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Abstract. We give a complete proof the Novikov isomorphism 𝛺𝑆𝑈 ⊗ Z[ 1
2
] ∼= Z[ 1

2
][𝑦2, 𝑦3, . . .], deg 𝑦𝑖 = 2𝑖,

where 𝛺𝑆𝑈 is the 𝑆𝑈 -bordism ring. The proof uses the Adams spectral sequence and a description of the
comodule structure of 𝐻∙(𝑀𝑆𝑈 ;F𝑝) over the dual Steenrod algebra A*

𝑝 with odd prime 𝑝, which was also
missing in the literature.
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1. Introduction

The theory of bordism and cobordism was actively developed in the 1950–1960s. Most leading topologists
of the time have contributed to this development. The idea of bordism was first explicitly formulated by
Pontryagin [Po] who related the theory of framed bordism to the stable homotopy groups of spheres using
the concept of transversality. Key results of bordism theory were obtained in the works of Rokhlin [Ro],
Thom [Th], Novikov [No1, No2], Wall [Wa1], Averbuch [Av], Milnor [Mi2], Atiyah [At].

Topologists have quickly realised the potential of the Adams spectral sequence [Ad1] for calculations in
the bordism theory. It culminated in the description of the complex (or unitary) bordism ring 𝛺𝑈 in the
works of Milnor [Mi2] and Novikov [No1, No2]. The ring 𝛺𝑈 was shown to be isomorphic to a graded
integral polynomial ring Z[𝑎𝑖 : 𝑖 > 1] on infinitely many generators, with one generator in every even degree,
deg 𝑎𝑖 = 2𝑖. This result has since found numerous applications in algebraic topology and beyond.

In Novikov’s 1967 work [No3] a brand new approach to cobordism and stable homotopy theory was pro-
posed, based on the application of the Adams–Novikov spectral sequence and formal group laws techniques.
This approach was further developed in the context of bordism of manifolds with singularities in the works of
Mironov [Mir], Botvinnik [Bo] and Vershinin [Ve]. The Adams–Novikov spectral sequence has also become
the main computational tool for stable homotopy groups of spheres [Ra].

As an illustration of his approach, Novikov outlined a complete description of the additive torsion and the
multiplicative structure of the SU-bordism ring 𝛺𝑆𝑈 , which provided a systematic view on earlier geometric
calculations with this ring. A modernised exposition of this description is given in the survey paper [CLP]
of Chernykh, Limonchenko and Panov; it includes the geometric results by Wall [Wa2], Conner–Floyd [CF2]
and Stong [St], the calculations with the Adams-Novikov spectral sequence, and the details of the arguments
missing in Novikov’s work [No3]. A full description of the SU-bordism ring 𝛺𝑆𝑈 relies substantially on the
calculation of 𝛺𝑆𝑈 with 2 invereted, namely on proving the ring isomorphism

𝛺𝑆𝑈 ⊗Z Z[12 ] ∼= Z[12 ][𝑦2, 𝑦3, . . .], deg 𝑦𝑖 = 2𝑖.
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This result first appeared in Novikov’s work [No2] with only a sketch of the proof, stating that it can be
proved using Adams’ spectral sequence in a way similar to Novikov’s calculation of the complex bordism
ring 𝛺𝑈 . Although the result has been considered as known since the 1960s, its full proof has been missing
in the literature, and also not included in the survey [CLP].

The main goal of this work is to give a complete proof of the isomorphism above using the original methods
of the Adams spectral sequence. It is included as Theorem 4.1. While filling in details in Novikov’s sketch
we faced technical problems that seemed to be unknown before. For example, the comodule structure of
𝐻∙(𝑀𝑆𝑈 ;F𝑝) over the dual Steenrod algebra A*

𝑝 with odd prime 𝑝 has not been satisfactory described in
the literature. This calculation is one of the main results of the paper (Theorem 3.9). We also included a
description of the related Hurewicz homomorphism 𝜋∙(𝑀𝑆𝑈) → 𝐻∙(𝑀𝑆𝑈) and forgetful map 𝜋∙(𝑀𝑆𝑈) →
𝜋∙(𝑀𝑈) in appropriate generators (with 2 inverted) in Corollary 5.3, and a result on the divisibility of
characteristic numbers of 𝑆𝑈 -manifolds (Theorem 5.2).

The structure of the paper is as follows. In Section 2, we fix notation and recall the necessary information on
bordism, cohomology operations and the Adams spectral sequence. In Section 3, we describe 𝐻∙(𝑀𝑆𝑈 ;F𝑝)
as a A*

𝑝-comodule. Then in Section 4 using the Adams spectral sequences we prove the isomorphism

𝛺𝑆𝑈 ⊗ Z[12 ] ∼= Z[12 ][𝑦2, 𝑦3, . . .]. Finally, in Section 5 we descibe the Hurewicz homomorphism and compute
the Milnor genus 𝑠𝑛(𝑦𝑛).

I wish to express gratitude to my supervisor Taras E. Panov for stating the problem, valuable advice and
countless hours of discussions. I thank my advisor Alexander A. Gaifullin for stimulating discussions and
significant contribution to this work.

2. Preliminaries

In this section we recall necessary facts and notation. To fully explore the topics listed below, we recom-
mend the following sources [Sw, St, CF1, MS, MT, SE, Ra].

Let 𝐺 denote either the unitary group 𝑈 or the special unitary group 𝑆𝑈 . Denote by 𝑀𝐺 corresponding
Thom spectrum, i.e. the spectrum whose spaces are Thom spaces of the universal vector 𝐺(𝑛)-bundles.

By the fundamental theorem of Pontryagin and Thom, the homotopy groups of the Thom spectrum 𝑀𝐺
are isomorphic to the bordism ring of manifolds with a 𝐺-structure on the stable normal bundle.

The main technical tool for computations of 𝜋∙(𝑀𝐺) will be the Adams spectral sequence. We first recall
some basic facts about Steenrod operations.

Let 𝑋 be a topological space and 𝑘 be a non-negative integer. There are natural cohomology operations
called Steenrod operations

𝑆𝑞𝑘 : 𝐻𝑛(𝑋;F2) → 𝐻𝑛+𝑘(𝑋;F2),

and for an odd prime 𝑝

𝑃 𝑘 : 𝐻𝑛(𝑋;F𝑝) → 𝐻𝑛+2𝑛(𝑝−1)(𝑋;F𝑝).
These operations are defined by the following properties.

(1) 𝑆𝑞𝑘 is F2-linear, 𝑃 𝑘 is F𝑝-linear.
(2) 𝑆𝑞0 = 1 and 𝑃 0 = 1.
(3) 𝑆𝑞1 is the Bockstein homomorphism.
(4) If 𝑘 > deg 𝑥 then 𝑆𝑞𝑘(𝑥) = 0. If 2𝑘 > deg 𝑧 then 𝑃 𝑘(𝑧) = 0.
(5) If 𝑘 = deg 𝑥, the 𝑆𝑞𝑘(𝑥) = 𝑥2. If 2𝑘 = deg 𝑧, then 𝑃 𝑘(𝑧) = 𝑧𝑝.

(6) (Cartan formula) 𝑆𝑞𝑘(𝑥𝑦) =
∑︀𝑘

𝑖=0 𝑆𝑞
𝑖(𝑥)𝑆𝑞𝑘−𝑖(𝑦), 𝑃 𝑘(𝑧𝑤) =

∑︀𝑘
𝑖=0 𝑃

𝑖(𝑧)𝑃 𝑘−𝑖(𝑤).
(7) (Adem relations) If 0 < 𝑙 < 2𝑘, then

𝑆𝑞𝑙𝑆𝑞𝑘 =

𝑙/2∑︁
𝑖=0

(︂
𝑘 − 𝑖− 1

𝑙 − 2𝑖

)︂
𝑆𝑞𝑘+𝑙−𝑖𝑆𝑞𝑖.
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If 0 < 𝑙 < 𝑝𝑘, then

𝑃 𝑙𝑃 𝑘 =

𝑙/𝑝∑︁
𝑖=0

(−1)𝑙+𝑖
(︂

(𝑝− 1)(𝑘 − 𝑖) − 1

𝑙 − 𝑝𝑖

)︂
𝑃 𝑘+𝑙−𝑖𝑃 𝑖,

𝑃 𝑙𝛽𝑃 𝑘 =

𝑙/𝑝∑︁
𝑖=0

(−1)𝑙+𝑖
(︂

(𝑝− 1)(𝑘 − 𝑖)

𝑙 − 𝑝𝑖

)︂
𝛽𝑃 𝑘+𝑙−𝑖𝑃 𝑖

+

(𝑙−1)/𝑝∑︁
𝑖=0

(−1)𝑙+𝑖
(︂

(𝑝− 1)(𝑘 − 𝑖) − 1

𝑙 − 𝑝𝑖

)︂
𝑃 𝑘+𝑙−𝑖𝛽𝑃 𝑖,

where 𝛽 : 𝐻𝑛(𝑋;F𝑝) → 𝐻𝑛+1(𝑋;F𝑝) is the mod 𝑝 Bockstein homomorphism.

For a prime 𝑝, define the mod 𝑝 Steenrod algebra A𝑝 to be the free F𝑝-algebra generated by 𝑆𝑞𝑘, 𝑘 > 1, if

𝑝 = 2, or by 𝛽 and 𝑃 𝑘, 𝑘 > 1, if 𝑝 is odd, modulo the Adem relations. By the Cartan-Serre theorem, the
admissible monomials form an additive basis of A2 (resp. A𝑝).

The Steenrod algebra is a Hopf algebra, with a coproduct induced by the map of the Eilenberg-MacLane
spectra

𝐻F𝑝 ≃ Σ∞𝑆0 ∧𝐻F𝑝
𝜂∧1−−→ 𝐻F𝑝 ∧𝐻F𝑝.

The following theorems describes the structure of its dual Hopf algebra A*
𝑝.

Theorem 2.1 (Milnor [Mi1]). For 𝑝 = 2, let 𝜉𝑛 ∈ (A*
2)2𝑛−1 be the dual basis element

𝜉𝑛 = (𝑆𝑞2
𝑛−1

𝑆𝑞2
𝑛−2 · · ·𝑆𝑞2𝑆𝑞1)*.

For odd 𝑝, let 𝜉𝑛 ∈ (A*
𝑝)2(𝑝𝑛−1) and 𝜏𝑛 ∈ (A*

𝑝)2𝑝𝑛−1 be the dual basis elements

𝜉𝑛 = (𝑃 𝑝
𝑛−1

𝑃 𝑝
𝑛−2 · · ·𝑃 𝑝𝑃 1)*,

𝜏𝑛 = (𝑃 𝑝
𝑛−1

𝑃 𝑝
𝑛−2 · · ·𝑃 𝑝𝑃 1𝛽)*.

Then for 𝑝 = 2, we have an isomorphism of algebras

A*
2
∼= F2[𝜉1, 𝜉2, . . .],

and for odd 𝑝, we have an isomorphism of algebras

A*
𝑝
∼= F𝑝[𝜉1, 𝜉2, . . .] ⊗F𝑝 ΛF𝑝 [𝜏0, 𝜏1, . . .].

Let 𝜉0 = 1. The coproduct on A*
𝑝 is given by

∆(𝜉𝑛) =
𝑛∑︁
𝑘=0

𝜉𝑝
𝑘

𝑛−𝑘 ⊗ 𝜉𝑘, for all 𝑝;

∆(𝜏𝑛) = 𝜏𝑛 ⊗ 1 +
𝑛∑︁
𝑘=0

𝜉𝑝
𝑘

𝑛−𝑘 ⊗ 𝜏𝑘, for odd 𝑝.

Theorem 2.2 (Brown-Davis-Peterson [BDP, Theorem 1.2]). Let 𝜉 = 1 + 𝜉1 + 𝜉2 + . . . If 𝑅 = (𝑟1, 𝑟2, . . .) is
a finite sequence of non-negative integers, let 𝜉𝑅 = 𝜉𝑟11 𝜉

𝑟2
2 · · · ∈ A*

𝑝, 𝑒(𝑅) =
∑︀

𝑖>1 𝑟𝑖, 𝑛(𝑅) =
∑︀

𝑖>1 𝑟𝑖(𝑝
𝑖 − 1),

and
(︀
𝑒(𝑅)
𝑟1,𝑟2,...

)︀
the multinomial coefficient. Then for each integer 𝑘,

𝜉𝑘 =
∑︁
𝑅

(︂
𝑐(𝑛(𝑅) + 𝑘 + 1)

𝑒(𝑅)

)︂(︂
𝑒(𝑅)

𝑟1, 𝑟2, . . .

)︂
𝜉𝑅,

where 𝑐(𝑚) = 𝑝𝑖 −𝑚, with 𝑖 the smallest integer such that 𝑝𝑖 −𝑚 is positive.
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For an abelian group 𝐺, let

𝑝∞𝐺 =

∞⋂︁
𝑟=1

𝑝𝑟𝐺,

be the subgroup of elements divisible by 𝑝𝑟 for any 𝑟 > 1, and let

𝐺𝑝 = 𝐺/𝑝∞𝐺.

If 𝐺 is finitely generated, then the latter equals 𝐺 modulo torsion of order prime to 𝑝.

Theorem 2.3 (Adams Spectral Sequence). Let 𝑝 be a prime, and let 𝑋 be a ring spectrum of finite type.
Then there is a natural multiplicative spectral sequence

𝐸𝑠,𝑡2
∼= Ext𝑠A𝑝

(︀
𝐻 ∙(𝑋;F𝑝),F𝑝

)︀
𝑡

=⇒ 𝜋𝑡−𝑠(𝑋)𝑝,

where
𝑑𝑟 : 𝐸𝑠,𝑡𝑟 → 𝐸𝑠+𝑟+1,𝑡+𝑟

𝑟 .

An element 𝑥 in A*
𝑝-comodule is called primitive if it maps to 1 ⊗ 𝑥 under the structure map.

Recall that 𝐻∙(𝑀𝑈 ;Z)is isomorphic to Z[𝑏1, 𝑏2, . . .], where 𝑏𝑖 = 𝑗*
(︀
(𝑐𝑖1)

*)︀ and 𝑗 : C𝑃∞ → 𝑀𝑈 is the
canonical map. The following theorem describes the A*

𝑝-coalgebra structure of 𝐻∙(𝑀𝑈 ;F𝑝).

Theorem 2.4 ([Sw, Chapter 20]). Let 𝑃𝐻∙(𝑀𝑈 ;F𝑝) be the subalgebra of primitive elements of 𝐻∙(𝑀𝑈 ;F𝑝).
Then

𝑃𝐻∙(𝑀𝑈 ;F𝑝) = F𝑝[𝑥𝑘 | 𝑘 > 1, 𝑘 ̸= 𝑝𝑡 − 1], deg 𝑥𝑘 = 2𝑘.

Furthermore,
𝐻∙(𝑀𝑈 ;F𝑝) ∼= A′

𝑝 ⊗F𝑝 𝑃𝐻∙(𝑀𝑈 ;F𝑝),
as F𝑝-algebras and A*

𝑝-comodules, where

A′
𝑝 = (A𝑝/(𝛽))* ∼=

{︃
F2[𝜉

2
1 , 𝜉

2
2 , . . .] if 𝑝 = 2;

F𝑝[𝜉1, 𝜉2, . . .] if 𝑝 is odd.

3. Homology of the Thom spectrum 𝑀𝑆𝑈

We begin with collecting the necessary information about homology of the classifying space 𝐵𝑆𝑈 .

Lemma 3.1. [Ad, Lemma 2.4] There is an algebra isomorphism

𝐻∙(𝐵𝑆𝑈 ;Z) ∼= Z[𝑦2, 𝑦3, . . .].

for suitable 𝑦𝑖 ∈ 𝐻2𝑖(𝐵𝑆𝑈 ;Z), 𝑖 = 2, 3, . . .

Remark 3.2. Lemma 3.1 can be easily generalised. Namely, 𝐸∙(𝐵𝑆𝑈) ∼= 𝜋∙(𝐸)[𝑌2, 𝑌3, . . .] for any complex
oriented spectrum 𝐸.

Lemma 3.3. Homology 𝐻∙(𝐵𝑆𝑈 ;Z) is a subalgebra of 𝐻∙(𝐵𝑈 ;Z).

Proof. Consider the canonical fibration 𝐵𝑆𝑈
𝑓−→ 𝐵𝑈

det−−→ C𝑃∞. The latter map corresponds to the first
Chern class 𝑐1 ∈ 𝐻2(𝐵𝑈 ;Z) ∼= [𝐵𝑈,C𝑃∞]. Since the maps in the fibration are maps of 𝐻-spaces, they
induce algebra homomorphisms in homology. Note that 𝑓* : 𝐻∙(𝐵𝑆𝑈 ;Z) → 𝐻∙(𝐵𝑈 ;Z) is monic. Therefore,
𝐻∙(𝐵𝑆𝑈 ;Z) ∼= Im 𝑓* is a subalgebra of 𝐻∙(𝐵𝑈 ;Z). �

Lemma 3.4. The 𝑝-th power of any element 𝐻∙(𝐵𝑈 ;F𝑝) lies in 𝐻∙(𝐵𝑆𝑈 ;F𝑝).

Proof. Consider cohomology 𝐻 ∙(𝐵𝑈 ;Z) as a Z[𝑐1]-module. Dualising the action map Z[𝑐1]⊗Z𝐻
∙(𝐵𝑈 ;Z) →

𝐻 ∙(𝐵𝑈 ;Z) we obtain a coaction

𝜓 : 𝐻∙(𝐵𝑈 ;Z) → ΓZ[𝛽1] ⊗Z 𝐻∙(𝐵𝑈 ;Z),

where ΓZ[𝛽1] is a divided polynomial algebra. The subcoalgebra 𝑃𝜓𝐻∙(𝐵𝑈 ;Z) of primitive elements is
isomorphic to Im 𝑓* ∼= 𝐻∙(𝐵𝑆𝑈 ;Z). In particular, since for any non-constant 𝑥 ∈ ΓZ[𝛽1] ⊗Z F𝑝 its 𝑝-th
power is zero, the 𝑝-th power of any element of 𝐻∙(𝐵𝑈 ;F𝑝) actually lies in 𝐻∙(𝐵𝑆𝑈 ;F𝑝). �
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The Thom isomorphism Φ: 𝐻∙(𝐵𝑆𝑈 ;Z) → 𝐻∙(𝑀𝑆𝑈 ;Z) is an algebra isomorphism, which implies

𝐻∙(𝑀𝑆𝑈 ;Z) ∼= Z[𝑌2, 𝑌3, . . .].

It follows that the 𝑝-th power of any element of 𝐻∙(𝑀𝑈 ;F𝑝) lies in 𝐻∙(𝑀𝑆𝑈 ;F𝑝).
The following theorem describes specific polynomial generators of 𝐻∙(𝑀𝑈 ;F𝑝) which are compatible with

the inclusion 𝑓* : 𝐻∙(𝑀𝑆𝑈 ;F𝑝) → 𝐻∙(𝑀𝑈 ;F𝑝).

Theorem 3.5 (cf. [Pe]). Let 𝑝 be an odd prime. There are elements 𝑧𝑛 ∈ 𝐻2𝑛(𝑀𝑈 ;F𝑝), 𝑛 > 1, such that
the following hold

(i) 𝐻∙(𝑀𝑈 ;F𝑝) ∼= F𝑝[𝑧1, 𝑧2, . . .];
(ii) the composite

𝐺 : 𝐻∙(𝑀𝑈 ;F𝑝)
𝜌−→ A′

𝑝 ⊗F𝑝 𝐻∙(𝑀𝑈 ;F𝑝)
1⊗𝜋−−−→ A′

𝑝 ⊗F𝑝 𝐻∙(𝑀𝑈 ;F𝑝)/(𝑧𝑖, 𝑖 = 𝑝𝑡 − 1),

where 𝜌 is the left coaction map and 𝜋 is the canonical projection, is an isomorphism of F𝑝-algebras
and A*

𝑝-comodules. Here the structure of an A*
𝑝-comodule of the latter algebra is given by the coaction

on the first tensor factor ;
(iii) 𝐺(𝑧𝑝𝑡−1) = −𝜉𝑡 ⊗ 1, 𝑡 > 1, where 𝜉𝑡 is the Hopf conjugate of 𝜉𝑡, and 𝐺(𝑧𝑛) = 1 ⊗ 𝑧𝑛, 𝑛 ̸= 𝑝𝑡 − 1;
(iv) if 𝑌𝑛 ∈ 𝐻2𝑛(𝑀𝑈 ;F𝑝), 𝑛 > 2, are defined by

𝑌𝑛 =

{︃
𝑧𝑝𝑛/𝑝 if 𝑛 = 𝑝𝑡;

𝑧𝑛 otherwise;

then 𝐻∙(𝑀𝑆𝑈 ;F𝑝) ∼= F𝑝[𝑌2, 𝑌3, . . .] ⊂ 𝐻∙(𝑀𝑈 ;F𝑝).

Proof. If 𝑛 ̸= 𝑝𝑡, 𝑝𝑡 − 1, let 𝑧𝑛 be the Hurewicz image of the 𝑛-dimensional 𝑆𝑈 -manifold 𝑀𝑛, where
{𝑀𝑛}𝑛 ̸=𝑝𝑡,𝑝𝑡−1 are polynomial generators of 𝜋∙(𝑀𝑈)⊗ZF𝑝 in the given degrees. Such manifolds are described,
for example, in [St, p. 240–242]. Note that 𝑧𝑛 is primitive as it is the Hurewicz image.

If 𝑛 = 𝑝𝑡, take 𝑧𝑛 = 𝑥𝑝𝑡 ∈ 𝐻2𝑝𝑡(𝑀𝑈 ;F𝑝), where 𝑥𝑝𝑡 is from Theorem 2.4. Elements 𝑧𝑛 are primitive by
the very definition.

Finally, if 𝑛 = 𝑝𝑡−1, let 𝑧𝑝𝑡−1 = Φ(𝑐*𝑝𝑡−1), 𝑡 > 1, where 𝑐*𝑝𝑡−1 ∈ 𝐻∙(𝐵𝑈 ;F𝑝) is the dual of 𝑐𝑝𝑡−1 with respect

to the monomial basis in the 𝑐𝑖. Clearly, 𝑧𝑝𝑡−1 ∈ 𝐻∙(𝑀𝑆𝑈 ;F𝑝) for all 𝑡 > 1. To compute the coaction of
𝑧𝑝𝑡−1 we use the following theorem.

Theorem 3.6 (Brown-Davis-Peterson [BDP, Theorem 1.1]). Let 𝜉 = 1+ 𝜉1 + 𝜉2 + . . . and 𝐶* = 1+Φ(𝑐*1)+
Φ(𝑐*2) + . . . Then for the right action 𝐻 ∙(𝑀𝑈 ;F𝑝) ⊗F𝑝 A𝑝 → 𝐻 ∙(𝑀𝑈 ;F𝑝), the dual right coaction ∆ maps
𝐶* to

∆(𝐶*) = −1 ⊗ 𝜉−1 +
∑︁
𝑖>1

Φ(𝑐*𝑖 ) ⊗ 𝜉𝑖−1.

Here and further 𝜓 ∈ A*
𝑝 is Hopf conjugate of 𝜓 ∈ A*

𝑝,

Corollary 3.7. ∆(𝑧𝑝𝑡−1) = −1 ⊗ 𝜉𝑡 +
𝑡−1∑︀
𝑠=0

𝑧𝑝
𝑠

𝑝𝑡−𝑠−1
⊗ 𝜉𝑠. Equivalently, 𝜌(𝑧𝑝𝑡−1) = −𝜉𝑡 ⊗ 1 +

𝑡−1∑︀
𝑠=0

𝜉𝑠 ⊗ 𝑧𝑝
𝑠

𝑝𝑡−𝑠−1
.

Proof. For 𝜁 ∈ A*
𝑝, denote by 𝜁𝑛 the component of degree 𝑛.

Since Φ(𝑐*𝑝𝑡−1) = 𝑧𝑝𝑡−1, the formula from Theorem 3.6 gives

∆(𝑧𝑝𝑡−1) = −1 ⊗ (𝜉−1)2(𝑝𝑡−1) +
∑︁
𝑖>1

Φ(𝑐*𝑖 ) ⊗ (𝜉𝑖−1)2(𝑝𝑡−𝑖−1).(1)

First, it follows easily from Theorem 2.2 that (𝜉−1)2(𝑝𝑡−1) = 𝜉𝑡.
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By Theorem 2.2,

(𝜉𝑖−1)2(𝑝𝑡−𝑖−1) =
∑︁

𝑛(𝑅)=𝑝𝑡−𝑖−1

(︂
𝑐((𝑝𝑡 − 𝑖− 1) + (𝑖− 1) + 1)

𝑒(𝑅)

)︂(︂
𝑒(𝑅)

𝑟1, 𝑟2, . . .

)︂
𝜉𝑅

=
∑︁

𝑛(𝑅)=𝑝𝑡−𝑖−1

(︂
1

𝑒(𝑅)

)︂(︂
𝑒(𝑅)

𝑟1, 𝑟2, . . .

)︂
𝜉𝑅 =

{︃
0 if 𝑖 ̸= 𝑝𝑡 − 𝑝𝑠;

𝜉𝑠 if 𝑖 = 𝑝𝑡 − 𝑝𝑠.

The last identity holds because
(︀

1
𝑒(𝑅)

)︀
= 0 unless 𝑅 = (0, . . . , 1, 0, . . .), in which case 𝑛(𝑅) = 𝑝𝑠 − 1, 𝑠 > 1.

Finally, Φ(𝑐*𝑝𝑘) = Φ(𝑐*𝑘)
𝑝, hence Φ(𝑐𝑝𝑡−𝑝𝑠) = 𝑧𝑝

𝑡−𝑠

𝑝𝑠−1. Substituting these expressions into (1), we obtain

∆(𝑧𝑝𝑡−1) = −1 ⊗ 𝜉𝑡 +

𝑡−1∑︁
𝑠=0

𝑧𝑝
𝑠

𝑝𝑡−𝑠−1
⊗ 𝜉𝑠

as needed. �

We resume the proof of Theorem 3.5. Since 𝜌 is multiplicative, it follows from the corollary above that
𝑧𝑝𝑡−1 is indecomposable in 𝐻∙(𝑀𝑈 ;F𝑝). The elements 𝑧𝑖, 𝑖 ̸= 𝑝𝑡 − 1, are indecomposable in 𝐻∙(𝑀𝑈 ;F𝑝) by
their construction. This proves assertion (i). Assertions (ii)–(iii) are clear. If 𝑛 ̸= 𝑝𝑡, then 𝑧𝑛 actually lies
in the image of 𝐻∙(𝑀𝑆𝑈 ;F𝑝). Therefore, they are polynomial generators of 𝐻∙(𝑀𝑆𝑈 ;F𝑝). By Lemma 3.4,
𝑧𝑝
𝑝𝑡−1 , 𝑡 > 1, lies in 𝐻∙(𝑀𝑆𝑈 ;F𝑝). And finally, by [Ad, Lemma 2.1], 𝑧𝑝

𝑝𝑡−1 ∈ 𝐻𝑝𝑡(𝑀𝑆𝑈 ;F𝑝), 𝑡 > 1 are

polynomial generators. �

Corollary 3.8. There are polynomial generators 𝑌𝑛 ∈ 𝐻2𝑛(𝑀𝑆𝑈), ̸= 𝑝𝑡 such that 𝑓*(𝑌𝑛) = ±𝑏𝑛 modulo
decomposables.

We summarise the results above in the following description of the A*
𝑝-coalgebra structure of 𝐻∙(𝑀𝑆𝑈 ;F𝑝),

it is similar to Theorem 2.4.

Theorem 3.9. Let 𝑝 be an odd prime. There are elements 𝑌𝑛 ∈ 𝐻2𝑛(𝑀𝑆𝑈 ;F𝑝) such that

𝐻∙(𝑀𝑆𝑈 ;F𝑝) ∼= F𝑝[𝑌2, 𝑌3, . . .].

The left coaction 𝜌 : 𝐻∙(𝑀𝑆𝑈 ;F𝑝) → A*
𝑝 ⊗F𝑝 𝐻∙(𝑀𝑆𝑈 ;F𝑝) is given by

𝑌𝑛 ↦→

⎧⎨⎩−𝜉𝑡 ⊗ 1 +
𝑡−1∑︀
𝑠=0

𝜉𝑠 ⊗ 𝑌 𝑝𝑠

𝑝𝑡−𝑠−1
if 𝑛 = 𝑝𝑡 − 1;

𝑌𝑛 otherwise.

In particular, the subalgebra 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝) of primitive elements under this coaction is isomorphic to

F𝑝[𝑌𝑛, 𝑛 ̸= 𝑝𝑡 − 1, 𝑛 > 2], deg 𝑌𝑛 = 2𝑛.

Futhermore, the composite

𝐻∙(𝑀𝑆𝑈 ;F𝑝)
𝜌−→A′

𝑝 ⊗F𝑝 𝐻∙(𝑀𝑆𝑈 ;F𝑝)
1⊗𝜋−−−→A′

𝑝 ⊗F𝑝 𝐻∙(𝑀𝑆𝑈 ;F𝑝)/(𝑌𝑖, 𝑖 = 𝑝𝑡 − 1) = A′
𝑝 ⊗F𝑝 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)

is an isomorphism of F𝑝-algebras and A*
𝑝-comodules. Moreover, this composite is given by

𝑌𝑛 ↦→

{︃
−𝜉𝑡 ⊗ 1 if 𝑛 = 𝑝𝑡 − 1;

1 ⊗ 𝑌𝑛 otherwise.
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4. Novikov’s theorem

In this section we compute 𝜋∙(𝑀𝑆𝑈) ⊗ Z[12 ] using the modern adaptation of the Novikov’s original proof
(see [No2]).

Theorem 4.1 (Novikov [No2]). There are elements 𝑦𝑛 ∈ 𝜋2𝑛(𝑀𝑆𝑈) ⊗ Z[12 ], 𝑛 = 2, 3, . . ., such that

𝜋∙(𝑀𝑆𝑈) ⊗ Z[12 ] ∼= Z[12 ][𝑦2, 𝑦3, . . .].

Proof. For an odd prime 𝑝, consider the mod 𝑝 Adams spectral sequence for 𝜋∙(𝑀𝑆𝑈) with the second
term

𝐸𝑠,𝑡2
∼= Cotor𝑠A*

𝑝

(︀
F𝑝, 𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
𝑡
.

By Theorem 3.9, 𝐻∙(𝑀𝑆𝑈 ;F𝑝) ∼= A′
𝑝 ⊗ 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝), where A′

𝑝 = F𝑝[𝜉1, 𝜉2, . . .] and 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝) =

F𝑝[𝑌𝑛, 𝑛 ̸= 𝑝𝑡 − 1, 𝑛 > 2], deg 𝑌𝑛 = 2𝑛, is the subcoalgebra of primitive elements.
By The Change of Rings Theorem (see [Li]),

Cotor∙
A*
𝑝

(︀
F𝑝, 𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
∙ = Cotor∙

A*
𝑝

(︀
F𝑝,A′

𝑝 ⊗F𝑝 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)
)︀
∙

= Cotor∙
A*
𝑝

(︀
F𝑝,A′

𝑝

)︀
∙ ⊗F𝑝 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)

= Cotor∙
A*
𝑝//A

′
𝑝
(F𝑝,F𝑝)∙ ⊗F𝑝 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝).

By Theorem 2.1, A*
𝑝//A

′
𝑝
def
= A*

𝑝/(A
*
𝑝 ·A′

𝑝) = ΛF𝑝 [𝜏0, 𝜏1, . . .], deg 𝜏𝑡 = 2𝑝𝑡 − 1, is an exterior algebra of finite
type. Therefore, Cotor∙

A*
𝑝//A

′
𝑝
(F𝑝,F𝑝)∙ is a polynomial algebra

Cotor∙
A*
𝑝//A

′
𝑝
(F𝑝,F𝑝)∙ = F𝑝[𝑞0, 𝑞1, . . .], 𝑞𝑡 ∈ Cotor1A*

𝑝//A
′
𝑝
(F𝑝,F𝑝)2𝑝𝑡−1.

Therefore, for odd prime 𝑝 the second term of the Adams spectral sequence has the following form

𝐸
∙,∙
2 = F𝑝[𝑞0, 𝑞1, . . .] ⊗F𝑝 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)

= F𝑝[𝑞0, 𝑞1, . . .] ⊗F𝑝 F𝑝[𝑌𝑛, 𝑛 ̸= 𝑝𝑡 − 1, 𝑛 > 2]

= F𝑝[𝑞0] ⊗F𝑝 F𝑝[𝑚2,𝑚3, . . .],

where 𝑞0 ∈ 𝐸1,1
2 and

𝑚𝑛 =

{︃
𝑞𝑡 ∈ 𝐸1,2𝑛+1

2 if 𝑛 = 𝑝𝑡 − 1 for some 𝑡 > 0;

𝑌𝑛 ∈ 𝐸0,2𝑛
2 otherwise.

Note that 𝐸𝑠,𝑡2 is zero whenever 𝑡− 𝑠 is odd. Therefore, since the differentials reduce 𝑡− 𝑠 by 1, 𝑑𝑟 = 0 for
every 𝑟 = 2, 3, . . . and 𝐸

∙,∙
2 = 𝐸

∙,∙
∞. One can easily show that

𝑞0 ∈ 𝐸1,1
2 = Cotor1A*

𝑝//A
′
𝑝
(F𝑝,F𝑝)1

is represented by 𝑝 ∈ 𝜋0(𝑀𝑆𝑈) ∼= Z. Thus, for every odd prime 𝑝 there is an isomorphism of abelian groups

𝜋∙(𝑀𝑆𝑈)𝑝 ∼= Z[𝑚2,𝑚3, . . .].

Next we show that there is a ring isomorphism

𝜋∙(𝑀𝑆𝑈) ⊗Z F𝑝 ∼= F𝑝[𝑃2, 𝑃3, . . .]

for some 𝑃𝑖 = 𝑃𝑖(𝑝) ∈ 𝜋2𝑖(𝑀𝑆𝑈).
Let 𝑃𝑖 ∈ 𝜋2𝑖(𝑀𝑆𝑈), 𝑖 = 2, 3, . . . be elements corresponding to 𝑚𝑖 ∈ 𝐸

∙,∙
∞ in the mod 𝑝 Adams spectral

sequence for 𝑀𝑆𝑈 . Note that our choice depends on 𝑝. Since 𝑚𝛼, 𝛼 = {𝛼1, . . . , 𝛼𝑘, 0, . . .} ∈
⨁︀∞

𝑖=0 Z are
linearly independent in the Adams spectral sequence, it follows that the monomials 𝑃𝛼 = 𝑃𝛼1

1 · · ·𝑃𝛼𝑘
𝑘 are

linearly independent. We have to prove that the monomials 𝑃𝛼 generate 𝜋∙(𝑀𝑆𝑈) ⊗Z F𝑝.
[Sw, Lemma 20.28] states that for every 𝑞 ∈ Z>0 there is 𝑡 ∈ Z>0 such that a filtration term 𝐹 𝑡,𝑞+𝑡 is

trivial mod 𝑝, i.e. 𝐹 𝑡,𝑞+𝑡⊗Z F𝑝 = 0. Now using downward induction over 𝑠 starting at 𝑠 = 𝑡, we show that
monomials 𝑃𝛼 of degree 𝑞 and of filtration at least 𝑠 span 𝐹 𝑠,𝑞+𝑠⊗ZF𝑝. Let {𝑚𝛼, 𝛼 ∈

⨁︀∞
𝑖=0 Z} be monomials

in 𝑚𝑖 in 𝐸𝑠−1,𝑞+𝑠−1
∞ , then any 𝑥 ∈ 𝐹 𝑠−1,𝑞+𝑠−1 ⊗Z F𝑝 can be written as 𝑥 =

∑︀
𝑎𝑖𝑃

𝛼𝑖mod𝐹 𝑠,𝑞+𝑠, because
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the projection 𝐹 𝑠−1,𝑞+𝑠−1 → 𝐸𝑠−1,𝑞+𝑠−1
∞ sends 𝑃𝛼𝑖 to 𝑚𝛼𝑖 , 𝑖 = 1, . . . , 𝑘. Now we can use the inductive

assumption to prove that the monomials 𝑃𝛼 generate 𝜋∙(𝑀𝑆𝑈) ⊗Z F𝑝.
Finally, Theorem 4.1 follows from the fact that if a graded ring of finite type𝑅 is isomorphic to F𝑝[𝑃2, 𝑃3, . . .],

deg𝑃𝑖 = 2𝑖 modulo an odd prime 𝑝 then its localisation 𝑅[12 ] is isomorphic to Z[12 ][𝑦2, 𝑦3, . . .], deg 𝑦𝑖 = 2𝑖. �

5. Multiplicative generators

In this section we compute characteristic numbers of polynomial generators of 𝜋∙(𝑀𝑆𝑈)⊗Z[12 ]. We start
from the description of the mod 𝑝 Hurewicz homomorphism in terms of the mod 𝑝 Adams spectral sequence.

Proposition 5.1. Let 𝑋 be a spectrum of finite type. Then the mod 𝑝 Hurewicz homomorphism

ℎ : 𝜋∙(𝑋) → 𝐻∙(𝑋;F𝑝)

coincides with the composite map

𝜋∙(𝑋) → 𝐸0,∙
∞ →˓ 𝐸0,∙

2 = 𝑃𝐻∙(𝑋;F𝑝) →˓ 𝐻∙(𝑋;F𝑝),

where 𝐸0,∙
∞ and 𝐸0,∙

2 are terms of the mod 𝑝 Adams spectral sequence.

Proof. Note that the map

ℎ′ : 𝑋 ≃ Σ∞𝑆0 ∧𝑋
𝜂𝐻F𝑝∧1𝑋−−−−−−→ 𝐻F𝑝 ∧𝑋

induces the mod 𝑝 Hurewicz homomorphism in homotopy groups. Thus, we have a map of mod 𝑝 Adams
spectral sequences (ℎ′*)𝑟 : 𝐸

∙,∙
𝑟 → �̄�

∙,∙
𝑟 , 𝑟 > 2, for 𝜋∙(𝑋) and 𝜋∙(𝐻F𝑝 ∧𝑋) ∼= 𝐻∙(𝑋;F𝑝) induced by ℎ′. Since

𝐻∙(𝐻F𝑝 ∧𝑋;F𝑝) ∼= A*
𝑝 ⊗F𝑝 𝐻∙(𝑋;F𝑝), it follows that

�̄�𝑠,
∙

2 = Cotor𝑠A*
𝑝

(︀
F𝑝, 𝐻∙(𝐻F𝑝 ∧𝑋;F𝑝)

)︀
∙ = 0, if 𝑠 > 0

and

�̄�0,∙
2 = Cotor𝑠A*

𝑝

(︀
F𝑝, 𝐻∙(𝐻F𝑝 ∧𝑋;F𝑝)

)︀
∙
∼= F𝑝�A*

𝑝
𝐻∙(𝐻F𝑝 ∧𝑋;F𝑝) = 𝐻∙(𝑋;F𝑝).

The proposition now follows from the following decomposition of the Hurewicz homomorphism

𝜋∙(𝑋) 𝐻∙(𝑋;F𝑝)

𝐸0,∙
∞ �̄�0,∙

∞

𝐸0,∙
2 �̄�0,∙

2

ℎ

∼=

(ℎ′*)∞

(ℎ′*)2

and the fact that (ℎ′*)2 equals to the following composition 𝐸0,∙
2

∼= 𝑃𝐻∙(𝑋;F𝑝) →˓ 𝐻∙(𝑋;F𝑝). �

For any positive integer 𝑛 define

𝜆𝑛 =

{︃
𝑝 if 𝑛+ 1 = 𝑝𝑡 for some positive 𝑡 and prime 𝑝;

1 otherwise.

Theorem 5.2 (Novikov [No2]). Let ℎ : 𝜋∙(𝑀𝑆𝑈) ⊗ [12 ] → 𝐻∙(𝑀𝑆𝑈 ;Z[12 ]) be the Hurewicz homomorphism
and let 𝑓 : 𝑀𝑆𝑈 → 𝑀𝑈 be the canonical map. Then there exist polynomial generators 𝑦𝑛 ∈ 𝜋2𝑛(𝑀𝑆𝑈) ⊗
Z[12 ], 𝑛 > 2, such that

𝑓*ℎ(𝑦𝑛) = ±𝜆𝑛𝜆𝑛−1𝑏𝑛

modulo decomposable elements in 𝐻2𝑛(𝑀𝑈 ;Z[12 ]), where 𝑏𝑛 ∈ 𝐻2𝑛(𝑀𝑈) is a canonical polynomial generator.

Therefore, 𝑦𝑛 ∈ 𝜋2𝑛(𝑀𝑆𝑈) ⊗ Z[12 ] can be taken as a polynomial generator if and only if

𝑠𝑛(𝑦𝑛) = ±𝜆𝑛𝜆𝑛−1

up to a power of 2.
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Proof. Case 1: 𝑛 ̸= 𝑝𝑡− 1 for an odd prime 𝑝. By Proposition 5.1, 𝑦𝑛 ∈ 𝜋∙(𝑀𝑆𝑈)⊗Z Z[12 ] is a polynomial
generator if and only if ℎ(𝑦𝑛) ∈ 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝) ∼= F𝑝[𝑌𝑛 | 𝑛 ̸= 𝑝𝑡 − 1, and 𝑛 > 2] is a polynomial generator,
in particular it is a polynomial generator of 𝐻∙(𝑀𝑆𝑈 ;F𝑝). Since this is true for every odd prime 𝑝, ℎ(𝑦𝑛) is
a polynomial generator of 𝐻∙(𝑀𝑆𝑈 ;Z[12 ]). Thus, ℎ(𝑦𝑛) = ±𝑌𝑛 modulo decomposables.

Suppose that 𝑛 ̸= 𝑝𝑡. Then 𝑓*(𝑌𝑛) = ±𝑏𝑛 modulo decomposables by Corollary 3.8. Hence, 𝑓*ℎ(𝑦𝑛) = ±𝑏𝑛
modulo decomposables, as needed.

Now suppose 𝑛 = 𝑝𝑡. Then 𝑓*(𝑌𝑛) = ±𝑝𝑏𝑛 modulo decomposables by [Ko, Theorem 3.3]. Therefore,
𝑓*ℎ(𝑦𝑛) = ±𝑝𝑏𝑛 = ±𝜆𝑛𝜆𝑛−1𝑏𝑛 modulo decomposables, as claimed.

Case 2: 𝑛 = 𝑝𝑡 − 1 for an odd prime 𝑝. Let 𝑦𝑛 ∈ 𝜋2𝑛(𝑀𝑆𝑈) ⊗ Z[12 ] be a polynomial generator. Then
ℎ(𝑦𝑛) is decomposable in 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝) ∼= F𝑝[𝑌𝑘 | 𝑘 ̸= 𝑝𝑡−1, and 𝑘 > 2] since there are no indecomposables
in degree 2(𝑝𝑡 − 1). Therefore, 𝑓*ℎ(𝑦𝑛) ∈ 𝐻2𝑛(𝑀𝑈 ;Z) is divisible by 𝑝 modulo decomposables. Argument
similar to the one in case 𝑛 ̸= 𝑝𝑡− 1 implies that ℎ(𝑦𝑛) is a polynomial generator of 𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑞) for any
prime 𝑞 ̸= 𝑝. Hence, 𝑓*ℎ(𝑦𝑛) is divisible by 𝑝 and is not divisible by any other prime 𝑞 modulo decomposables.
Therefore, 𝑓*ℎ(𝑦𝑛) = ±𝑝𝑘𝑏𝑛 modulo decomposables.

It remains to prove that 𝑘 = 1 above. In other words, we need to prove that ℎ(𝑦𝑛) is not divisible by 𝑝2

modulo decomposables. This can be done either algebraically as below, or by providing explicit examples
of 𝑆𝑈 -manifolds with an appropriate Milnor genus (see [CLP, Part II]).

Consider the map ℎ′ : 𝑀𝑆𝑈
𝜂𝐻Z∧1𝑀𝑆𝑈−−−−−−−→ 𝐻Z∧𝑀𝑆𝑈 that induces the Hurewicz homomorphism in homotopy

groups. The second term of the mod 𝑝 Adams spectral sequence for 𝐻Z ∧𝑀𝑆𝑈 is

�̄�𝑠,𝑡2 = Cotor𝑠A*
𝑝
(F𝑝;𝐻∙(𝐻Z ∧𝑀𝑆𝑈 ;F𝑝))𝑡 = Cotor𝑠A*

𝑝
(F𝑝;𝐻∙(𝐻Z;F𝑝))∙ ⊗F𝑝 𝐻∙(𝑀𝑆𝑈 ;F𝑝).

We have 𝐻∙(𝐻Z;F𝑝) ∼= F𝑝[𝜉1, 𝜉2, . . .] ⊗F𝑝 ΛF𝑝 [𝜏1, 𝜏2, . . .]. Also, A*
𝑝
∼= F𝑝[𝜉1, 𝜉2, . . .] ⊗F𝑝 ΛF𝑝 [𝜏0, 𝜏1, 𝜏2, . . .]

by Theorem 2.1. It follows that Cotor∙
A*
𝑝
(F𝑝;𝐻∙(𝐻Z;F𝑝))∙

∼= F𝑝[𝑞0], where 𝑞0 ∈ Cotor1A*
𝑝
(F𝑝;𝐻∙(𝐻Z;F𝑝))1

represents 𝑝 ∈ 𝜋0(𝐻Z).

Therefore, �̄�𝑠,𝑡2 = 0 when 𝑡 − 𝑠 is odd. As before, this implies that the spectral sequence degenerates in

the second term, i.e. �̄�𝑠,𝑡2 = �̄�𝑠,𝑡∞ .
The map ℎ′ induces the following map of Cotor:

(2) ℎ′* : Cotor𝑠A*
𝑝
(F𝑝;𝐻∙(𝑀𝑆𝑈 ;F𝑝))𝑡 → Cotor𝑠A*

𝑝
(F𝑝;𝐻∙(𝐻Z ∧𝑀𝑆𝑈 ;F𝑝))𝑡 ∼= F𝑝[𝑞0] ⊗F𝑝 𝐻∙(𝑀𝑆𝑈 ;F𝑝).

In order to describe this map, we consider the following diagram of cobar complexes:

(3)

𝐶∙
A*
𝑝

(︀
𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
𝐶∙
A*
𝑝//A

′
𝑝

(︀
𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀

𝐶∙
ΛF𝑝 [𝜏0]

(︀
𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
∼quasi

̃︀ℎ

In homology, the map ̃︀ℎ induces the map ℎ′* in (2).
Consider the class 𝑚𝑛 = 𝑞𝑡 ∈ Cotor1A*

𝑝

(︀
F𝑝, 𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
2𝑝𝑡−1

defined in the proof of Theorem 4.1. By

Cobar construction, it is represented by [𝜏𝑡] ∈ 𝐶∙
A*
𝑝//A

′
𝑝

(︀
𝑃𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
. The element

𝑄𝑡 = −
𝑡∑︁
𝑖=0

[𝜏𝑖]𝜉
𝑝𝑖

𝑡−𝑖 ∈ 𝐶∙
A*
𝑝

(︀
𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
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is a cycle that maps to −[𝜏𝑡] under the horizontal arrow in diagram (3). Indeed, recall that the conjugation
is a coalgebra antihomomorphism and the coproduct on A𝑝 is given in Theorem 2.1. Therefore, we have

𝑑𝑄𝑡 = −
𝑡∑︁
𝑖=0

[1|𝜏𝑖]𝜉𝑝
𝑖

𝑡−𝑖 +
𝑡∑︁
𝑖=0

[1|𝜏𝑖]𝜉𝑝
𝑖

𝑡−𝑖 +
𝑡∑︁
𝑖=0

𝑖∑︁
𝑘=0

[𝜏𝑘|𝜉𝑝
𝑘

𝑖−𝑘]𝜉
𝑝𝑖

𝑡−𝑖 −
𝑡∑︁
𝑖=0

𝑡−𝑖∑︁
𝑘=0

[𝜏𝑖|𝜉𝑝
𝑖

𝑘 ]𝜉𝑝
𝑖+𝑘

𝑡−𝑖−𝑘

=
∑︁
𝑎+𝑏=𝑐

06𝑎,𝑏,𝑐6𝑡

[𝜏𝑎|𝜉𝑝
𝑎

𝑏 ]𝜉𝑝
𝑐

𝑡−𝑐 −
∑︁
𝑎+𝑏=𝑐

06𝑎,𝑏,𝑐6𝑡

[𝜏𝑎|𝜉𝑝
𝑎

𝑏 ]𝜉𝑝
𝑐

𝑡−𝑐 = 0.

The horizontal arrow in diagram (3) maps all 𝜉𝑖’s except 𝜉0 = 1 to zero. Therefore, 𝑄𝑡 represents 𝑞𝑡 ∈
Cotor1A*

𝑝

(︀
F𝑝, 𝐻∙(𝑀𝑈 ;F𝑝)

)︀
2𝑝𝑡−1

.

Now we have ̃︀ℎ(𝑄𝑡) = [𝜏0]𝜉𝑡 ∈ 𝐶1
Λ[𝜏0]

(︀
𝐻∙(𝑀𝑆𝑈 ;F𝑝)

)︀
. Hence, (ℎ′)*(𝑞𝑡) = 𝑞0𝜉𝑡 ∈ �̄�1,2𝑝𝑡−1

2 . Since 𝑞0

represents the multiplication by 𝑝, the element ℎ(𝑦𝑛) ∈ 𝐻2𝑛(𝑀𝑆𝑈 ;Z[12 ]) is divisible precisely by 𝑝 modulo
decomposables. �

Corollary 5.3. There are polynomial generators 𝑦𝑖 ∈ 𝜋2𝑖(𝑀𝑆𝑈) ⊗Z Z[12 ], 𝑥𝑖 ∈ 𝜋2𝑖(𝑀𝑈) ⊗Z Z[12 ], 𝑌𝑖 ∈
𝐻2𝑖(𝑀𝑆𝑈 ;Z[12 ]) and 𝑋𝑖 ∈ 𝐻2𝑖(𝑀𝑈 ;Z[12 ]), such that the canonical maps are given as in the diagram below:

𝜋∙(𝑀𝑆𝑈) ⊗Z Z[12 ] 𝜋∙(𝑀𝑈) ⊗Z Z[12 ]

𝐻∙(𝑀𝑆𝑈 ;Z[12 ]) 𝐻∙(𝑀𝑈 ;Z[12 ])

𝑦𝑛 ↦→𝜆𝑛−1𝑥𝑛

𝑦
𝑛 ↦→

𝜆
𝑛
𝑌
𝑛

𝑥
𝑛 ↦→

𝜆
𝑛
𝑋

𝑛

𝑌𝑛 ↦→𝜆𝑛−1𝑋𝑛
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