(¢l;q), we can deduce the
11-dissection elements Qg m(q) for D(a,r) using the previous formula. We defined earlier
6 2

q 1 q q q ]
. 4.24
T A p,p? " Pzp, TP T “P2p, T P hP2 (4.24)

ﬁ(aly az, a3, a4, CL5)

Also recall an important identity, which can be obtained by rearranging terms:
Py P,P3PyPs = JyJf. (4.25)

Note that (4.24) corresponds to the right-hand side of (4.13|) after changing the notation and
applying (4.25)):

' qu5 J? q
J(1Lm (1), 2) = PRI PR = 12 PIpy
142434445 1 143
2 115 7 2
. g Jii Ji q
11.79(T).2) = — 4 1L 211,
Lm0 2) = D pipe s = 2 BEpy
11 — q2‘]lli5 _ Jfl q2
UL ms(11).2) = paprpiprpe) = 72 B,y
142434445 1 2473
— q2J1lir) _ J171 q2
J(1, ma(7), 2) = PPPIP2PIF2 ~ 2 P PY
1424344 1 14y
3J Jll q3

11 o —_— C——.
j( 71'5( n ) ) P2P2P2P3P4 J2 P4P52
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By calculations we see from (4.13)) that
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1
Qoslq) = H;ﬂ,ﬁ( ) =9(0,0,2,2, —2),
L
Q1,6<q>=11j§_;<1‘f j6(g) =0(=1,1,-1,-2,1),
1 Jo
)
Q2,6(q) = ﬁZCll _19(1707_17270)7
Q36(q) = HZC =9(1,0,1,-1,-1),
45
Q4,6(q> 11 ZCl jP]G (07_1717072)7
Qs6(0) = 11;@1 Pjs(q) =9(~1,0,-1,0,~1).
In the same way from (4.14) we see that
P
_1 5
9(—18,0,—18,26,10) + 0,0,0,0,4
Q07() 11P1 ( y Yy ) ) ) 1P5 ( )
Py
3 (5. 11
=— ; —19 4,-29,21) + ——v(11,
Qu(q) =—a"9(¢’5q) +q 1P, (37,0,4, —29, )+11P5 (11,0,0,0,=7),
P,
Qur(a) = ¢’9(q°sq") + ¢ 15 59(=29,0,15,26, =34) + ———-9(~11,0,0,0,4),
11P; 11P; (4.26)
P, .
| 4
Q3,7(q) = 11P119(15 0,-7,-18,21) + 11P; 9(0,0,0,0,4),
Ps
-1
= 4 1
Qurle) = ¢ {5 9(4,0, 7,15, ~12) 1P5 (0,0,0,0,~7),
Ps
-1
= I(—1 4, 19 4
Q5,7(9) = ¢q P, (—18,0,4,-7,—1) + nr (0,0,0,0,4).
From (4.15)) we see that
Py P
1 3
= 42, — -1
QO,S(Q) 11P (6 O 36a 6)+ 11P419(0’0’ 61670)7
-1
= —24, —
Q1,8(q) 11P (6,0, 30,5) + 11P4 (0,0,6,—5,0),
Py
-1
= —14
Qas5(a) = a7 7 0(=5,0,9, 14,5) + 175-9(0,0,6,6,0) .
P .
_ 1
Qs58(q) = P (—5,0,9,8,—17) + 11P419(oo —5,-5,0),
P
-1 4
I(— —13,-3,1 —
Qis(a) = 4~ {7 9(=5,0, 13, -3,16) + 11p4 (0,0.-5,6,0),
Py
—1 o
Q55(q) 1P, (6,0,—2, -3, 6)+11P19(006 —5,0).
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Formulas for Qg m(q) in terms of ¥(a1, az, as, as, as) for other residues can be also of interest, so we
write them explicitly. From (4.16) we see that

Qoo(q) = —2¢°9(¢*, ™) +

(=10, —52,0, 56, 32) +

°_9(0,10,0,22,0),

—11,0),

11P 1P,
Q10(q) = 9(¢, ¢"") + o P (1,25,0,-10,—23) + 155320(0,—1,0,
Q2.0(q) = 1%3 9(1,14,0,-32,-1) + 1533219(0,—1,0,0,0),
Qs0(q) = 15123 9(12, —8,0,23,21) + 1?;219(0,—1,0,0,0),
Quo(q) = 11P (1,3,0,—10, —23) + 15;219(0,—1,0,0,0),
Qs.0(q) = qlf;4q9(—1o, ~8,0,1,10) + 15153219(0, ~1,0,0,0).
From we see that
Qo.1(q) = qlf;519(0, —6,-12,—4,-12) + 15‘3219(0, 10,0, —12,0),
Qu1(q) = q1f123 9(0,5, —1, —4,10) + 1%3219(0, ~1,0,10,0),
Q2.1(q) = 1fp (0,16,10, —15, —1) +1%3219(0,—1,0,—12,0),
Qs.1(q) = q1f123519(0, —6,—1,18,—12) + 13‘32@9(0, ~1,0,10,0),
Qu1(q) = qlf;%)ﬁ(o’ —6,-12,18,10) + 13‘3219(0, ~1,0,-1,0),
Q51(q) = qlif%ﬂ(o, —6,10,—15, —1) + 15‘32@9(0, ~1,0,—1,0).
From we see that
Qo2(q) = qlflljgﬁ(—m,so,z —20,0) + f;lﬂ( ~2,0,0,0),
Q12(q) = 15113319(—12,—36,2, 13,0) + Pplﬁ(2,9,o,0,0),
Q2.2(q) = 1P —1 9(21,19, -9, -9,0) + 15723119(2, ~2,0,0,0),
Qs32( )—q%ﬁ( 1,8,2,13,0) + ﬁﬁ( 9,-2,0,0,0),
Qu2(q) 1&3&(10, ~3,13,-9,0) + 1%3119(2, ~2,0,0,0),
Qs2(q) = 15113 9(—12,-3,-9,2,0) + 1523119(2,—2,0,0,0).
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From we see that
P;
Qo,3(q) = 1113219(14 8,4,0,—12) + E29(0 0,—-8,0,—8),
Q13(q) = 15;;219(3 ~3,4,0,21) + %19(0 0,3,0,3),
Q23(q) = 115’3219(—878,—18, 0,—12) + 11P319(O 0,3,0,3),
Q2.3(q) = 15;219(—8, ~3,15,0,—1) + 11P319(0 0,3,0,—8),
Q2.4(q) = 15;219(3 -3,15,0,—23) + 11P319(0 0,-8,0,14),
Q25(q) = 15‘1219(3,—3,—18,0,21) o Pgﬁ(o 0,3,0,—8).
From we see that
Qoalq) = 15‘3319(16,6, —28,26,0) +qlfp419(o 0,0, —6,0),
Q14(q) = 11P319(5 6,5, —18,0) + 11P (0,0,0,5,0),
Q24(q) = 1513319(—6,—5,27,4,0) 11P (0,0,0,—6,0),
Qs4(q) = %19(17, 6,—17,—7,0) 11P (0,0,0,5,0),
Qua(q) = ¢*9(g% ") + 15}‘3 0(—6,—5,27,—18,0) + 11P (0,0,—11,—6,0),
Qsalq) = —’g(q*¢'") + 11P319(16 —5,-28,26,0) 11P4 (0,0,11,5,0).
From (4.21]) we see that
P
Qos(q) = 11P479(6 4,0,—18,24) + ¢ 113519(—4,0,0,0,4),
Q15(q) = 11P419( 5,4,0,15, 9)+qlfp519(—4,0,0,0,—7),
Q25(q) = 11P (17,4,0, —7, —9) HP (7,0,0,0,4),
Q35(q) = 15;419(6,—7, 0,4,24) 11P (7,0,0,0,4),
Qus(q) = 1i53419( 27,4,0, -7, —20) 11P (=4,0,0,0,—7),
Qs.5(q) = s 9(6,—7,0,4,2) (—4,0,0,0,4).

11P, 11P
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From we see that
Qoo(q) = 11P519(0 14,2, -8, 36)-+-11j§;0(0 0,8,0,0),
Quolq) = 1fp519(0 3,-9,14,19) + 2 0(0.0,-3,0,0),
Q2.9(q) = 1f§%q9(0 3,13,-19,8) + 11Pgﬁ(o 0,-3,0,0),
@a(0) = 9(a%a") + 115 0(0,3,~31,14,19) + {12 9(0.0,-3,0,~11),
Quo(q) = —¢*9(¢*q"") + 111) (0,-8,13, =8, —14) + 1 - —29(0,0,8,0,11),
Q59(q) = 111%49«) —8,13,3,—14) 1}) (0,0,-3,0,0).
From (4.23]) we see that
1 b3
Qo,10(q) = 111[)219(16 2,20,0,20) + 11121&(-—2,0,0,0,0)
Q1,10(q) = 1f}579(5 13,-2,0,—-13) + ¢~ 1{3119( 2,0,0,0,0),
Quola) = o~ +4xmq“ﬂ—+1igﬂc—&%—4z—2&of—%—+¢*15%ﬁ< 2,11,0,0,0),
Q310(0) = ¢ "+ 9(g; ¢' )4—11?70(271u39 0,9) + 1f§ﬁ0(9,—114xo,oy
dewzliémagmﬁ,1$+44£;ﬂ(2000m
@5,10(q) = 1{}§19(5,-—9,-13,0,9)-+ 11]3 (—2,0,0,0,0).

To obtain Qg in the form [c1, c2, €3, ¢4, ¢5; C6]m, We need to use the three-term Weierstrass relation
for theta functions [24, Proposition 2.1]

PaJrcPachb—&-de—d = Pa+dPa—de+ch—c + qb_c a+bPa—ch+ch—d-

Let us consider ten cases of the three-term Weierstrass relation, mentioned in [7), (4.6)-(4.10)] and
(17, (b1)-(b5)}:
PyPyP§ — P{PyPs + ¢* P/ P,P3 = 0,

(4.28)
P\PyP? — PyP3P} + qP,P,P? =0, (4.29)
P\P3P2 — P}P,Ps + qP{ P3P, = 0, (4.30)
P\P{P; — P,P{P; + qP1 PP, = 0, (4.31)
P\PyP} — PiP3P5 + qPEPyPs = 0, (4.32)

and
P3P} — PsP} + ¢° PP} =0, (4.33)
PP} — P3P} + ¢*P P} =0, (4.34)
PyP} — PsP§ + ¢’ PyP} = 0, (4.35)
PP} — PyP§ + qP3P; =0, (4.36)
PyP§ — PyPs + qPs P} = 0. (4.37)
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Also note that another form of ¥ can be obtained by applying (4.25|):

J? 2p, P,P PP, P P, P3P P, PP, P, P,P:
11[a1q 123—1—@2245+a3q235+a4q134+a5QI45].

) =—
(a1, a2, as, as, as) Jf) P; P Py Py Ps

Let us consider the case residue 7. From (4.26)) we have

P P
() = ¢ S 29(ar, 0, a3, aq, a5) + —-0(b1,0,0,0,b5) =

11P; 11P;5
It PPsP? PP PPE . ¢PPIPPsPy | qP P}
— PP b b .
g \(anis rasTpp g e F Ty sy
Then we consider
P P,PsP?  PyP?2  qPZP:
4.31) x 5 : 243085 Ials + qrts 5’
P P3Py Py Py P Ps
4.28 : = q“P, .
. PP Py ThT P
After changing the terms to the new ones using the above expressions, we obtain
J? P,P? P, P? P3P 2p, P, PP,
th 11 445 2 p2 qr147y qi5 15 q I a3y
= —= P PP ——.
a,7(Q) Jlg (Cl Ps +c2q" 7 +c3 Py + ¢4 2 + c5qf2 3 + ¢ P52 >

As a result, we obtain [e1, ¢o, €3, ¢4, ¢5; ¢g]7. Similar calculations can be done for residues 0,4, 9, 10.

Another case we are going to consider as an example is residue 8. From (4.27) we have

P P

-1 4 3

R 0 —2-9(0,0,b3,b4,0) =

Q(LS(Q) q 11P1 (ab ,CLQ,CL3,CL4)+ 11P4 ( , U, 03,04, )
JZ qPy P3Py P, P3Ps P3P} P?P; qP2 P} Ps qP P}
-t b b .
Jf) al P, + a2 P + as 2 + aa P + b3 P42 + b4 7,

Then we consider

q qP P3Py q? P, Py P
4.9 : _qP P4+ L1205
“ PP P, TR
1 PPPs  PyP?
4.32 : = P P
X P1P2 Pl P2 +qr1rs,
2 2 2P2P
hog) x —_ Ly _ BB o BB
Py P3Py Py Py Ps
q qP,PiPs ¢*P P}
i3t x L. 422375 pp ,
X P42 PZ qr s + P4
qP qPIP}  @PPs
4.28 : = P Ps.
x PPy Py P PyPs AR

After changing the terms to the new ones using the above expressions, we obtain

3!)3!) 2!)2!) 2 2 2 2 2
Q = P Ps + ‘
a,8((]) C1qIr1 -5 —C2 P, P + c3 P +cy ) +c5 P + ¢ ,

As a result, we obtain [c1, ca, ¢3, ¢4, ¢5; ¢6ls. Similar calculations can be done for residues 1,2, 3,

D.
g
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5. PROPERTIES OF PARTITION FUNCTION, CRANK AND RANK MODULO 11

5.1. Equalities between cranks modulo 11. Garvan [20, (1.51)-(1.67)] found equalities between
cranks modulo 11. We present his results in the following theorem.

Theorem 5.1 ([20, (1.51)-(1.67)]). Consider n > 0. For M; = M(i,11,11n) we have
My = My = M3 = My = Ms.
For M; = M(i,11,11n + 1) we have
Mo+ My =2My and My = Mz = My = Ms.
For M; = M(i,11,11n + 2) we have
My = My = M3 = My = Ms.
For M; = M(i,11,11n + 3) we have
My = Ms and M, = My = My = Ms.
For M; = M(i,11,11n + 4) we have
My = My = My and M; = Mz = Ms.
For M; = M(i,11,11n + 5) we have
My = M; = My = My and My = M,.
For M; = M(i,11,11n + 6) we have

p(11n + 6)
11 '

Mo = My = Mz = Mz = My = Ms =
For M; = M(i,11,11n + 7) we have
My = My = Ms = My and M, = M,.
For M; = M(i,11,11n + 8) we have
My = My = Ms and M, = Mz = M,.
For N; = N(i,11,11n+9) and M; = M(i,11,11n + 9) we have
My =M, and M, = My = Mg = Ms.
For N; = N(i,11,11n 4 10) and M; = M(i,11,11n + 10) we have
Mo =M, = My =My = Ms.

Proof of Theorem[5.1. By comparing respective coefficients in the 11-dissections in Theorem [I.2
we can directly deduce the following equalities. Also note that there is no element corresponding to
¢® in 11-dissection of the deviation of the crank, so we have the corresponding equality for residue
6. O
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5.2. Partition function congruences modulo 11. Atkin and Swinnerton-Dyer in [7, Theorem
3] realised the following congruences.

Theorem 5.2 ([7, Theorem 3]). We have

Zp 11n)q J? (mod 11),

n _ Jll 5
Zp(lln—l—l)q =R (mod 11),

> p(lin+2)g" = PEATEL] (mod 11),
= PPy

- J121P2
11 "=3—->-"= 11
Zp( n+3)q 3P1P3 (mod 11),

Zp 11n +4)q ”—5?;1 (mod 11),
n=0

J% P,
§ (11 11 d11
p(11n +5)q 7P2P5 (mo )

Zp (11n +7)q ”—4‘5;1 (mod 11),
n=0

_ Jha
Zp(lln +8)¢" =6 oD, (mod 11),

Zp (11n 4 9)q 8% (mod 11),

J2
Zp(lln +10)¢" = 92 (mod 11).
n=0 s
Proof of Theorem [5.3 Using Theorem [1.2] it is obvious how to obtain such congruences. For ex-
ample, we can take

o0
p(11n) 10 J3
M(0,11,11n) — "= ——=
N O iy
multiply it by —11 and take modulo 11. O

Remark 5.3. Elements of 11-dissection for p(n) can be obtained using [25, Lemma 4] and they
are found explicitly in terms of theta quotients by Bilgici and Ekin [II]. Another forms for the
11-dissection element ) ., p(11n+6)¢"™, which represent explicitly its modular properties, can be
found in [31]. -

5.3. Linear rank congruences modulo 11. Atkin and Hussain [6] studied the rank modulo 11
and for each residue they found linear congruences between ranks [6, (9.16)]. We present their
results in the following theorem.

Theorem 5.4 ([0, (9.16)]). Consider n > 0. For N; = N(i,11,11n) we have
Ny — 5N3 — 2Ny + 6N5 = 0 (mod 11).
For N; = N(i,11,11n 4+ 1) we have
N; —6N2 + 4N3 + 3Ny — 2N5 =0 (mod 11).
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For N; = N(i,11,11n 4 2) we have
No+ 4Ny — 6N4+ N5 =0 (mod 11).
For N; = N(i,11,11n 4 3) we have
No + 3Ny — Ny + 2N3 — Ny — 4N5 = 0 (mod 11).
For N; = N(i,11,11n 4 4) we have
No + 3Ny — 2N5 — 4N3 + Ny + N5 = 0 (mod 11).
For N; = N(i,11,11n 4+ 5) we have
No — 5N1 — Ny + N3 +5N; — N5 = 0 (mod 11).
For N; = N(i,11,11n 4 6) we have
Ny — 5Ny — N3 + Ny + 4N5 = 0 (mod 11).
For N; = N(i,11,11n 4+ 7) we have
No — 2N7 — 2Ns 4+ 5N3 + 2Ny — 4N5 = 0 (mod 11).
For N; = N(i,11,11n + 8) we have
No +5N1 + 2Ny + N3 — 3N4 — 6N5 =0 (mod 11).
For N; = N(i,11,11n 4+ 9) we have
No — 4Ny + 3Ny — N3 — Ny + 2N5 = 0 (mod 11).
For N; = N(i,11,11n 4 10) we have
No —6N; + Ng+4N5 =0 (mod 11).

Proof of Theorem[5.4 Tt is straightforward now to obtain such congruences by using the calcu-
lations of the 11-dissection of the deviation of the rank found in Section [l For example, let us
consider the case of residue 0. We find that

Q2,0(q) —5Q3,0(q) — 2Q4,0(q) +6Q50(q) = 11[0, —1,0,1, —1;0]o.

As the sum of coefficients in the above sum is zero, we see that the coefficient of ¢" on the left-hand
side of the previous sum is

N(2,11,11n) — 5N(3,11,11n) — 2N(4,11,11n) + 6N (5,11, 11n).

Taking expression modulo 11 we obtain the desired result. O

6. RANK-CRANK INEQUALITIES, POSITIVITY TECHNIQUES, AND POSITIVITY CONJECTURES

Firstly we give new proofs of work of Ekin [16] in order to motivate our use of positivity techniques
and to give context to our positivity conjectures.
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6.1. Inequalities between cranks modulo 11. Ekin [I6] (21)-(28)] considered inequalities be-
tween cranks modulo 11. We state the results in the following theorem and conjecture.

Theorem 6.1 ([16, (21)-(28)]). For n > 0 we have

11
M(0,11,11n) > p(lln) > M(1,11,11n),
1n+1
M(1,11,11n + 1) > p(?j) > M(2,11,11n + 1) > M (0,11, 11n + 1),
1n +2
M(2,11,11n + 2) > p(?;r) > M(0,11, 11n + 2),
1n+3
M(0,11,11n + 3) > p(?;r) > M(1,11,11n + 3),
1n +4
M(0,11,11n + 4) > p(;lr) > M(1,11,11n + 4),
1n+5
M(0,11,11n +5) > p(?;r) > M(2,11,11n + 5),
1n+7
M(1,11,11n +7) > p(f;“) > M(0,11,11n + 7),
11
M(1,11,11n +9) > W > M(0,11,11n + 9),
11n + 10
M(0,11,11n + 10) > p(q;r) > M(3,11,11n + 10).
Conjecture 6.2. Forn >0, n # 2 we have
1n +8
M(1,11,11n + 8) > W > M(0,11,11n + 8).
Lemma 6.3. We have )
i >0
B, =
fora e {1,2,3,4,5} and
J121P2a 0
PaP3a o

fora € {1,2,3,4}.
Proof of Lemmal6.3 By the Jacobi’s triple product identity we see that for a € {1,2,3,4,5}
Jh (¢"54")oo (—¢% "Moo (=" % 6" (@5 ¢ oo

Po (4%9")o(d" 7% M) (4% 4*2) 00 (4% 72 ¢*) o

1 . 11(")+an
= q 2 .
(6% ¢*%) 0 (¢*272%; %) o 2

n=—o00
By the quintuple product identity [16, (42)] we see that for a € {1,2, 3}
It Paa _ T3 q" J3s
PoPsq  J3a,33J11-30,33  J3a,33J22-34,33

(6.1)

In the same way as in the previous case but with change ¢ — ¢> we see that both of the terms
in the right-hand side of the expression above have non-negative Fourier coefficients. The case of
JE Ps

P111P4 : |:|
Proof of Theorem[6.1. To obtain Theorem we use Lemma [6.3] and refer to the positivity or
negativity of the coefficients in Theorem O

a = 4 is proved in [8, Corollary 4.8] using a different representation of
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Remark 6.4. Conjecture is partially solved. Using analytic methods it is known from [33] that
there is explicit IV, such that for n > N we have
M(1,11,11n 4+ 8) > M(0,11,11n + 8).
6.2. Positivity of theta quotients. Denote
. P,
Pai= ("¢ )oo(q" "¢ oo = 57
11
Definition 6.5. We define the notation F(¢) > G(q) if the Fourier coefficients of F'(¢) — G(q) are
non-negative.
Lemma 6.6. We have S
Jhq" Py Ps2 P PP > 0 (6.2)
where a; <0 for 1 <i<M,ai+a+ast+ag+as=rand0<a<r,beZ.
Proof of Lemma[6.6, By Lemma [6.3] we see that for a € {1,2,3,4,5}

J11
Py
and obviously
Lo
Py
Lemma follows directly from inequalities above. O

Remark 6.7. By Lemma all terms in sums of theta quotients in ([1.3]), Definition and
Definition have non-negative Fourier coefficients. For example, by applying (4.25)) we have

9(1,0,0,0,0) = it .LZZJ14.Q—2:J R
J2 ppz N pRppIpipt T M prpepepipl

Remark 6.8. Let oy < 0 in (6.2). Then we can establish not just non-negativity of Fourier

coefficients of (6.2)) but also that the coefficients of (6.2) are monotonically non-decreasing by
multiplying the expression by (1 — ¢). In this sense we have that if

P(q) == ZCiqi
1€EZ
and

1=q)P(g) = (ci—ci-1)g" >0,
€L
then we have ¢; > ¢;_1 for any ¢ € Z.

Let us compare Fourier coefficients of theta quotients in [c1, c2, 3, ¢4, ¢5]. We have the following
inequalities

Proposition 6.9. We have
[0,1,0,0,0] <10,0,1,0,0] <[0,0,0,1,0] <10,0,0,0,1]. (6.3)

Proof of Proposition[6.9. Inequalities can be proved using the three-term Weierstrass relations

(4.28])-(4.32)) in the following form

[07—171,0,0] 713 PP —F PQP == J3W_O,
Ji J} ¢*PEPyPs

{070’_13170] J3 P2P5_ ngP4P J3?_07
J? J? J? qP?P,P?

-1 “gpip - R PiPy =5 >0,
[07 07 07 ) ] J3 4 J3 1 J3 P2P3
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Here we can see the positivity of the Fourier coefficients of the right-hand side of equations above by
Lemma as the theta quotients in the right-hand side can be transformed into (6.2]) by applying
([#.25). O
Remark 6.10. We can strengthen Proposition [6.9] to

J110,1,0,0,0] < J;1[0,0,1,0,0] < J1[0,0,0,1,0] < J;]0,0,0,0,1]. (6.4)

We are able to compare Fourier coefficients of theta quotients in [e1, ¢, €3, ¢4, ¢5; ¢g|; which was

defined in Definition 2.9
Proposition 6.11. For every residue i # 6 we have
[0,1,0,0,0;0]; <[0,0,1,0,0;0]; <[0,0,0,1,0;0]; <[0,0,0,0,1;0];.

Proof of Proposition|6.11. For i # 8 this result can directly obtained from Proposition [6.9] For
example for residue 0 we need to multiply || by P% > 0. For i = 8 we use Remark and

multiply (6.4) by 7% > 0. O

For residue 6 we have the following comparison formulas.

Proposition 6.12. We have

9(0,0,0,0,1) < 9(0,0,0,1,0) < 9¥(0,0,1,0,0) < 9¥(0,1,0,0,0).

Proof of Proposition [6.13 Inequalities can be proved using the three-term Weierstrass relations

(4.28))-(4.37) in the following form.

Jll qP1P3P4 J121 qP1P4P5 . .]7121(]3]313

9(0,0,0,1,—1 g lals >0,
( = e BB J} Ps

J} qPaP3sPs  J} qPiP3sPy  J}) ¢*PEP,
19(0,0,1,_1,0>:%w_%w:%q Y

J P2P4P5 J2 QP2P3P5 J2 P3
9(0,1,-1,0,0 = ] O
( ) J3 })1 J% P4 Jig P3 sl

We also provide some additional comparison formulas among theta quotients.

Lemma 6.13. We have

0,0,0,0,—1;1]; >0,
0,1,0,0,0; —1] > 0,
0,0,0,1,0; —1]3 > 0,
0,0, —1,0,0;1]3 > 0,
[0, 0,1,00 ~1]5 >0,
0,0,0,—1,0;1]s > 0.
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Proof of Lemma[6.13. We need to use the three-term Weierstrass relations (4.28))-(4.37)

J2 (qP2P Ps J% ¢>P, PP,
[0701(]’0)_1?1]1:Jlgl<qf2, ! PP qP3P2>:J131q })3 4201
1 1 2 1 5
Jh [ P *PLP JE ¢*P2P.
0,1,0,0,0;—1]p = “L (22 . g2p2p, - L1702 ) = "L 174 5 g
J3 P1P4 ! P5 J3 P2
1 1
J? [ P P2P, J 2p2p?
1 143 344
2 2 2 3 p3
0,0,-1,0,0; 13 = % (q]ngf’ ) Jl; >0,
1 4 3
J? ([ P PP _ Jh ¢PPEPE
0,0,1,0,0;—1]s = L ( L. gpzp — L5 11112 >,
JB\pp T4 3 P3P
1
Jh (PP} qP 9 J? P3
-1,0;1 — -qP:P; ) = > O
0,0,0,—1, 05 1]s = JP < P, PyPs s T3Py 0

6.3. Proofs of rank-crank inequalities. Define Qa(’:m(q) to be the elements of the 11-dissection
of the deviation of the crank:

cla,11) ZQ

So the reformulation of this definition is

N p(in+m)\ ,
ng(q) = nzz;) <M(a, 11,11n 4+ m) — 11) q". (6.5)

Proof of Theorem[2.1. As an example we consider inequalities corresponding to residue 0. For
n >0, N; = N(0,11,11n) and M; = M (i,11,11n) we want to establish

No + 2Ny + My > 2N3 + Ny + My,
No + 2Ny + 3Ny + My > 3N3 + 3N5 + M,
2Ny + N3 + N5 > 4Ny,
No+5N3 + 3Ny + My > Ny + 2N1 + 6N5 + M.
We sum up
Qo.0(a) +2Q1.0(a) + Q(a) — 2Q2.0(a) — Quo(a) = QGo() = [0,11,0,0,050]p > 0,
Qo,0(q) +2Q1,0(q) + 3Q2,0(q) + Q¥ o(q) — 3Q3,0(q) — 3Q50(q) — QSo(q) = [0,—11,11,0,0;0] > 0,
2Q2,0(q) + Q3,0(q) + Q50(q) —4Q4,0(q) = [0,0,—11,11,0;0]p > 0
and
Q2,0(q) +5Q3.0(q) +3Qu0(q) + QFo(a) — Qoo(a) — 2Q1,0(q) — 6Q5,0(q) — QF o(q)
=[0,0,0,—11,11;0]p > 0.
and apply Proposition For other residues Lemma [6.13] is also used. O
Proof of Corollary[2.4 As an example let us consider the inequality
N(2,11,11n + 1) > M(2,11,11n + 1),
where n > 0. To prove it we sum up
Q2,1(9) — Q51(q) = [0,1,0,—1,0;1]1 > 0
and apply Proposition and Lemma [6.13 O
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Proof of Corollary[2.3 As an example let us consider the inequality
N(1,11,11n + 1) + 2N (4,11, 11n + 1) > 2N (5,11, 11n + 1) + M(0, 11, 11n + 1),

where n > 0. To prove it we sum up

Q1.1(q) +2Q41(q) — @5,1(q) — Q1 (q) = [1,-2,-4,3,-3;2]; =

=[1,-1,-1,-1,-1,0); +[0,—-1,-3,4,—-2;2]; >0

and apply Proposition Lemma [6.13] and note that
_ b

PPy —
by Lemma [6.3 g
Proof of Corollary[2.6. We consider

Q076(q) = 19(07 07 17 17 _1) Z 07
_Q576(Q) - 19(17 07 17 07 1) Z 07

where n > 0 and apply Proposition [6.12 O

[1’_17_13_17_1;0]1 0

Proof of Corollary[2.7. As an example let us consider the inequality
N(0,11,11n + 6) + N(3,11,11n + 6) > N(1,11,11n + 6) + N (4,11, 11n + 6),
where n > 0. To prove it we sum up

Qo,6(q) + Qs,6(q) — Qu6(q) — Quelq) =0(2,0,3,3,-6) >0
and apply Proposition O
Remark 6.14. If it is known that
[c1, e2, €3, ¢4, €55 Colm > 0
with some ¢ € Q, 1 < k < 6 and residue m # 6, then you can construct some rank-crank inequality
with N; = N(i,11,11n 4+ m) and M; = M (i,11,11n + m). We need to look at {Qqm | 0 < a < 4}

and ng as linear independent vectors in R® as described in Section [4} that is, we need to consider
equation

4
§ : C .
anj,m + bOQQm = [clv 027 637 C47 657 Cﬁ]m
Jj=0
as a linear system over unknowns {ag, a1, ag, as,as,bp} with a unique rational solution. The same
is true in case of residue 6. If it is known that
¥(c1, ¢, ¢3,¢4,¢5) > 0

with some ¢ € Q, 1 < k < 5, then you can construct some rank inequality with N; = N(i,11,11n+
6) and M; = M(i,11,11n+6). We need to look at {46 | 0 < a < 4} as linear independent vectors
in R® as described in Theorem that is, we need to consider equation

4

E a;Vj6 = ¥(c1, c2, €3, ¢4, C5)
=0

as a linear system over unknowns {ag, a1, a2, as, a4} with a unique rational solution. Then we might
need to remove a partition function term by applying

p(n) = N(0,11,n) + 2N (1,11,n) + --- + 2N (5,11, n).
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6.4. Conjectural rank-crank inequalities. In the sense of rank-crank inequalities in Corollary
and Corollary [2.6) we can conjecture the following stronger two-term rank-crank inequalities.

Conjecture 6.15. For N; = N(i,11,11n) and M; = M (i,11,11n) we have
11
No 23 N1 > No 21 My > p(nn)

> My > N3 >3 Ny > Ns.

For N; = N(i,11,11n 4+ 1) and M; = M(i,11,11n + 1) we have

p(11ln +1)
11
For N; = N(i,11,11n + 2) and M; = M(i,11,11n + 2) we have

p(11n + 2)
1

No > N1 > Ny >1 My > > My > My >1 N3 > Ny > Ns.

No >3 N1 > Ngy >1 My > > My > N3 > Ny > Ns.

For N; = N(i,11,11n 4+ 3) and M; = M(i,11,11n + 3) we have

p(11n + 3)
11

No 22 N1 >1 No > My > > My > N3 > Ny > Ns.

For N; = N(i,11,11n 4+ 4) and M; = M(i,11,11n + 4) we have

p(1ln +4)
11

No >3 N1 > Ny >1 My > > My >1 N3 > Ny > Ns.

For N; = N(i,11,11n 4+ 5) and M; = M(i,11,11n + 5) we have

p(11n + 5)
11

No > N1 > Ny > My > > My > N3 >1 Ny > Ns.

For N; = N(i,11,11n+ 6) and M; = M (i,11,11n + 6) we have
p(11n + 6)
11
For N; = N(i,11,11n 4+ 7) and M; = M(i,11,11n + 7) we have
p(11ln +7)
11
For N; = N(i,11,11n 4 8) and M; = M(i,11,11n + 8) we have
p(11n + 8)
11
For N; = N(i,11,11n+9) and M; = M(i,11,11n + 9) we have
p(11n +9)
11
For N; = N(i,11,11n 4 10) and M; = M(i,11,11n + 10) we have
p(11n + 10)
11

Notation A, > By, means that A, > By, for alln > 0 and A,, >, B, means that A, > By for all
n>m.

No >1 N1 > Ny > > N3 > Ny >1 Ns.

No > Ny >1 Ny > My > > Moy > N3 > Ny > Ns.

No >3 N1 > Ny > My >3 >3 My > N3 > Ny > Ns.

No >2 N1 > Ny > My > > Moy >1 N3 > Ny > Ns.

No >3 N1 > No > My > > M3 >1 N3 > N4y > Ns.

Remark 6.16. Some of the inequalities of Conjecture [6.15] are proved in Corollary

Remark 6.17. Inequalities between ranks where considered by Bringmann and Kane [12] by using
analytic methods. For 0 < a < b <5 and for n > N, where N, is an explicit constant, we have
the inequality

N(a,11,n) > N(b,11,n).

Recently, Conjecture were fully proved using analytic methods by Bringmann and Pandey [13].
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As a generalization of rank-crank inequalities we can state the following conjectures in terms of
Definition 2.9 and Definition [[.1]

Definition 6.18. We define notation F(q) >, G(q) if for F(q) = _,5¢a(n)¢" and for G(q) =
> >0 b(n)q"™ we have a(n) > b(n) for n > m.

Conjecture 6.19. For any ¢ € Q, 1 < k <6 and residue i # 6 modulo 11 there is N € Ny such
that

[Cla Cc2,C3,C4, Cs; CG] >N 0 or [Cla c2,C3,C4, Cs; CG] <N O

For any ap, € Q, 1 <k <5 there is N € Ny such that
V(ay,az,as3,as,a5) >N 0 or ¥(ai,az,as,a4,as) <y 0.

We have the following corollary of Conjecture [6.19

Conjecture 6.20. For any ag, by, € Z, 0 < k <5, such that
5

Z(ak +bg) =0,

k=0
and restdue m modulo 11 there is N € Ny such that
5
[akN(k:, 11, 11n + m) + by M(k, 11,110 + m)} >y 0 or
k=0
5

3 [akN(k, 11,110 + m) + by M(k, 11, 11n + m)} < 0.
k=0
Notation A, >, B, means that A, > B, for all n > m.

7. PROOFS OF NEW CONGRUENCES
Proof of Theorem [2.13 By properties of the crank we are able to deduce

n) = Z m*M(m,11,n) (mod 11).

Then consider
My(n) =2M(1,11,n) —3M(2,11,n) —4M (3,11,n) — M(4,11,n) + 6M (5,11, n) (mod 11),
(n)=2M(1,11,n) — M(2,11,n) —3M (3,11,n) + 6M (4,11,n) — 4M(5,11,n) (mod 11

Mg(n) =2M(1,11,n) —4M(2,11,n) + 6M (3,11,n) — 3M(4,11,n) — M(5,11,n) (mod 11

Mg(n) =2M(1,11,n) + 6M(2,11,n) — M(3,11,n) — 4M(4,11,n) — 3M(5,11,n) (mod 11).

Taking n = 111 + m in congruences above and using Theorem we obtain Theorem [2.12] For
example using notation ([2.2)) with m = 1 we have

M47’L

9

)
);
)
)

T3 (q) = Y Ma(11n + 1)¢" = 207 (q) — 3Q51(q) — 4Q51(q) — QT (9) + 6Q§1(q)

n=0

P2P3 (mod 11). O

Proof of Theorem [2.11 By properties of the rank we are able to deduce

= Z m*N(m,11,n) (mod 11).
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Then consider

Na(n) = 2N(1,11,n) — 3N(2,11,n) — 4N (3, 11,n) — N(4,11,n) + 6N (5,11,n) (mod 11),
Ny(n) = 2N(1,11,n) — N(2,11,n) — 3N (3, 11,n) + 6N (4,11,n) — 4N(5,11,n) (mod 11),
Ne(n) =2N(1,11,n) —4N(2,11,n) + 6N (3,11,n) —3N(4,11,n) — N(5,11,n) (mod 11),
Ns(n) = 2N(1,11,n) + 6N(2,11,n) — N(3,11,n) — 4N (4, 11, 1) — 3N (5, 11,n) (mod 11).

Taking n = 111 + m in congruences above and using Theorem and calculations in Section [4 we
obtain Theorem For example using notation (2.1) with m = 1 we have

T ( Z No(11n +1)¢" = 2Q1,1(q) — 3Q2,1(q) — 4Q3,1(q) — Qu,1(q) + 6Q5,1(q)

n=0
=10,—-1,—-5,—4,-3;—2]; (mod 11). O

Proof of Theorem [2.10. Andrews [2] showed that spt(n) is related to the second rank moment

1
spt(n) = np(n) — §N2(n)' (7.1)
As an example let us consider congruence
o0
> “spt(lln +1)¢" = [1,5,—4,1,5;1]; (mod 11).
n=0

We know that

> (1ln+1)p(lin+ 1)¢" = [1,-1,-1,-1,-1;0); (mod 11)
n=0
by Theorem [5.2] and

> Ny(1ln+1)¢" = [0,—1, -5, —4,—3; —2]; (mod 11)
n=0
by Theorem Using we obtain the desired congruence. ([l
Proof of Corollary[2.1]). In terms of notation from [19] Theorem 5.1] we know
Tre(q) = 3J13 (mod 11),
To6(q) = J1°(4 + Ea(g)) (mod 11),
Ts6(q) = J13(5 4 6E4(q) + 6Eg(q)) (mod 11).
Using Theorem [2.11] and applying
Ji3 = J2 1 (mod 11),
we obtain Corollary O

Remark 7.1. We also can deduce congruences modulo 11 for rank moments and spt(n) corre-
sponding to residues i € {0,4,7,9,10}, but they consist of the universal mock theta functions
g(x;q). For example for residue 0 in terms of notation (2.1)) we have

To0(q) = Tuolq) = 2¢°g(q*; ¢*) +10,0,4,5,1; -2y (mod 11),
Ts0(q) = 2¢°9(q% ¢"") + (0,3, —2,1, —4; =2]o (mod 11),
Tso(q) = 2¢°9(q% ¢"") +[0,4,1,0,2; —2]p (mod 11),
and

Zspt(lln)q” = —¢*9(¢* ¢") 4+ 10,0, -2,3,5;1]p (mod 11).
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8. FULL PROOFS FOR NEW CRANK-RANK INEQUALITIES

In this section we give the full account of calculations for the proofs of Theorem Corollary

Corollary Theorem [2.5] and Corollary

Definition 8.1. Using the notation of (4.1)) and (6.5)), we define

5
(ao, a2, a3, as, as; by, by)o := ZazQzO( )+ onoC,o(Q) + b1Q1C,o(Q),
=0
5
((I(],(12,(13,(14,(15;b0,b1,b2)1 ::ZalQll +ZbQ
=0
5
(a0, az, a3, as, az;bo, ba)z = Y aiQi2(q) + boQF 2(q) + b2Q5 2 (q),
=0
5
(a0, az, a3, as, as; bo, b1)3 == Y a;Qis(q) + boQ 3(q) + b1Q¥5(q),
i=0
5
(a0, a2, a3, as, az;bo, br)a =Y aiQia(q) + boQF 4(q) + b1QF 4(q),
=0
5
(CLO,CLQ,CLg, a4, a5, bO) b2)5 = lQ’L 5( ) + bOQ()C’E)(q) + bQQQC:E)(q)a
i=0
5
(ag,a1,az2,a3,a4,a5)6 := » a;Qi6(q),
=0
5
(ag, a1, az,a3,a4,as;00,b1)7 := » a;Qi7(q) + onon(Q) + b1Q1C,7(Q),
=0
5
(a0, a1, a2, a3, as, az;bo, b)s = Y aiQis(q) + boQf s(q) + b1Q¥s(q),
=0
5
(a07a17a27a3a Q4,053 bo? b1)9 = a‘lQ’L 9( ) + bOQOC,Q(q) + le?:g(q)’
=0
5
(a0, a1, az, as, as, as; bo, b3)10 == Y _ aiQi10(q) + boQ 10(q) + b3Q5 10(q)-
=0

Full proof of Theorem[2.1. The calculations below can be derived directly from calculations of the
dissection elements Qg n(¢) from Section 4{and calculations of the dissection elements Qac’m(q) from
Theorem [I.2] The positivity of sums of theta quotients can be derived from Proposition [6.11] and
Lemma The inequalities with N; = N(i,11,11n) and M; = M (i,11,11n) are equivalent to

(1,2,-2,0,—1, 0,11,0,0,0;0]o > 0,

1o =
(1,2,3,-3,0,—-3; —1,1)g = [0, —11,11,0,0;0]p > 0
(0,0,2,1, 4,1,0 0)o = [0,0,—11,11,0; 0] > 0,
(-1,-2,1,5,3,—6;1,—1)g = [000 —11,11;0]p > 0
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The inequalities with N; = N(4,11,11n+ 1) and M; = M (i,11,11n + 1) are equivalent to

(1,-2,4,-3,1,—1;1,0,—1); = [0,11,0,0,0;0]; > 0,
(1,3 ~4,6,-6,0;1,0,—1); = [0,—11,11,0,0;0]; > 0,
(o, —3,6, 4000)1:[ —11,11,0;0]; > 0,

(—1,1,2, —4,3,-2,-1,3); = [ooo —11,11;0]; >0,

(—1,—1,3,2,1, ,3)1 = [0,0,0,0,—11;11]; > 0.

The inequalities with N; = N(i,11,11n + 2) and M; = M (3,11, 11n + 2) are equivalent to

(=2,0,3,0,1,—2;0,0)2 = [0,0,0,0,0;11], > 0
(0,2,-2,2,-3,1;2,—2) = [0,11,0,0,0; —11], > 0
(3,-1,2,-1,0,—3;—1,1)s = [0,—11,11,0,0;0]5 > 0
(2,1,-4,1,3,-3;1,—1)y = [0,0,—11,11,0; 0] > 0
(1,3,1,-8,-5,8;3,—-3)y = [0, 0 0,—11,11;0]3 > 0

The inequalities with N; = N(4,11,11n + 3) and M; = M (i,11,11n + 3) are equivalent to

(1,—1,0,2,0,— 1,1)3 = [0,11,0,0,0;0]5 > 0,

(—252— :0,0)3 = [0, —11,11,0,0;0]3 > 0,
(2,—1,-3,4, 3,1,1, 1)3 = [0,0,—11,0,0;11]3 >
(—,—16 —5,3;—5,5)3 = [0,0,0,11,0; 11]2

(4,2, -7, 3403 —3)3 =[0,0,0,—11,11;0]3 > 0

The inequalities with N; = N(i,11,11n +4) and M; = M (3,11, 11n + 4) are equivalent to

(—2,4, —3,3,— —1;-5,5)4 = [0,11,0,0,0;0]4 > 0,

(4,-5,5,—2,—1,—1;3,-3)4 = [0,—11,11,0,0;0]4 > 0
(-2,3,1, —2,0,0; 1,—1)4 =[0,0,—11,11,0;0]4 > 0,
(3,0,—3,-2,1,1; -1,1), = [0,0,0, —11,11;0]4 > 0

The inequalities with N; = N(4,11,11n+5) and M; = M (i,11,11n + 5) are equivalent to

(3,-2,1,-3,0,1;—2,2)5 = [0,11,0,0,0;0]5 > 0,
(=3,7,-2,-1,1,-2; —3,3)5 = [0, 11,11,0,0;0]5 > 0,
(2,-3,1,3, 414 4)5 0,0, —11,11,0;0]5 > 0,
(—4,-2,4,7,2, 700)5 [000 —11,11;0]5 > 0,
(=2,4,1,-6,2,1; —5,5)5 = [0,0,11,0,0; —11]5 > 0.

The inequalities with N; = N(4,11,11n+7) and M; = M (i,11,11n + 7) are equivalent to

0,11,0,0,0;0]7 > 0,

(1,0,0,-2,2,-1;2, —2)7 = |

(3,1,1,7, 5 4; -4, 7)7: [0,—11,11,0,0;0]7 > 0,
(—4,4,4,-6,3,-1;—4,4)7 = [0,0, —11,11,0; 0]z > 0,

(1,-2,-2,5,2, 400)7:[000 —11,11;0]7 > 0.
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The inequalities with N; = N(4,11,11n + 8) and M; = M (i,11,11n + 8) are equivalent to

(1, 3,2,03 —3;5,—5)s =[0,11,0,0,0;0]s > 0,

[
(-1,2,-2,4,-5,2; 33)8 [0,—11,11,0,0;0]s > 0
(— 325 1,1)s = 0,0, —11,11,0;0]g > 0
(74 -8, -1, 54 4 ~T)g = [000 —11,11;0]g > 0,
(5,6,—1,4,2, — —5)s = [0,0,0,—11,0;11]s > 0

The inequalities with N; = N(4,11,11n+9) and M; = M (i,11,11n + 9) are equivalent to

(0,-2,4,—1,—1,0;1,—1)9 = [0,11,0,0,0;0]g > 0,
(-1,4,-3,1,1,-2;0,0)9 = [0, —11,11,0,0;0]g > 0

(4,-2,-5,3,3,-3;4,—4)9 = [0,0,—11,11,0;0]9 > 0,

(-2,3,4,—6,—6,7;—3,3)9 = [0, 0 0,—11,11;0]9 > 0

The inequalities with N; = N(4,11,11n + 10) and M; = M (4,11, 11n + 10) are equivalent to

0,0,0,—11,11;0]30 > 0. O

(0,3,-2,-2,—1,2;-2,2)10 = [0,11,0,0,0;0]10 > 0,
(3,—3,1,1, 9 0,1, )10 = [0,—11 11,0,0;0]10 > O,
(_1 2 1 4 —3;— ’1)10 [ ) 7 117117()) 0]10 >0,
[

(—6, 666 —3,-8;6,5)10 =

Full proof of Corollary[2.3. The calculations below can be derived directly from calculations of the
dissection elements Qg (¢) from Section {|and calculations of the dissection elements ng(q) from
Theorem The positivity of sums of theta quotients can be derived from Proposition and
Lemma The inequalities with N; = N(i,11,11n) and M; = M (i,11,11n) are equivalent to

(O>O70707 _1>Oa 07 1)0 = [07 17 _27270;0]0 > 07
(ana 17 17 —1,0;0, _1)0 = [0707 _4737 170]0 2 0.

The inequalities with N; = N(4,11,11n+ 1) and M; = M (i,11,11n + 1) are equivalent to

(0,0,1,0,0,0;0,0,—1); = [0,1,0,—1,0;1]; > 0,
(07070707 _110;0707 1)1 = [0101 17 _17 1,0]1 > 07
(0707 1> _17 17 _1;07070)1 = [0121 _27 1703 1]1 > 0.

The inequalities with N; = N(4,11,11n + 2) and M; = M (i,11,11n + 2) are equivalent to

(0,1,0,0,0,0;0,—1) = [0,2,-2,1,1;1], > 0
(0,0,0,0,0,—1;1,0)3 = [0,0,0,1,0; 1] > 0,
0,0,—1,0,0,—1;2,0)3 = [0,1,—2,2,0;0]5 > 0,
~1,0,1,0,0, 1,1,0)2 [0,1,0,0,0;4]5 > 0,
0,1,0,1,0,0;—1,—1)3 = [0,3,—1,1,0; —1]5 > 0,
0,1,0,0, 1,1,0 ~1)y =[0,3,0,—1,1; —2]5 > 0.

~~ ~ —~
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The inequalities with N; = N(4,11,11n + 3) and M; = M (i,11,11n + 3) are equivalent to
(1,0,0,0,0,0; —1,0)3 = [0,4,0,0,2; —2]3 > 0,
(0,0,0,0,—1,0;0,1)3 = [0,—1,—1,1,0;1]3 > 0,
(1,0,-2,0,0,0;1,0)3 = [0,0, —2, —2,2; 2]3 > 0,

(0,0,1,0,—1,0;—1,1)3 = [0,1,0,2,0; —1]3 > 0,
(1,0,—1,1,0,0;0,—1)3 = [0,2, -2, —1,1;2]3 > 0.

The inequalities with N; = N(4,11,11n+4) and M; = M (i,11,11n + 4) are equivalent to

(0,1,0,0,0,0; —1,0)4 = [0,1,—1,1,1;0]4 > 0,
(—=1,2,0,0,0,0; —1,0)4 = [0,2, —4,4,0;0]4 > 0,
(0,1,-1,0,0,0; —1,1)4 = [0,2, —1,—1,2;0]4 > 0,

(0,1,0,1,0,0; —2,0)4 = [0,2,1,0,0;0]4 > 0.

The inequalities with N; = N(i,11,11n + 5) and M; = M (4,11, 11n + 5) are equivalent to
(0,0,1,0,0,0; —1,0)5 = [0,1,0,1,1; —2]5 > 0,
(0,0,0,0,0, 10n mll —1,1;1]5 > 0,
(0,0,1,1,0,0; —1,—1)5 = [0,0,—1,1,1; —1]5 > 0,
(=1,0,1,0,0, —1; 0 1)5 = [0, 0,1,0 2: —3]5 > 0,
(1,-1,0,0,—1,0;1,0)5 = [0,2, —2,2,0;1]5 > 0,
(0,-1,1,1,0,—1;0,0)5 = [, —1,2;0]5 > 0,

(1, — LLQ@&—Lm5:mA,4ﬁJmk20

The inequalities with N; = N(4,11,11n+ 7) and M; = M (i,11,11n + 7) are equivalent to
(1,0,0,0,0,0;0,—1)7 = [1,3,1,—1,—1;0]7 > 0,
(0,0,0,0,—1,0;1,0)7 = [0,—1,1,1,0;0]7 > 0,

(0,0,0,1,1,—1;—1,0)7 = [0,0, —1,—2,3;0]7 > 0.

The inequalities with N; = N(4,11,11n + 8) and M; = M (i,11,11n + 8) are equivalent to

(0,0,1,0,0,0;0,—1)g = [1,1,0,1,0;0]g > 0,

[
(an 10010) 0,1,-1,1,1;0]s > 0,
(0,0,—1,0,—1,0;1,1)s = [0, —1,2,0,1;0]s > 0
mlo 2010@8 0,0,—3,2,2;0]s > 0,
(1,0,—2,0,0,0;1,0)s = [0,0,2,—2,2;0]s > 0
(0,0,0,1,—-1,0;1,—1)g = [0,0,4,1,1;0]s > 0
(0,0,1,1,0,0;0,—2)s = [0,1,2,1,0;0]s > 0
[

(0,-1,0,0,0,—1;2,0)s = [0,2,1,0,0;0]s > 0.

The inequalities with N; = N(i,11,11n +9) and M; = M (3,11, 11n 4+ 9) are equivalent to
(0,0,1,0,0,0;0, —1)g = [0,2,1,0,0;0]g > 0,
(0,0,0,0,0,—1;1,0)9 = [0,1,2,1,0;0]g > 0,
(0,0,—1,0,0,—1;1,1)g = [0, —1,1,1,0;0]g > 0,
(1,0,-1,0,0,0;1, —1)g = [0,0, 322m >0,
(0,0,1,—1,-1,1;0,0 0,2 —1,2;0]g > 0.

9 =

9 =

\_/\_/\_/\_/



44 NIKOLAY E. BOROZENETS

The inequalities with N; = N(4,11,11n + 10) and M; = M (4,11, 11n + 10) are equivalent to

(0,1,0,0,0,0; —1,0)19 = [1,2, —1,0,0;0]19 > 0,
(0,0,0,0,—1,0;0,1)10 = [0,2,2,—1,1;0]19 > 0,
(1,—1,0,0,—1,0;1,0)19 = [0, —3,4,0,0;0]19 > 0,
(0,0,1,1,0,0; —2,0)19 = [0,0,1, —1,1;0]1¢ > 0,
(0,1,0 0,1,0; —2,0)19 = [0,1,—2,2,0;0]10 > 0,
(0,1,-1,-1,0,0;0,1)19 = [0,3, —1,2,0;0]19 > 0. O

Full proof of Corollary[2.3 The calculations below can be derived directly from calculations of the
dissection elements (4 m(¢) found in Section {4 and calculations of the dissection elements ng (q)
found in Theorem [I.2] The positivity of sums of theta quotients can be derived from Proposition
and Lemma The inequalities with N; = N(4,11,11n) and M; = M (i,11,11n) are
equivalent to

(0,0,1,2,0, 10—2)0 0,1,-3,0,3:0]o > 0,
(0,0,0,2,1 —1)p = [030 —4,4;0]o > 0,
(0,0,—1,0, — 103)0 0,4,-1,0,1;0]¢ > 0,
(o,o,—1,1,0 ~2:0,2)0 = [050 ~3,3:0]p > 0.

The inequalities with N; = N(4,11,11n+ 1) and M; = M (i,11,11n + 1) are equivalent to

0,2,-1,1,-2,0;0,0,0); = [0, 4,1, 1,4;0); >0
0,2,-1,0,1,-2;0,0,0); = [0, -3, -3,4,1;1]; > 0
(0,1,0,0,2, —2; —1,0,0); = [1,—2 —4,3,-3;2]; >0,
(0,1,0,1,-3,1;0,0,0); = [0, 2,3, —4,4;0]; >0
(0,0,2,0,1,-2; —1,0,0); = [1,1,-2,0,—4;4]; >0

The inequalities with N; = N(4,11,11n + 2) and M; = M (i,11,11n + 2) are equivalent to

(1,1,-1, 0,1,0 —1,—1)3 = [0,0,—4,3,1;0]y > 0,
(0,0,—1,—1,—1,0;3,0)2 = [0,1,—1,0,1; —1]5 > 0,
(0,1,1,0,0,1;—, 1) =[0,1,0,—1,1;1]5 > 0,

(-1,0,0,0, -1, — ,)2 [0,3,0,0,0; 1]y > 0,
(-1,1,0,1,0,-2;1,0)2 = [1,4,-4,2,-1;3]2 > 0,
0,1, — 1,1,0 1,1, 1)y = [0,4,-3,3,0; —1]5 > 0,
(0,1,-1,0,—1,0;2,—1)y = [0,4, —2,1,1; —2]5 > 0,
(— 1,1,1,1,0 —1;0,—1)y = [0,4,—1,1,0;3]y > 0,
(=1,1,1,0,—1,0;1,—1)3 = [0,4,0, —1,1; 2], > 0.
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The inequalities with N; = N(4,11,11n + 3) and M; = M (i,11,11n + 3) are equivalent to

(0,2,0,—1,1,—1;0,—1)3 = [0, —3,3,—1,1;1]3 > 0,
(1,1,0,0, 0,1,— —2)3 = [0, 1,0,2:0]3 > 0,
(1,1, 10,1,00 —2)g = [000 —2,2:1]3 >0,
(0,0, — 1,2)3 = [0,0,1,—1,1;0]3 > 0,
(2,0,— 1 10, 0)s = [0,1,—4,—1,4;1]3 > 0,
(1,0,0,1, 1,1, ~1)3=1[0,1,-3,1,1;1]5 > 0,
(0,-1,0,0, 2003)3 0,1,-2,2,0;0]3 > 0,
(0,0,2,0,—1,1;—2,0)3 = [0,1,0,3,0; —3]5 > 0,
(1,-1,0,1,-2,0;0,1)3 = [1,4,—4,1,0;0]5 > 0,
(1,0,0,2,0,0; —1,—2)3 = [0,4,—2,0,0;2]5 > 0.

The inequalities with N; = N(i,11,11n +4) and M; = M (3,11, 11n + 4) are equivalent to

(2,-1,0,-2,0,0;1,0)4 =
(2,-1,1,-1,0,0;0, —1); =

07 _37 17 _37 57 0]4 > 07
07 _37 37 _27 37 0]4 > 07

[
[
(1,-1,1,0,—1,—1;0, 1)4 [0,—1,5,0,0;0]4 > 0,
(1,0,1, 1, —1, ,0)4 =[1,0,5,—1,—1;0]4 > 0,
(1,0,—2,—1,0, 0 0, 2)4 0,1,0,—5,5;0]4 > 0,
(0,0,—1,0 —~1;0,3)4 = [0,2,2,—1,1;0]4 > 0.

The inequalities with N; = N(4,11,11n + 5) and M; = M (i,11,11n + 5) are equivalent to

(0,0,0,2,0,-2;1,-1)5 = [1,—1,—1,-3,1;4]5 > 0,
(-1,0,1,2,0, 200)5 [0,—1,0,—1,3;0]5 > 0,
(— 100,1,0 —2:1,1)5 = [o, —2,2;1]5 > 0,
(0,-1,0,1, — 120)5 [0, 2,1,1,1] >0,
(10210 ,0)5 = [000,1,3 —4]5 >0,
(0,1,1, 101 ,0)5 = [0,0,1,3,0; —4]5 > 0,
(-1,0,0, -1, 1,1,2)5 [0,0,2,—1,1; —=2]5 > 0,
(0,1,1,010 30)5 [0,1,2 —1,1;—-1]5 > 0,
(1,0,1,0,0,1; -2, —1)5 = [0,2,—1,2,0; —1]5 > 0.

The inequalities with N; = N(4,11,11n+ 7) and M; = M(i,11,11n + 7) are equivalent to

(=1,1,1,0,0,—1; —1,1)7 = [0, —3,—2,2,3; 0]7 > 0,
(-1,1,1,—1, 1001)7:[0, —1,4,0;0]7 > 0,
(=1,0,0,0,0, —2; 1,2)7 =[0,-2,-2,0,4;0]; >0,
(1,0,0,2,0,0; —1,-2)7 = [0,0,2, —2,2;0]7 > 0,
(0,1,1,0,1,0; =2, —1)7 = [0, 1, 1,1,1,0]7>0
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The inequalities with N; = N(4,11,11n + 8) and M; = M (i,11,11n + 8) are equivalent to

(0,1,-1,-1,-1,1;0,1)s = [0, —2,0,1,2; 0] > 0,
(1000 ~2,0;1,2)s = [0,-2,2,2,0;0]s > 0,
(=1,1,1,0,—2,1;0,0)s = [0, —2,2,4,1;0]s > 0,
(0,1,0,1,—1,1; -1, —1)s = [0, —2,3,1,1;0]s > 0,
(0,1,-1,0,-2,1;1,0)s = [0, 24230]20
(1,1,-2,-1,0,1;0,0)s = [0, —1,3;0)s > 0,
(—1,0,11 —2,0;1,0)s = [0, 14300] >0,
(=1,0,1,— 1011)8 0,0,—1,3,0;0]s > 0,
(0,1,1,0, 0,1; —2)g = [000210] >0,
(1,1, — 100,1,0 —2)g = [0,0,2,0,3;0]s > 0,
(=1,0,2,0,—1,0;1, —1)s = [0,1,1,4,0; 0]s > 0,
(1,0,-1,1,0,0;1,—2)s = [0,1,4, —1,2;0]s > 0,
(—1,02 ~2,0,0;1,0)s = [02 4400] >0,
(1,0,—1,-1,1,0;1, —1)s = [0, ~1,2;0]s > 0,
(1001,1,00 —3)g = [022 1,1,0] >0,
(0,0,2,0,1,0;0,—3)s = [0,3,—1,2,0;0]s > 0.

The inequalities with N; = N(i,11,11n +9) and M; = M (3,11, 11n 4+ 9) are equivalent to

(-1,2,0, — 100,1)9 [0,—3,6,—2,2;0]g > 0,
(1,0, 1,1,1, —1)g = [1,-1,-2,2,—1;0]g > 0,
(0,0, 10,1, 2)g = [0,—1 ~1,0,2; 0]y > 0,
(1,0 —1,1;1,0)9 = [0,0, —5,1,4; 0]y > 0,
(0,1,1,0 0,1,— —2)g = [0,0,1,—1,1;0]g > 0,
(1,0,0,1,1,0;0,—3)9 = [0,1,—2,2,0; 0]y > 0,
(1,-1,-1,0,0,—1;2,0)9 = [0,2, —3,3,1;0]y > 0,
(1, 0,1,0 0,1;0,—3)g = [0,3,—3,1,2; 0]y > 0,
(1,-1,0,—1,—1,0;2,0)9 = [0,4, —4,2,3; 0]y > 0,
(0,-1,1,—1,—1,0;1,1)9 = [0,4, —1,0,1; 0]y > 0,
(1, 1,1,000,1, —2)g = [0,5,—3,2,1;0]g > 0,
(1,-2,1,0,0,—1;1,0)9 = [1,6, 4,2, —1; 0]y > 0.

The inequalities with N; = N(4,11,11n + 10) and M; = M (i,11,11n + 10) are equivalent to

(1,-1,1,1, - ,0)10 = [0, 3,5, —1,1;0]10 > 0,
(0,-1,0,0, -1, —1;2, 1)10 =1[0,-1,2,0,1;0]10 > 0,
(0,-1,1,1,-1,-1;0,1)30 = [0, 1,3, —1,2;0]10 > 0,
(—-1,0,0 0,1, —2; 1,1)10 =10,0,-4,3,1;0]10 > 0,
(-1,0,1,1,0, — ,1)10=1[0,2,-1,-1,2;0]10 > 0,
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(, —1,0;2,1)10 = [0,2,1,0,0;0]10 > 0,
(1, 1100)10 [1,2,2,0,—1;0]10 > 0,
(1000 112)10 [040 120]10>0
(0, ~1 0,1, ,0)10 = [1,5 —1;0]10 > 0,
(— 1,1,000 ,2)10 = [0,5 2120]10>0
(0,2,0,0,0,1, 3010—[15 —1,0;0]10 > 0. O

Full proof of Theorem[2.5. The calculations below can be derived directly from calculations of the
dissection elements Qg m(¢) from Theorem The positivity of sums of theta quotients can be
derived from Proposition The inequalities are equivalent to

(0,2,1,-2,2, 3) =1(0,0,0,0,11) > 0,
(2,-2,1,-1,-2,2)g = 9(0,0,0,11,—11) > 0,
(1,1,-4,3,1,-2)s = 9(0,0,11,—-11,0) > 0,
(1,6,4, —2,—-5,—4)g = 9(0,11,—-11,0,0) > 0. g
Full proof of Corollary[2.7. The calculations below can be derived directly from calculations of the

dissection elements (g (¢) from Theorem The positivity of sums of theta quotients can be
derived from Proposition The inequalities are equivalent to

U_—l()l —1(D =1(2,0,3,3,—6) >0,
(0,1,1,— —2)¢ = ¥(1,0,0,1,6) > 0,
(0,-1,1,2, 1—4)621%5JL22,—4)2(L
(1,1,-1,0,1,—2)g = ¥(0,0,5,—2,3) > 0,
(0,0,—-1,3,0,—-2)g = 9(4,0,6,—5,—1) > 0,
(1,0,-2,2,0,—1)g = ¥(1,0,7,—4,—-3) > 0. O
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