CHOW DILOGARITHM AND RECIPROCITY LAWS
VASILY BOLBACHAN

ABSTRACT. We prove a conjecture of A. Goncharov concerning so-called strong reci-
procity laws. The main idea of the proof is the construction of the norm map on these
strong reciprocity laws. This construction is similar to the construction of the norm
map on Milnor K-theory. As an application, we express Chow dilogarithm in terms
of Bloch-Wigner dilogarithm. Also we obtain a new reciprocity law for four rational
functions on arbitrary proper surface with values in the pre-Bloch group.

1. INTRODUCTION

1.1. Summary. Fix some algebraically closed field k of characteristic zero. We recall
that for x € X (k) and f,g € k(X)* the tame-symbol of unctions f and g at z is defined
by the following formula:

ordz (f)
_ (__1\ordg(f)ordz( )g
(f;9)e = (=1) ! forda(g)”

We have interchanged f and g in this formula for convenience with the further defini-
tions.
The famous Weil reciprocity law states that for any f, g € k(X)* the following product

is equal to zero:
zeX (k)

The tame symbol map induces a well-defined map A%k(X)* — k* which we denote by

0%, In a similar way one can define the map Ak(X)* — A%2k* which we denote by o).
Unlike the previous case, the total residue map

D0 AR(X) = Ak
zeX (k)

is not equal to zero. A. Suslin [13] proved that the image of this map is generated by
the elements of the form ¢ A (1 — ¢),c € k*. This result is called Suslin reciprocity law.
Denote the element ¢ A (1 — ¢) by do(c). Between elements of the form d(c) there are a
lot of relations. The following proposition is true:

Proposition 1.1. For any x,y € k\{0, 1},x # y the following formula holds:

5o + (/) + 82 (1= 0)/ (1= ) = a0} +2 (1= )

This proposition motivates the following definition:

Definition 1.2 (the pre-Bloch group). For a field F' denote by Bs(F) the pre-Bloch
group of F. It is an abelian group generated by the elements {x}o,2 € F* modulo the
following relations:

L1 (ohe— foda+ ek {
where z,y € F\{0,1},x # .

1—2!

11—yt

}2 {02/ —p)}, =0, {1}2=0,
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Suslin reciprocity law implies that there is a map (A%k(X)*)®@Q --+ By(k)®@Q making
the following diagramm commutative:

(AME(X)*) 2 Q

(1.2) > 0P

Pid zeX (k)
I

Ba(k) ® Q —2— (A%) ® Q.

The dotted map is called a strong reciprocity law, if it satisfies some natural properties
which will be explained bellow. Main result of this paper is that on any smooth projective
curve over k one can choose a strong reciprocity law functorial under arbitrary non-
constant morphism of curves. This statement is a solution of a conjecture formulated by
A. Goncharov in [4].

1.2. The organisation of the paper. The paper is organised as follows. In Section 2
we give some basic definitions and in Section 3 we present our main results. Section 4 has
three subsection. In the first subsection we prove some basic properties of strong reci-
procity laws. In the second subsection we give the definition of strictly regular elements
and prove for them some version of Parshin reciprocity law. In the third subsection we
prove some analogue of Bass and Tate exact sequence for Milnor K-theory before taking
the quotient by Steinberg elements.

Section 5 takes the most of this paper. In this section, using the results from the
previous two sections, we construct the functorial norm map on strong reciprocity laws.
It has three subsection. In the first subsection we gives the definition of a system of
strong reciprocity laws. In the second subsection we prove our key result stating that
systems of strong reciprocity laws on the field F'(¢) are in natural bijection with strong
reciprocity laws on the field F'. As an application of this result in the third subsection we
construct the norm map on strong reciprocity laws. Finally, in the Section 6 we proves
our main results.

1.3. Acknowledgment. The author is grateful to A. Levin and D. Rudenko for setting
the problem and stimulating discussion. I also thank S. Gorchinskiy for his interest in
this paper.

2. DEFINITIONS

2.1. Truncated polylogarithmic complexes.

Definition 2.1. For n > 2 define the following complex I's(F, n) placed in degrees [1, 2]:
Bo(F) @ A" 2F* 2% AnFX,

The differential is defined by the formula: 6, ({12 A& A AE) =& A (1 =&)ANEA
A&

Up to shift these complexes coincide with the stupid truncation of the polylogarithmic
complexes defined by A. Goncharov in [3, Section 9], see also [12].

Let (F,v) be a discrete valuation field. Denote O, = {z € F|v(z) > 0},m, = {x €
Flv(x) > 0} and F,, = O, /m,,. We recall that an element a € F* is called an uniformiser
if v(a) = 1 and a unit if v(a) = 0. For u € O, denote by 7 its residue class in F,,.
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Proposition 2.2 (Definition of the tame-symbol map). Let (F,v) be a discrete valuation
field and n > 3. There is a unique morphism of complexes o [y(Fon) = T(F,,n—1):

By(F) ® An2Fx —ny Anpx
81(/71) algn)
Bo(F,) @ AP3F " 2nty An1F

satisfying the following conditions:

(1) For any units uq, ...u, we have 0£n)(u1 A ANuy) =0.
(2) For any uniformiser m and units us, . ..u, € F we have 81(,")(7T ANug A+ ANuy) =

U N ... Up.
(3) For any a € F\{0,1} with v(a) # 0 and any b € A"2F* we have 85" ({u},®@b) =
0

' : n—2 prx (n) B )
v 2 - v .
(4) For any unit w and b € A" *F* we have 0, ({u}s ® b) = {a} ® 0 (b)

The proof of this proposition can be found in [3, Section 14; 12, Subsection 2.1].

2.2. The category Fields;. We recall that we have fixed some algebraically closed field
k of characteristic zero. Denote by Fields; the category of finitely generated extensions
of k of transcendent degree d. Any morphism in this category is a finite extension. For
F € Fields,, denote by dval(F') the set of discrete valuations given by a Cartier divisor
on some birational model of F. When F' € Fields; this set is equal to the set of all
1-dimensional valuations that are trivial on k. We denote this set by val(F').

Let j: K < F be an extension from Fields,; and v € dval(K). Denote by ext(v, F') the
set of extensions of the valuation v to F. Let v/ € ext(v, F'). Denote by j,/, the natural
embedding K, < F,.. The inertia degree furw is defined as deg j,/,. The ramification

index e, is defined by the formula g = uw?/'”, where 7g, mp are uniformisers of K, F
and u is some unit. By [9, Chapter II, §8] the set ext(v, F) is finite and moreover the
following formula holds:

(21) Z €V/|l,fyl|l, = [F . K]

V' €ext(v,F)

By Theorem of O. Zariski [14, Chapter VI, §14, Theorem 31] a discrete valuation on
F' is divisorial if and only if the corresponding residue field is finitely generated and has
transcendence degree 1. It implies that for any v/ € ext(v, F') we have v/ € dval(F).

For any n > 0 there is the natural map j,: A"K* — A"F*, given by the formula
J«(a) = a. It is easy to see that for any v/ € ext(v, F') the following formula holds:

(22) 81(,7)]*(60 =C- (jl/’|l/>*(az(/n) (a))

2.3. Strong reciprocity laws.

Definition 2.3 (Strong reciprocity law). Let F' € Fields;. A strong reciprocity law on
the field F is a map h: A3F* — By(k) satisfying the following conditions:
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(1) The following diagram is commutative:
By(F) ® F* —% 4 A3FX

- 3
(2.3) > o h - > oY
veval(F) - veval(F)

Bo(k) — 22— A2(kX)
(2) The map h vanishes on the image of the multiplication map A?F* @ kX — A3F*.

The set of all strong reciprocity laws has a structure of affine space over Q. The
corresponding vector space is the set of all Q-linear maps A3F* — ker(d,) vanishing on
the image of the maps d3 and A2F* @ kX — ASF>.

Denote by Set the category of sets. Define a contravariant functor

SRL: Fields; — Set

as follows. For any F' € Fields; the set SRL(F') is equal to the set of all strong reciprocity
1

lawson F. If j: K < F then SRL(j)(hp) is defined by the formula hy := 1 -hp(j«(a)).
cgJ

In Section 4.1 we will show that in this way we indeed get a functor.

2.4. Conventions. Everywhere we work over Q. This means that any abelian group is
supposed to be tensored by Q. For example when we write A%k, this actually means
(A’k*) ® Q. All exterior powers and tensor products are over Q.

If C' is a chain complex denote by C; the elements lying in degree d. The symbol 6,
means the differential in the truncated polylogarithmic complex I'y(F,n). Although it
depends on the field F' we will omit the corresponding sign from the notation. In the
same way, when (F,v) is a discrete valuation field we denote by o™ the tame-symbol
map Iy(F,n) = Iy(F,,n—1).

3. MAIN RESULTS

The following result is a solution of Conjecture 6.2 from [4]:

Theorem 3.1. On any field F' € Fields; one can choose a strong reciprocity law Hp
such that for any embedding j: Fy — Fy we have SRL(j)(Hpg,) = Hp,. Such a collection
of strong reciprocity laws is unique.

Remark 3.2. One of the main results of [12] states that for any field F' € Fields; there
is a map A*F* — By(k) satisfying all but the second condition of Definition 2.3. Tt is
not clear why this map can be chosen functorial.

In particular the proof of Corollary 1.5 from loc. cit. is not correct, because it relies
on remark after Conjecture 6.2 from [4], which uses functorial property.

Remark 3.3. In [4, Section 6] A. Goncharov formulated his conjecture for some quotient
By (k) of the group By(k). In this setting he proved that for any elliptic curve E over k
there is a By(k)-valued strong reciprocity law on k(E). From the proof of Theorem 5.3 it
is not difficult to show that his map coincides with i o Hy(g), where ¢ is the natural map
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3.1. Chow dilogarithm. The definition of Chow dilogarithm can be found in Section
6 of [4]. This function associate to any smooth projective curve X over C and three
non-zero rational functions fi, fo, f3 on X the value Po(X; f1, fo, f3) € R. Remark after
Conjecture 6.2 in loc. cit. implies that Theorem 3.1 has the following corollary:

Corollary 3.4. For any smooth projective curve X over C and three non-zero rational
functions fi, fa, f3 on X the following formula holds:

Po(X; 1, for fo) = Lo(Howo (i A fa A fi)).
Here Ly By(C) — R is a map given on the generators {x}s by the formula

Lo({w}a) = La(x),
where Ly is Bloch-Wigner dilogarithm.

3.2. Two-dimensional reciprocity law. For a field L € Fields, denote by dval(L)
the set of all divisorial valuations of L. A valuation is called divisorial if it is given by
an irreducible Cartier divisor on some smooth model of L. For a valuation v € dval(L)
denote by 85" the corresponding tame-symbol map A*L* — AL, From the proof of
Theorem 3.1 we get the following corollary:

Corollary 3.5. Let L € Fieldsy. For anyb € A*L* and all but finite number v € dval(L)
we have J'nyaz(/4)(b> = 0. Moreover the following sum is equal to zero:

> Hg, 0 (b) = 0.

vedval(L)

This corollary is a natural generalisation of Weil reciprocity law to algebraic surfaces.

3.3. The norm map. The proof of Theorem 3.1 takes most of this paper. Uniqueness is
easy. It is non-trivial to prove that such a family of strong reciprocity laws exists. On the
field k(t) there is a unique strong reciprocity law, which we denote by J. To construct
the strong reciprocity law Hpg, for any embeddings of fields j: F; — Fy we define the
canonical norm map Np,/p : SRL(F}) — SRL(F,). We will prove the following theorem:

Theorem 3.6. The map N satisfies the following properties:
(1) Let j: Fy — F5 be an embedding. We have SRL(j) o Np,/r, = id.
(2) If Fy C I, C Fy is a tower of extension from Fields, then Ng,m = Npyp, ©
NFQ/Fl'
(3) Let ' € Fields;. For any a € F\k we have a finite extension k(a) C F. The
element Hp := Npjp@a)(Hi@)) € SRL(F) does not depend on a.

Existence in Theorem 3.1 follows immediately from the above theorem. The proof of
Theorem 3.6 is similar to the construction of the norm map on Milnor K-theory [1,6,8,13].

4. THE PRELIMINARY RESULTS
4.1. Strong reciprocity laws.
Proposition 4.1. SRL is indeed a functor.

Proof. 1f jy,j2 are some embeddings from Fields; then the formula SRL(j; o j;) =
SRL(j1) o SRL(j2) follows from the fact that the ramification index is multiplicative.
So it is enough to show that for any embedding j: K < F and hrp € SRL(F') the map
hri := SRL(j)(hr): A>K* — By(k) is a strong reciprocity laws on K.

The statement that hg is zero on the image of the map K* @ A2k* — A3K* is obvious.
Let us prove that diagram 2.3 is commutative.
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For any v € val(K) and any v/ € ext(v, F') we have f,, = 1. So Formula (2.1) is
simplified to Y. e, = [F : K]. Since in our case K, = F,, 2 k, the formula (2.2)
v'cext(v,F)
takes the form e,,f|l,8( (a) = 8(3) «(a).
For any a € A3K*, we have

2 2 ()
v'eval(F)

b (hia)) = [F:—lK]@(th a))) =

3
3 (a) =

l/Eval(K) v'cext(v,F)

7 K Z Z ep0P(a) = Y 0P(a).

xt(v,F) veval(K)

Here in the fourth equality we have used the formula 8,/, (ju(a)) = el,/|,,8,53)(a) and in

the last formula we have used the formula ) e, = [F : K]. So the lower right
V' cext(v,F)
triangle is commutative. The commutativity of the upper left triangle is similar. O

Proposition 4.2. On the field k(t) there is a unique reciprocity law. We will denote it
by Hyw

Proof. Elementary calculation shows that the group A%k (¢)* is generated by the image of
the group k(t)* ® A?k* and by the image of d5. Uniqueness follows from this statement.
Existence was proved in [3, Theorem 6.5]. We remark that although the proof of Propo-
sition 6.6 from [3] uses rigidity argument, this proposition can be easily deduced from [2]
where it was proved that By(k(t)) is generated by elements of the form {at + b}, ,a,b € k.

O

4.2. Parshin reciprocity laws.

Definition 4.3. Let X be a smooth algebraic variety of dimension n and x € X. A
Cartier divisor D on X is called supported on a simple normal crossing divisor if there
is some open affine neighborhood of the point x such that D is cut out by the function
[1 =" where n; > 0 and z; is a regular system of parameters at x.
i=1

We have the following statement [7]:

Theorem 4.4. Let X be a variety over an algebraically closed field of characteristic zero
and D an effective Weil divisor on X. There is a birational morphism f: X - X, such
that X is smooth and (D) is supported on a simple crossing divisor at all points ofX

Definition 4.5 (Strictly regular element). Let £ € k(X). Write Dy(£), Do (§) for the
divisors of zeros and poles of € and let || = Dy(&) + Do(§). An element I'y(k(X), 4)
(resp. T'o(k(X),4)s) is called strictly regular at € X if it can be represented as a linear
combination of elements of the form & A & A &3 A&y (resp. {&1}e ® & A &) such that
all the divisors [&1| + |&| + [&3] + |€4| (resp. [&1] + |&3] + |&4]) are supported on a simple
crossing divisor at x.

Theorem 4.4 has the following corollary:

Corollary 4.6. Let S be a smooth surface and j € {1,2}. For any element a €

I'5(k(S),4); there is a birational morphism p: S — S such that the element p*(a) is
strictly reqular at all points.
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The following lemma characterises strictly regular elements:

Lemma 4.7. Let S be a smooth algebraic surface and x € S.

(1) The subgroup of strictly reqular elements of I's(k(S),4); is generated by elements
of the following form:
(a) {mP75&1} @ m A mo.
(b) {m{ 7" &i} @ m A&
(c) {7T17T2 &} @& A&
Here all the functions &; take non-zero values at x and m; s a reqular system of
parameters.
(2) The subgroup of strictly reqular elements of I's(k(S),4)s is generated by elements
of the following form:
(a) 1 /\7T2 /\53 /\54.
(b) M A& A& A &a.
(c) &LENENENE.

The functions &, m; satisfy the same conditions as in item (1).

Proof. Follows from the fact that if m, 7 is a regular system of parameters at z, then
any function f € k(S) can be written in the form 7] 752¢ where n; € Z and £ is a regular
function at = such that {(x) # 0. O

The following result is a version of the classical Parshin reciprocity law for strictly
regular elements (see [5,10,11]).

Theorem 4.8 (Strict Parshin reciprocity law). Let S be a surface smooth at some point
x € S and j € {1,2}. For any strictly reqular element b of the group I'y(k(S),4); at
the following sum is equal to zero:

(4.1) > o ol b) =o.

ccs
Cox

Here the sum is taken over all irreducible curves C' C S containing x that are smooth at
this point, ve is the valuation corresponding to C and v, ¢ is a valuation of the residue

field k(S),,, corresponding to x € C.

Proof. 1t is enough to prove this theorem for any of the generators from Lemma 4.7.
We will only consider the most interesting case (1), (a). We can assume that S is a
smooth surface, x € S and 7, 75 is a system of regular parameters at x. Passing to some
open affine neighborhood of the point x, we can assume that the following conditions are
satisfied:

(1) & is invertible and
(2) For any i € {1,2} the divisor of the function 7; is equal to some irreducible curve
C; passing through z. In particular, these functions are regular.

In general if X is a subvariety of algebraic variety Y and f is a regular function on Y
we denote its restriction to X by f|y. Let b = {775’} ® m A mo. Obviously the only

curves on S satisfying &,C( ) # 0 are C and Cy. Consider the following cases:
Case n,m # 0: In this case both of the tame symbols &(fé)l (b) and 85?2 (b) vanish

and the statement is obvious.
Case n # 0,m =0 or m # 0,n = 0: Consider, say, the first case. Obviously,

oM (b) = 0.

VCl
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So it is enough to prove that 8,(,2?% 85?2 (b) = 0. This follows the following formula:
ord, ((77€1)],) = n 0.

Case n = m = 0: In this case the statement follows from the following formula:

00, 080 (8) = =02, 0L2) (b) = & ().

Va:,Cl l’01 Va:,CQ IJ02

We have the following corollary:

Corollary 4.9. Let L € Fields, and j € {1,2}. For any b € I'y(L,4); and all but finite
w € dval(L) the following sum is zero:

Moreover the following sum is zero:
(3) (4 —
> Y dln o
pedval(L) 1/ eval(L,)

This corollary can be interpreted as the statement that the composition of the vertical
arrows in the following diagram is zero:

FQ(L7 4)1 o2 > FQ(Lu 4)2
l(af:”) l(a,i‘*))
p— 6 J—
(42) @ FZ(L/M 3)1 —3> @ FQ(L;M 3)2
pedval(L) pedval(L)
|sow |=ow
F2<k7 2)1 Sa > PQ(kJ 2)2

Proof. Let S be an algebraic surface with k(S) = L. Denote by dval(L)g the subset of
divisorial valuations coming from divisors on S. Choose .S in such a way that b would be
strictly regular at all points of S. Theorem 4.8 implies the following formula:

(3) 5(4 —
> % e -o
pedval(L)s p/eval(L,,)

It remains to prove that for any p € dval(L)\ dval(L)s the following sum vanishes:

ST oo w) =o.

1/ eval(L,)

There is a birational morphism p: S — S such that (1t is given by a divisor on S contracted
under p. The morphism p is a sequence of blow-ups p,, o --- o py,pi: S; = Si_1,m =
§, So = S. Let D; C S; be the corresponding exceptional curve. Denote by v; the
corresponding valuation. It is enough to show that for any i the following formula holds:

(3) 5(4 _
> 900 ®) =o.
peval(Ly;)

This formula follows from Theorem 4.8 for the element b and the surfaces S; and S;_;. U
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4.3. Results of D.Rudenko. Results of this section in a different form are contained
in [12].

Let F' € Fields;. A valuation v € dval(F(t)) is called general if it corresponds to some
irreducible polynomial over F'. The set of general valuations are in bijection with the set
of all closed points on the affine line over F', which we denote by A}, 0)- A valuation is

called special if it is not general. Denote the set of general (resp. special) valuations by
dval(F(t))gen (resp. dval(F(t))s). Denote by T'5P(F(t),4); the subgroup of I's(F(t),4);
lying in the kernel of all the maps 85 where v € dval(F'(t))gen-

The following theorem is the main result of this subsection:

Theorem 4.10. The following sequence is exact:

(4.3) NP @ TF(F(t),4) — NF)* — @ AF(1), —o0.

vedval(F(t))gen
Here the first component of the first map is the natural embedding, the second component
1s induced by 64 and the second map is given by (854))V€dva1(p(t))

For a point p € Allw,(o) denote by f, the corresponding monic irreducible polynomial

over F. By definition, degp = deg f,. Denote by F'(p) the residue field of point p € A}’(O)
and by v, the corresponding valuation.

Lemma 4.11. Let m > 3 be an integer. The following map is surjective:
otp)
Lo(F(t),m) —= [y(F(p),m —1).

1
PEA (o)

The proof of this lemma is completely similar to the proof of surjectivity in the Bass-
Tate exact sequence for Milnor K-theory [1,8].

Proof. For simplicity, we will only consider the case m = 4. The general case is completely
similar. Denote by I'a(F'(t),4)<4 the set of elements lying in the kernels of all the maps
8,%)) with deg P > d. It is enough to prove that for any d > 0 the following map is
surjective:

Lo(F(t),4)<a = €D Ta(F(p),3):

1
PEAL (o)

degp<d
The proof is by induction on d. The case d = —1 is trivial. Let us prove the inductive
step. It is enough to show that for any a € I'y(F(p),3);,7 € {1,2} there is an element
a € I'y(F(x),4); with the following properties:

(1) for any p’ # p with degp’ > degp we have
0y (@) =0

(2) oY (@) = a.
For an element £ € F(p) there is a unique polynomial [,(§) of degree < degp such that
the image of [,(£) under the natural projection Flz] — F|z]/f, = F(p) is equal to €.
The following formulas for @ are taken from [12, Section 5.2].

Case j = 1: Choose a representation a = »_ n, - ({£{'}2 ® &£5). Define the element

«

a by the formula
A=Y na-({Ip(€M)}2® fp ALp(E)).
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Case j = 2: Choose a representation a = > ng - (EF A EY A ES). The element a is
«

defined by the formula
a=> na-(foAlp(E) NP(E) ALP(ES)).

It is easy to see that these elements satisfy the conditions stated above. U

Proposition 4.12. The following sequence is exact for j = 2 and exact in the third term
for g =1:

0 — HI(Iy(F,4)) — HI(Ty(F(t),4)) @—)L

4.4 o) .
(44) C @D HTH(F(p).3) = 0.
pEA}Jy(O)

Proof. The case j = 2 was proven in [8] (see also [1]). The exactness in the last term for
j = 1is a particular case of the main result of [12]. 0

The proof of Theorem 4.10. We need to prove that the following sequence is exact:
(4.5) MNP QTP (F(t),4) — MF@E) — @ AFp)* —o.

1
PEAE (o)

Consider the following double complex:

04

To(F,4), » To(F, 4),
To(F(t),4); o1 To(F(t),4)s
Ty(F(p),3); 22 To(F(p), 3)2
pEA}?,(o) pEA}r,(o)

Denote by Tot the total complex placed in degrees [1,4]. Using Proposition 4.12, the
spectral sequence argument shows that T'ot has no cohomology in degree 3. It follows
that the sequence (4.5) is exact in the second term. The exactness in the third term
follows from Lemma 4.11 for m = 4. 0

5. THE PROOF OF THEOREM 3.6

5.1. Systems of strong reciprocity laws. Let L € Fieldsy. A pre-system of strong
reciprocity laws o on L is a choice of a strong reciprocity law o, on the field L, for any
v € dval(L).

We have the following lemma:

Lemma 5.1. Let L € Fields,. For anyb € A*L* and all but finite number of v € dval(L)
the element 01(,4)(6) belongs to the image of the map ZVX ® A2kX — A3Z:.

In particular, if o is a pre-system of strong reciprocity laws on L then for any b € A*L*
and all but finite number of v € dval(L) we have ayal(,4)(b) = 0.

Proof. Choose a smooth proper algebraic surface S such that L = k(S) and b is strictly
regular at all points of S. Let v € dval(L)\ dval(L)s. We claim that 8,(,3)(6) lies in the
subgroup indicated by the lemma. Let p: S — S be a birational morphism such that v
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correspond to some divisor D on S. The divisor D is contracted under p. We use Lemma
4.7. The restriction of all the functions & to D lie in k. Now the statement follows from
the definition of the tame symbol. U

It follows from the previous lemma that for any pre-system of strong reciprocity laws
on L and b € A*L*, the following sum is well defined:

Z o, 00 (b).

vedval(L)

Definition 5.2 (System of strong reciprocity laws). A pre-system of strong reciprocity
laws is called a system of strong reciprocity laws if this sum is zero for any b € A*L*.

Define a functor
SOSRL: Fields, — Set.

On objects it is equal to the set of all systems of strong reciprocity laws. On morphism it
is defined as follows. Assume that j: L < M be an embedding of fields and o is a system
of strong reciprocity laws on M. Define a system of strong reciprocity laws SOSRL(7) (o)
on L by the following formula:

. 1 .
SOSRL(j)(0), = ) > vl SRLGu ) (00).
’ v/ €ext(v,M)

We recall that e,,, f,/, and j,/, was defined in Subsection 2.2. The proof of the fact
that SOSRL is indeed a functor is similar to the proof of Proposition 4.1.

Denote by

Rf: Fields; — Fields;
a functor given by the formula F' +— F(t).

Define the natural transformation res: SOSRLoRf — SRL as follows. We need to
define a map resp: SOSRL(F(t)) — SRL(F') for any F' € Fields;. We set resg(o) =
0,.., where vy, is the valuation corresponding to the point oo € PL. It is not difficult to
show that res is indeed a natural transformation.

Here is the main result of this subsection:

Theorem 5.3. The natural transformation res: SOSRLoRf — SRL is an isomorphism
of functors.

5.2. Proof of Theorem 5.3.

Lemma 5.4. Let F' € Fields;. For any strong reciprocity law h on the field F', there is
a system of strong reciprocity laws o on the field F(t) such that res(c) = h.

Set L = F(t). We need to show that for any strong reciprocity law h on F' there is
a strong reciprocity law ¢ on L satisfying resg(o) = h. First, for any v € dval(L) we
construct a map o, : A’L, — By(k). Then we will show that in this way we get a system
of strong reciprocity laws.

Let v be special. If v = v, then define o, = h (here we have used the identification
of L, with F). In the other case we have F(t), ~ k(t). In this case define o, to be a

unique strong reciprocity law from Proposition 4.2.
We have defined o, for any v € dval(L)s,. Define the map H: A*L* — By (k) by the

following formula:
Hb)=— Y ad"0).
vedval(L)sp
This sum is well defined by lemma 5.1.
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Lemma 5.5. The map H is zero on the image of the map
AF*@T3P(L,4), — A*L*.
Here the first map is the natural embedding and the second map is induced by dy.

Proof of lemma 5.5. (1) Direct computation shows that for any a € A*F* and any

v € dval(L) the element &(,4)(60 lies in the subgroup A3k* c A3L. It follows that
the map H vanishes on the image of the group A*F*.

(2) Let us prove that H is zero on the image of the group I';’(L,4);. Consider the
following commutative diagram:

04

[y(L,4) > To(L,4)2
l(aff“) l(aﬁ‘“)
p— 6 p—
(5.1) @ Tu(Ll,3)1 —— @ T(L,3)
vedval(L)sp vedval(L)sp
lz a(:j)V lz o®
19
Fg(k’, 2)1 2 > ( )2

For any b € T5P(L,4); we get

a,,@ 54b = 8 8
Z 1(14) () Z Z (3) 4

vedval(L)sp vedval(L)sp v 'eval(L,)

So by definition of H, we obtain:

HE0) =~ Y 0,0896,(b) = - oW (b) =

vedval(L)sp vedval(L)sp v/ €val(Ly)

== > 3 Do)

vedval(L) v/eval(Ly)

Here the third equality holds because the element b lies in the group I';?(L, 4); and
has residues only to special valuations. The fourth equality follows from Corollary
4.9.

O

Therefore thanks to Theorem 4.10 we get a well-defined map

B AL - By(k).

vedval(L)gen

Define o, for any v € dval(L)g, to be the restriction of this map to the subgroup A3f:.
For j € {1,2}, v € dval(L)ye, and a € FQ(L,,,?)) denote by £(a) the set of elements

b € I'y(L,4); such that 6?1(,4)( b) = a and (9V, =0 for v/ # v,V € dval(L)e,. This set is
non-empty by Lemma 4.11.

Lemma 5.6. Let v € dval(L)ge, and a € A°L,,. For any b € £(a) the element o,(a) is
equal to H(b).

Proof. Follows from the definition of o,. O
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Lemma 5.7. Let j € {1,2}, v € dval(L),a € I'y(L,); and b € L(a). The following

formula holds:
S = Y Y 0P

w'eval(Ly)) pe€dval(L)sp p'eval(L,,)
Proof. Corollary 4.9 implies the following formula:

Y aPave) =o.

pedval(L) u/ eval(L,,)
From the other side:

3
3 99\ (b) =

pedval(L) weval(L,)

3 3
= Y D+ 99D (b).
weval(Ly)) pedval(L)sp p/eval(L,,)
The statement of the lemma follows. O

Lemma 5.8. For any o € dval(L) o, is a strong reciprocity law.

Proof. Let us show the following diagram is commutative:

Bo(L,) @ L —%— AT

-
-
-

) 8(?;) oy 7 > 8(3,)
w! eval(Ly) /,’/ w! eval(Ly) H
e 5
By(k) ———— A*(k)

The lower right triangle: Let a € ASZ:. Choose some b € £(a). By Lemma 5.7,

we have:
S == > 3 W) =

w' €dval(L,)) pedval(L)sp ' eval(L,,)
== > 50,00 (0) = —6,H(b) = 630, (a).
pedval(L)sp

Here the last formula follows from Lemma 5.6.
The upper left triangle: Let a; € T'5(L,,3);. Choose by € L(a;). We have
d4(b1) € L(63(ay)). By Lemma 5.7, we have:

Y. == 3 3 90900 =

weval(Ly)) peEdval(L)sp p€val(L,,)
S TR S R
pedval(L)sp pedval(L)sp

= H(64(b1)) = 0,03(a1).

Here the second equality holds because for any y € val(L),, the map o, is a strong

reciprocity law, the third equality holds because 8&4) is a morphism of complexes
and the fifth equality holds by Lemma 5.6.
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To prove that o, is a strong reciprocity law it remains to show that it vanishes on
elements of the form aAc, a € A2f§ ,c € k*. Lemma 4.11 for m = 3 in the degree 2 implies
that there is b € A3L* such that &(,3)(17) = a and 81(,:,3)(17) = 0 for any v # v,V € dval(L) gen.
It follows that b A ¢ € L(a A ¢). Now the statement follows from the fact that for any
p € dval(L), we have 8,84)(6 Ac) = 6,&4)(b) A ¢ and so for any p € dval(L)s,, we have

0#854)(17 A c) = 0, since 0, is a strong reciprocity law. Now the statement follows from
the definition of o,,. O

Proof of Lemma 5.4. Let us prove that o is a system of strong reciprocity laws. We need
to show that for any b € A*L* the following formula holds:

(5.3) > a,00(0b) =0.

vedval(L)

By Theorem 4.10 the group A*L* is generated by the subsets L(a),a € N’L,,v €
dval(L)gen. So we may assume that b € L(a) for some a € A*L,. In this case formula
(5.3) follows from the definition of o,. O

Proof of Theorem 5.3 . To prove that res is an isomorphism of functors, we need to show
that for any F' € Fields; the map

resp: SOSRL(F(t)) — SRL(F)

is a bijection. By Lemma 5.4 this map is surjective. So we need to show that it is
injective.

Assume that h is a system of strong reciprocity laws on I’ and o, ¢’ be two systems
of strong reciprocity laws on L satisfying res(o) = res(c¢’) = h. We need to show that
oc=o.

By definition 0, = 0/, = h. If v is special valuation different from v, then L, = k(t)
and so by lemma 4.2 there is a unique strong reciprocity low on L,. We conclude that
when v is special o, = 0),.

Let v € be an arbitrary element of dval(L)ge,. It remains to show that for any a € AT
we have o, (a) = ol(a).

Choose some b € L(a). By definition of b and the fact that o is a system of strong
reciprocity laws we have:

o(a)+ Y .00 (0)=0.
pedval(L)sp
So
oa)=— > 0,000 =0.
pedval(L)sp
In the same way
oa)=— > 0,000 =0
pedval(L)sp
The right hand side of the last two formulas coincide because o and ¢’ coincide on
special valuations. We conclude that o,(a) = o,,(a) as well. d

5.3. The norm map. In this subsection we will use Theorem 5.3 to construct the norm
map on strong reciprocity laws. We follow ideas from [13, §1] (see also [1,6,8]).
Since res is an isomorphism of functors, it has an inverse. Denote it by N. Let

F € Fields; and v € dval(F(t)). Define the norm map N,: SRL(F) — SRL(F'(t),) by
the formula N,(h) = Ng(h),.
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Let j: F — K be an extension of some fields from Fields;. Let a be some generator
of K over F. Consider a map F[t] — K given by the formula p(¢) — p(a). The kernel
of this map is an irreducible polynomial p, over F. Denote by v, the corresponding
valuation. The residue field WW is canonically isomorphic to K. So we get a map
Ny,. SRL(F) — SRL(K) which we denote by Nk p,. We will prove that this map does
not depend on a.

As a corollary from Theorem 5.3 we get the following lemma:

Lemma 5.9. (1) Let j: F — K be an extension of two fields from Fields;, v €
dval(F'(t)) and n = [K : F]. The following diagram is commutative:

SRL(F) Al » SRL(F(t),)
EulvJu'v
(5.4) SRL() s
v/ €ext(v, K (t)) n
SRL(K) — ™) @  SRL(K(),)

V' €ext(v,K (1))

(2) Let j: Fy C K, Fy C Fy, be an extensions and Fy @ K = @ Fy;. Denote by j;
i=1
the natural embedding Fy — Fy;. Let n = [K : Fy] and n; = [Fo; : F]. Let a be
generator of Fy over Fy. Denote by a; the corresponding generators of Fy; over
K. The following diagram is commutative:

N a
SRL(F}) B/t SRL(F)
(5.5) SRL(j) 2, o SRLG)

(Npy /K 0;) F
SRL(K) — """, @ SRL(Fy,)
=1

Proof. (1) Denote by j' the embedding F(t) < K (t). Since N is a natural transfor-
mation of functors, the following diagram is commutative:

SRL(F) —£+ SOSRL(F(t))
TSRL(j) TSOSRLU')
SRL(K) —% SOSRL(K(t))
So for any hx € SRL(K) and any v € dval(F(t)), we get the following identity:
Np(SRL(j)(hik))» = SOSRL(j") (Nk (hi))..
Writing out, we get:
Nr(SRL(j)(hx))y = N, (SRL(j)(hK)),

SOSRL() (Nl = 0 I SR1) (N i) =

V' cext(v,K(t))

- ¥ %SRLUV/V)(NV'MK))-

V' €ext(v,K(t))
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Here in the second formula we have used the definition of the functor SOSRL.
The statement follows.
(2) Let p, be the minimal polynomial of a over F;. We apply the previous state-
l

ment for ' = F;, K = K and v corresponding to p,. Let p, = [[pa; be the

decomposition of P in the field K(¢). The set ext(v, K(t)) are in bijection with
the irreducible factors of p, in K(t). Denote by v; € ext(v, K(t)) the valuation
corresponding to p,,;. We have Fy,; = K(t ) The embeddings j; correspond to

the embeddings jl,l|l, Since the polynomial pa is separable we have f,/, = 1 and
S0 ey furp = [Fa, : F5]. So the diagram (5.4) can be identified with (5.5).

g

Lemma 5.10. We have SRL(j) o Np,/p, o = id. In particular if Fy = F5 then Np,/p, o is
identical and for any j: Fy — Fy the map SRL(j) is surjective.

Proof. Let h € SRL(F}), 0 = Np,(h) and x € A3F*. Consider the element b = p, Az €
AYFy(t)*, where p, is the minimal polynomial of a over F;. Since o is a structure of
strong reciprocity laws we have:

o awdPe)+ Y. () =0

vedval(F(t))gen vedval(F(t))sp

We have 052 (b) = z and this this is the only general valuation such that 81(,4)(17) # 0. So
by the definition of the norm the first term is equal to Ng, 5 o(h)(x). From the other

side it is easy to see that there is only one special valuation v such that ¢,0 ( )£ 0
namely v,,. We have 81(,02( b) = —na. The statement follows. U

Proposition 5.11. The map Np,/p, o does not depend on a. Denote N, p, o stmply by
Npy/F, -

Proof. We need to show that Np,/r, , does not depend on a. Let j: Fy — K be a field
extension of F} satisfying Fy®p K = K®2:1 We apply the second statement of Lemma
5.9. By definition of K for any n we have Fy; = K. By item (1) of this theorem the maps
NE, /K., are identical. We conclude that in the diagram from Lemma 5.9 all the maps
except maybe Np,/p o do not depend on a. So the map Np,/r, , does not depend on a
on the image of SRL(j). By the previous lemma this image coincides with SRL(F3). O

Proof of Theorem 3.6. (1) Follows from Lemma 5.10.
(2) Choose a field extension j: F} < K. Denote Fy ®p K = @2, F>; and F; ®p,
Fy, = EDH?’ 1 F3.i5. By associativity of tensor product we have F3®@p K = @ Fs,; s

Denote by j; s the natural embeddings F3 < Fj,;s. Let n; s = [F5, : Fg]. Let n
be the degree of F3 over F}. Repeated application of Lemma 5.9 together with
(2) of this theorem shows that the following diagram is commutative:

N oN
SRL(F}) St AL > SRL(F})
SRL(j) ) (Gi.s)
i,s M
(NEy ;o /7y ;°NEy ;/K)
SRL(K) Dtal TV Y SRL(Fy)

Choose K such that Fs@p K = K] Tt follows that F5, s = F; = K. So
the bottom maps in the above diagram are identical. Let us compare this diagram
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with diagram (5.5) for I, = F3. We see that the left, right and bottom maps are
the same. Since SRL(j) is surjective, the statement of the proposition follows.

(3) Let a,b € F\k be two functions generating F' over k. We first prove this statement
for the functions satisfying these conditions.

Let py, € k(a)[t] be the minimal polynomial of b € F' over k(a). Multiplying
P on some rational function of @ we can assume that p, lies in k[a, ] and that
Pe is irreducible as a polynomial of two variables. Denote this polynomial of two
variables by h(a,t). It is easy to see that the polynomial h'(b,t) given by the
formula A/(b,t) = h(t,b) is a minimal polynomial of a over k(b).

Let A = k[z]ly] and L = k(x)(y). If we consider the polynomials h,h’' as
polynomials of z,y they gives two elements v, € dval(L).

By Theorem 5.3 and Theorem 4.2 on the field L there is a unique system of
strong reciprocity laws. Denote it by o. Denote by A an automorphism of L
interchanging x and y. Since o is a unique system of Strong reciprocity laws
on L, it is invariant under A. Since A interchanges v and v/ it induces a map
X: L, — L. Because ¢ is invariant under A we have SRL()\)(0,/) = 0.

A map A — F given by the formula z — a,y — b induces an isomorphism
0: L, — F. In the same way a map A — F given by the formula z — b,y — a
induces an isomorphism of #: L,, — F. Since § = 6’ o \, we have

SRL(6)(0,) = SRL(A ' o0 Y)(0,) =
= SRL(¢"Y) o SRL(X ')(0,) = SRL(0" V) (0,).

Here in the last formula we have used the formula SRL()\)(c,) = o0,. By
definition Ng/ke)s = SRL(671)(0,) and Nejk@p).a = SRL(O1)(0,). So we have
proved that NF/k (g{k ) NF/k (j{k )

By Proposition 5 11 we have

Nre@p = Nejk@)s  Nrjkw),a = Nr/ke)-

So we have proved that for any a, b € F'\k generating F' over k we have N /k(q)(Hi()) =
N k) (Hee)). Now the statement follows from the following fact: for any a,b €
F\k, there is ¢ € F'\k such that the pairs (a, ¢), (b, ¢) generate F' over k.

]

6. THE PROOF OF THEOREM 3.1 AND COROLLARY 3.5

Proof of Theorem 3.1. Existence: Let F' € Fields;. Choose some embedding j: k(t) —

F'. Define the element Hp by the formula
Hr = N (Hiw))-

By the fourth statement of Theorem 3.6 this element does not depend on j.
We need to show that if j': F; C F5 is an embedding, then

SRL(J')(3r,) = K.
It follows from the first and the third statement of the same theorem:
SRL(j")(Hr,) = SRL()NEy i) (Har)) = SRLG)Ney 1y N i) (Hiery) =
= (SRL(j") © Nryyr ) (Ney iy Higry) = Hy -
Uniqueness: Let Hp, H, F' € Fields; be two family of strong reciprocity laws
such that for any j: F} < I, we have SRL(j)(Hp,) = Hp, and SRL(j)(HE,) =

H'%,. We need to show that Hp = H}, for any F' € Fields;. First of all it is true
when F' = k(t). Let F' be any field. There is a field F’ € Fields; together with
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two embeddings F' C F’, k(t) C F’ such that F'/k(t) is Galois. It is enough to
prove the statement for /. Denote by G the Galois group of F’ over k(t). Since
Hp and H, are invariant under the group G, it is enough to prove that they equal
on the subgroup (A?’F’X)G. We know that (Kéw(F’))G = KM(k(t)). Tt follows

that (A3F” X)G is generated by the Steinberg elements and the elements coming
from k(t). On the Steinberg elements Hp and H', coincide because they are

strong reciprocity laws. On the elements coming from k(t) they coincide because

Hiw) = 9{2(@-

U
Let L € Fields,. Define the map Hy: A*L* — By(k) by the formula:

> Hy, 00 (b)

vedval(L)

This formula is well defined by Lemma 5.1. The following lemma is corollary from
Theorem 3.1:

Lemma 6.1. If j: L — M 1is an extension of some fields from Fieldsy then for any
b e A*L* we have Hy(b) = Hy(j«(b)).

[M : L]
Proof. Let v € dval(L). It is enough to show the following formula:

T X M A0
’ v cext(v,M)

(6.1) Hz, 0 (b) =

We have
05 (3.(6)) = ewuiury - 057 (b).
Theorem 3.1 implies that

Kz, w0 (0) = fur ¥z, 059 (b).

So
1 @) ;
(M I > Har,0,5.(0) =
v'eext(v,M)
1
(62 =arg 2 Cvwlantr,ol) =
' v’ cext(v,M)
1
= 3z, 0V (b) L S° e fon = H, 000).
' v’ cext(v,M)
The last equality follows from the formula > ewpfup =[M: L. U
v'cext(v,M)

Proof of Corollary 3.5. We need to show that H; = 0 for any L € Fields,. Let us prove
that it is true when L = k(x)(y). By Theorem 5.3 and Proposition 4.2 in this case on L
there is a unique system o of strong reciprocity laws. It is enough to show that for any
v € dval(L) we have 0, = Hy . When v is special it is true by Proposition 4.2. When v
is general it follows from the deﬁnltlon of Hy

Let us prove the statement for an arb1trary L There are finite extensions

Jik(x)(y) = L,j L—L

such that 7 is a Galois extension. Lemma 6.1 shows that it is enough to prove the state-
ment for /. Denote the Galois group of j by G. Since H, is invariant under G it is enough
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to prove that Hy, is zero on the subgroup (A*L)“. Since (KiW(L’))G = KM (k(z)(y)),

(A*L'*)% is generated by the Steinberg elements and by the elements coming from k(z)(y).
Vanishing of Hy, on the elements coming from k(z)(y) follows from Lemma 6.1 together
with the formula Hy,),) = 0. Let us prove that Hys is zero on the Steinberg elements.
For any b € By(L',4); we have

Hy@a) = Y. Hg, dPa0) = > 3y 600 0) =

vedval(L') vedval(L')

= Y > oPw) =o.

vedval(L') v'eval(T/,)

Here the second formula is true because 95" is morphism of complexes, the third formula
is true because Hz; is a strong reciprocity law and the fourth formula follows from
Corollary 4.9. O
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