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Abstract. Battaglia and Zaffran [4] computed the basic Betti numbers for the canonical
holomorphic foliation on a moment-angle manifold corresponding to a shellable fan. They
conjectured that the basic cohomology ring in the case of any complete simplicial fan has a
description similar to the cohomology ring of a complete simplicial toric variety due to Danilov
and Jurkiewicz [8]. In this work we prove the conjecture.

1. Introduction

The moment-angle complex ZK corresponding to a simplicial complex K is a topological
space build up as a union of products of polydiscs and tori with respect to combinatorial data
given by K; see [6] where it was first defined in this fashion. The spaces ZK carry natural
torus action. The research around these spaces has flourished during the last two decades with
the works of Buchstaber and Panov [6, 7], Bahri, Bendersky, Cohen and Gitler [1], Barreto
and Verjovsky [2,3] and many others. Panov, Ustinovskiy [14] and Tambour [16] showed that
an even-dimensional moment-angle manifold ZΣ corresponding to a complete simplicial fan Σ
admits complex structures invariant under the torus action. Then Ishida showed in [10] that
ZK admits an invariant complex structure only if K is the underlying complex of a complete
simplicial fan (in other words, K is a star-shaped sphere triangulation).

Another class of complex manifolds with holomorphic torus action was constructed by Bosio
in [5] and became known as LVMB-manifolds. Ishida showed in [10, Theorem 9.4] that complex
moment-angle manifolds are biholomorphic to LVMB-manifolds of certain type. Both com-
plex moment-angle manifolds and LVMB-manifolds are examples of complex manifolds with
maximal torus action, completely classified by Ishida in terms of simplicial fans [10].

Battaglia and Zaffran [4] considered a certain holomorphic foliation on a complex LVMB-
manifold, which later was shown by Ishida [11] to be a particular case of the canonical foliation
on any complex manifold with a holomorphic torus action. We review the construction of the
canonical foliation in Section 2. Battaglia and Zaffran computed the basic Betti numbers for
their foliation in the case when the associated complete fan is shellable. Their method consisted
in applying the Mayer–Vietoris sequence. They conjectured that the basic cohomology ring
has a description similar to the cohomology ring of a complete simplicial toric variety due
to Danilov and Jurkiewicz [8]. The conjecture was justified by the fact that in the case of a
complete regular fan the foliation becomes a locally trivial bundle over the associated toric
variety with fibre a holomorphic torus (see Remark 2.5).
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In this paper we prove this conjecture for all complex moment-angle manifolds with invariant
complex structure (see Theorem 3.4). Our approach is very different from that of Battaglia–
Zaffran and Ishida: it is based on the Eilenberg–Moore spectral sequence and formality of the
Cartan model for the torus action on ZK (see Lemma 3.2).

We note that our approach is applicable in the more general case of moment-angle mani-
folds ZK admitting a smooth structure only (rather than a complex one). Nevertheless, it is
important for us to emphasise the holomorphic nature of the foliation under consideration.
The reason is that we hope that our methods can be applied for calculation of basic Dolbeault
cohomology for the foliation and Dolbeault cohomology of complex moment-angle manifolds.
Recently Ishida has computed these rings for the case when the foliation is transverse Kähler,
which is the case if and only if the fan Σ is polytopal (see [12]). In the general case, the
description of the Dolbeault cohomology rings is an open problem.
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2. Preliminaries

2.1. The moment-angle complex. An abstract simplicial complex on the set [m] =
{1, 2, . . . ,m} is a collection K of subsets I ⊆ [m] such that if I ∈ K then each J ⊆ I also
belongs to K.

The moment-angle complex ZK corresponding to K is a topological space constructed as
follows. Consider the unit m-dimensional polydisc:

Dm = {(z1, ..., zm) ∈ Cm : |zi|2 ⩽ 1 for i = 1, ...,m}.
Then

ZK :=
∪
I∈K

(∏
i∈I

D×
∏
i/∈I

S
)
⊆ Dm,

where S is the boundary of the unit disk D.
The moment-angle complex is equipped with the natural action of the torus

Tm = {(t1, . . . , tm) ∈ Cm : |ti| = 1}.
When K is simplicial subdivision of a sphere, ZK is a topological manifold [7, Theorem 4.1.4],
called the moment-angle manifold.

We define an open submanifold U(K) ⊆ Cm in a similar way:

UK =
∪
I∈K

(∏
i∈I

C×
∏
i/∈I

C×
)
,
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where C× = C \ {0}. The manifold UK has a coordinate-wise action of the algebraic torus
(C×)m, in which Tm is a maximal compact subgroup.

Given a commutative ring R with unit, the face ring (or the Stanley–Reisner ring) of K is
R[K] := R[v1, ..., vm]/IK,

where R[v1, ..., vm] is the polynomial algebra, deg vi = 2, and IK is the Stanley–Reisner ideal,
generated by those monomials vI =

∏
i∈I vi for which I is not a simplex of K.

2.2. Complex structure on moment-angle manifolds. When K is the underlying complex
of a complete simplicial fan, the moment-angle manifold ZK has a structure of a complex
manifold with a holomorphic foliation by the orbits of a Lie subgroup HA ⊂ Tm. We review
this construction below.

Let NR ∼= Rn be a real vector space. A simplicial fan Σ in NR is uniquely determined by
generators a1, ...,am of its one-dimensional cones and a simplicial complex K = KΣ, which is
the collection of I ⊆ [m] such that {a i : i ∈ I} spans a cone σI of Σ. The generators of each
cone σI must be linearly independent, and the relative interiors of different cones σI and σJ
must be non-intersecting. Under this conditions we say that the data {K;a1, ...,am} define a
fan Σ.

Construction 2.1. Let {a1, ...,am} be a set of vectors generatingNR and assume thatm−n =
2l is even. Consider the map

A : Rm → NR, e i 7→ a i, i = 1, . . . ,m.

Choose a linear map Ψ : Cl → Cm satisfying the following conditions:
(a) the composite Re ◦Ψ : Cl → Rm is a monomorphism, where Re: Cm → Rm denotes the

natural projection;
(b) the composite A ◦ Re ◦ Ψ : Cl → NR is a zero map.

We denote cΨ := Ψ(Cl) ⊆ Cm and hA := Re cΨ = KerA ⊆ Rm. Now define a Lie group

(1) CΨ = {(e⟨ψ1,w⟩, ..., e⟨ψm,w⟩) ∈ (C×)m}
where w ∈ Cl and ψk ∈ (Cl)∗ is given by the k-th coordinate projection: ψk = prk ◦ Ψ . As CΨ
is a complex subgroup of (C×)m, it acts on U(K) holomorphically.

The following result provides complex structures on moment-angle manifolds.

Theorem 2.2 ([14, Theorem 3.3]). Assume that data {K;a1, ...,am} define a complete sim-
plicial fan Σ in NR ∼= Rn and m − n = 2l. Let CΨ be a group given by (1). Then the
holomorphic action of CΨ on U(K) is free and proper, and the complex manifold U(K)/CΨ is
Tm-equivariantly diffeomorphic to the moment-angle manifold ZK.

Furthermore, it was proved in [10, Theorem 9.4] that any complex structure on ZK invariant
under the action of Tm is obtained from the construction above. So, from now on we assume
that m − n = 2l is even and that Σ is a complete simplicial fan. Also, we denote by ZΣ the
moment-angle manifold ZK for K = KΣ with a complex structure defined above.

Now we define a holomorphic foliation on ZΣ. Consider the following Lie subgroup of the
torus Tm:
(2) HA = exp(KerA) = {(e2πiy1 , ..., e2πiym) ∈ Tm : (y1, ..., ym) ∈ KerA}
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with Lie algebra hA = KerA. Conditions (a) and (b) from Construction 2.1 imply that the
intersection of the subgroups CΨ and HA in (C×)m is trivial. The action of HA on U(K)/CΨ
is almost free (i. e., all stabiliser subgroups are finite), see [7, Proposition 5.4.6]. Therefore, we
obtain a holomorphic foliation of ZΣ by the orbits of the HA-action.

The foliation defined above is a particular case of the following construction described by
Ishida [11, §3]. Let M be a complex manifold with an effective holomorphic action of a compact
torus Tm. The complexification of this action gives a holomorphic action of (C×)m onM , which
is not necessarily effective. Let H ⊂ (C×)m be the subgroup of global stabilisers. Denote the
Lie algebra of Tm by g, and let gC = g ⊗R C be its complexification. Let J be the operator
of the complex structure on M , and Xv the fundamental vector field corresponding to v ∈ g.
Then

h = {v + iu ∈ gC : Xv + JXu = 0} ⊆ gC

is the Lie algebra of the global stabilisers subgroup H. Let hR be the image of h under the
projection Re: gC → g; then we have hR = g ∩ Jg. Then the action of exp(hR) ⊂ Tm is locally
free and defines a holomorphic foliation on M .

In our case, M is ZΣ, H is CΨ , h is cΨ , and hR is hA.

Remark 2.3. A fan Σ is rational when its generator vectors a1, . . . ,am can be chosen so that
they lie in a full-dimensional lattice N ⊂ NR. A rational fan defines a toric variety VΣ. When
Σ is a complete simplicial rational fan, the holomorphic foliation of ZΣ by the orbits of HA

becomes a holomorphic Seifert fibration over the toric orbifold VΣ with fibres compact complex
tori.

2.3. Basic cohomology. Let K be a connected Lie group with Lie algebra k. Consider the
symmetric (polynomial) algebra S(k∗) on k∗ with generators of degree 2, and the exterior
algebra Λ(k∗) with generators of degree 1. The Weil algebra of K is the differential graded
algebra (DGA for short)

W :=
(
Λ(k∗)⊗ S(k∗), d

)
with the standard acyclic (Koszul) differential d. A W∗-algebra is a W-algebra together with
an action of operators iξ (concatenation) and Lξ (Lie derivative) for ξ ∈ k, see [9, Definition
3.4.1] for the details. Note that W is naturally a W∗-algebra.

Let (B, dB) be a DGA over R which is also a W∗-algebra. Define the subalgebra of basic
elements

Bbas = {ω ∈ B : ιξω = Lξω = 0 for any ξ ∈ k},
and define the basic cohomology of B as

Hbas(B) = H(Bbas, dB).

The are two classical models for basic cohomology of B. The Cartan model is defined as
CK(B) =

(
(B ⊗ S(k∗))K , dC

)
.

We may think of an element ω ∈ CK(B) as an K-equivariant polynomial map from k to B.
The differential dK is given by

dK(ω)(ξ) = dB(ω(ξ))− ιξ(ω(ξ)).
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The Weil model is
WK(B) =

(
(B ⊗W)bas, dW

)
,

where dW = dB ⊗ d.

Theorem 2.4 ([9, Section 5.1]). The natural inclusions Bbas ↪→ CK(B) and Bbas ↪→ WK(B)
are quasi-isomorphisms of DGAs.

When the Lie group K is compact and B is the DGA Ω(M) of differential forms on a
compact smooth manifold M , the algebra Hbas(B) is isomorphic to the equivariant cohomology
H∗
K(M) := H∗(EK ×K M), see [9, Theorem 2.5.1].
Now we apply this general setup to calculating basic cohomology of ZΣ with respect to the

foliation given by the action of the Lie group HA, which is non-compact in general, see (2). For
this purpose, we take K = HA and B a subalgebra of Ω(ZΣ). As examples of B we consider
Ω(ZΣ) itself and its subalgebras Ω(ZΣ)

Tm and (Ω(ZΣ))
HA of Tm-invariant and HA-invariant

forms, respectively. Since HA is a connected abelian group, it acts trivially on its Lie algebra
hA, so we have

CHA
(Ω(ZΣ)) = Ω(ZΣ)

HA ⊗ S(h∗A).

By Theorem 2.4, we have an isomorphism
H∗

bas(ZΣ) := Hbas(Ω(ZΣ)) ∼= H
(
CHA

(Ω(ZΣ))
)
.

The cohomology of the Cartan algebra
(
CHA

(Ω(ZΣ)), dC
)

is described in the next section.

Remark 2.5. When Σ is a regular fan, HA is a compact torus and the foliation under con-
sideration becomes a fibration over the toric manifold VΣ. In this case, the basic cohomology
Hbas(Ω(ZΣ)) isH∗(VΣ), which is given by the Danilov–Jurkiewicz Theorem [8] (see also [7, The-
orem 5.3.1]).

3. Basic cohomology of ZΣ

We first reduce the computation of H∗
bas(ZΣ) to cohomology of a special DGA:

Lemma 3.1. Consider the algebra

N := CHA

(
Ω(ZΣ)

Tm)
= Ω(ZΣ)

Tm ⊗ S∗(h∗A).

Then we have an isomorphism
H∗

bas(ZΣ) ∼= H(N ).

Proof. By a result of Ishida [12, Lemma 6.1], the basic cohomologyy of ZΣ can be
defined using the subalgebra Ω(ZΣ)

Tm ⊂ Ω(ZΣ), that is, there is an isomorphism
H∗

bas(ZΣ) ∼= Hbas

(
Ω(ZΣ)

Tm). This isomorphism together with Theorem 2.4 imply an
isomorphism H∗

bas(ZΣ) ∼= H(N ). □
Recall that a DGA B is called formal if it is weak equivalent to its cohomology alge-

bra: (B, dB) ≃ (H∗(B, dB), 0). (A weak equivalence is the equivalence generated by quasi-
isomorphisms; it may not be realised by a single quasi-isomorphism of DGA, but rather by a
zigzag of quasi-isomorphisms.)
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The cohomology of the Cartan model
CTm(Ω(ZΣ)) =

(
Ω(ZΣ)

Tm ⊗ S(g∗), dC
)

is the equivariant cohomologyH∗
Tm(ZΣ), which is a module over S(g∗) = H∗

Tm(pt) = H∗(BTm).

Lemma 3.2. The algebra CTm(Ω(ZΣ)) is formal. Furthermore, there is a zigzag of quasi-
isomorphisms of DGAs between CTm(Ω(ZΣ)) and HTm(ZΣ) which respect the S(g∗)-module
structure.

Proof. In this proof, W = Λ(g∗)⊗ S(g∗) is the Weil algebra of the torus Tm. Let E = EU (m)
be the space of orthonormal m-frames in C∞. By Ω(E) we understand the inverse limit of
the algebras of differential forms on smooth manifolds of m-frames in CN . We consider the
commutative diagram

Ω(ZΣ)
Tm ⊗W Ω(ZΣ)

Tm ⊗Ω(E)

CTm(Ω(ZΣ)) (Ω(ZΣ)
Tm ⊗W)bas (Ω(ZΣ)

Tm ⊗Ω(E))bas Ω(ZΣ ×Tm E)

S(g∗) Wbas Ω(E)bas Ω(BTm)

ι

φ
≃ ≃

ιbas

∼=
ψ

≃ ∼=

Here ι and ιbas are the quasi-isomorphisms induced by the inclusion W ↪→ Ω(E) of a free
acyclic W∗-algebra (see [9, Proposition 2.5.4 and §4.4]). The quasi-isomorphism φ is given by
Cartan’s Theorem (see [9, Theorem 4.2.1]). The isomorphism ψ follows from the fact that Tm
acts freely on E.

The middle line of the diagram above gives a zigzag of quasi-isomorphisms between
CTm(Ω(ZΣ)) and Ω(ZΣ ×Tm E) which respect the S(g∗)-module structure.

Now, the Borel construction ZΣ ×Tm E is homotopy equivalent to the polyhedral product
(CP∞)K, which is a rationally formal space by [13, Theorem 4.8] or [7, Theorem 8.1.6, Corol-
lary 8.1.7]. Rational formality implies a zigzag of quasi-isomorphisms between Ω(ZΣ ×Tm E)
andH∗

Tm(ZΣ) = H∗(ZΣ×TmE), as the de Rham forms Ω is a commutative cochain model. This
zigzag can be chosen to respect the H∗(BTm)-module structure (see [7, 8.1.11–8.1.12]). □

We have the following extended functoriality property of Tor in the category of DGAs, which
is a standard corollary of the Eilenberg-Moore spectral sequence:

Lemma 3.3 ([15, Corollary 1.3]). Let A and B be DGAs, let L,L′ be a pair of A-modules and
let M,M ′ be a pair of B-modules given together with morphisms

f : A→ B, g : L→M, g′ : L′ →M ′

where g and g′ are f -linear. If f , g and g′ are quasi-isomorphisms, then

Torf (g, g
′) : TorA(L,L

′) → TorB(M,M ′)

is an isomorphism.
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Now we are ready to prove the main result:

Theorem 3.4. There is an isomorphism of algebras:

H∗
bas(ZΣ) ∼= R[v1, ..., vm]/(IK + J),

where IK is the Stanley–Reisner ideal of simplicial complex K, and J is the ideal generated by
the linear forms

m∑
i=1

⟨u,ai⟩vi, u ∈ N∗
R = (g/hA)

∗.

Proof. Denote g′ := g/hA. We have a splitting g ∼= g′ ⊕ hA. Hence, S(g∗) ∼= S(g′∗)⊗ S(h∗A), and
S(g∗) is an S(g′∗)-module via the linear monomorphism A∗ : g′∗ → g∗. We also obtain a DGA
isomorphism
(3) CTm(Ω(ZΣ)) ∼= S(g′∗)⊗N ,

where the right hand side is understood as the Cartan model of N with respect to the Lie
algebra g′. Recall that H∗

Tm(ZΣ;R) ∼= R[K] (see [6, Corollary 3.3.1]). Since the fan Σ is
complete, the Stanley–Reisner ring R[K] is Cohen–Macaulay, that is, it is a finitely-generated
free module over its polynomial subalgebra. Furthermore, the composite g′∗ ↪→ g∗ → g∗I is onto
for any I ∈ K, where gI is the coordinate subspace generated by all e i with i ∈ I. Therefore,
the criterion [7, Lemma 3.3.1] applies to show that R[K] is a free module over S(g′∗).

Consider the following pushout diagram of DGAs:

N ∼= R⊗S∗(g′∗) CTm(Ω(ZΣ)) CTm(Ω(ZΣ)) ∼= S(g′∗)⊗N

R S(g′∗)
f ∗

π∗π̃∗

f̃ ∗

where the morphisms are given by

f ∗ : p 7→ p(0), π∗ : p 7→ p⊗ 1, f̃ ∗ : ω 7→ 1⊗ ω, π̃∗ : c 7→ c⊗ 1.

We have a sequence of algebra isomorphisms:

(4) TorS(g′∗)
(
R, S∗(g′∗)⊗N

) ∼= TorS(g′∗)
(
R, CTm(Ω(ZΣ))

) ∼= TorS(g′∗)
(
R, H∗

Tm(ZΣ)
)

∼= Tor0S(g′∗)
(
R, H∗

Tm(ZΣ)
) ∼= R⊗S(g′∗) H

∗
Tm(ZΣ) ∼= H∗

Tm(ZΣ)/S
+(g′∗)

∼= R[v1, ..., vm]/(IK + J),

Here the first isomorphism follows from (3). The second isomorphism follows from Lemma 3.2
and Lemma 3.3. In the third isomorphism, the higher Tor vanish because H∗

Tm(ZΣ) is a free
module over S∗(g′∗). The fourth and fifth isomorphisms are clear. For the last isomorphism,
recall that A : g → g/hA = g′ is given by e i 7→ a i, so that A∗(u) =

∑m
i=1⟨u ,a i⟩xi for any

u ∈ g′∗.
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On the other hand, we have a sequence of isomorphisms

(5) TorS(g′∗)
(
R, S(g′∗)⊗N

) ∼= Tor0S(g′∗)
(
R, S(g′∗)⊗N

) ∼= H(R)⊗S(g′∗) H
(
S(g′∗)⊗N

)
∼= H

(
R⊗S(g′∗) (S(g

′∗)⊗N )
) ∼= H(N ) ∼= H∗

bas(ZΣ).

Here the vanishing of the higher Tor in the first isomorphism follows from (4). The second
isomorphism is by definition of Tor0. The third isomorphism follows from the Künneth Theo-
rem, since H

(
S(g′∗)⊗N

)
= H∗

Tm(ZΣ) is a free module over S∗(g′∗). The fourth isomorphism
is clear. The last isomorphism is Lemma 3.1.

The theorem follows from (4) and (5). □
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López de Medrano-Verjovsky 51 (2001), no. 5, 1259–1298.

[6] Victor M Buchstaber and Taras E Panov, Torus actions, combinatorial topology, and homological algebra,
Russian Mathematical Surveys 55 (2000), no. 5, 825–921.

[7] , Toric topology, Vol. Mathematical Surveys and Monographs, 204, American Mathematical Society,
Providence, RI, 2015.

[8] Vladimir I Danilov, The geometry of toric varieties, Russian Mathematical Surveys 33 (1978), no. 2, 97–
154.

[9] Victor W Guillemin and Shlomo Sternberg, Supersymmetry and equivariant de Rham theory, Springer
Science & Business Media, 2013.

[10] Hiroaki Ishida, Complex manifolds with maximal torus actions, arXiv:1302.0633; Journal für die Reine
und Angewandte Mathematik, to appear.

[11] , Torus invariant transverse Kähler foliations, Transactions of the American Mathematical Society
369 (2017), no. 7, 5137–5155.

[12] , Towards transverse toric geometry, arXiv:1807.10449 (2018).
[13] Dietrich Notbohm and Nigel Ray, On Davis–Januszkiewicz homotopy types I; formality and rationalisation,

Algebraic & Geometric Topology 5 (2005), no. 1, 31–51.
[14] Taras E Panov and Yury M Ustinovskiy, Complex-analytic structures on moment-angle manifolds, Moscow

Mathematical Journal 12 (2012), no. 1, 149–172.
[15] Larry Smith, Homological algebra and the Eilenberg-Moore spectral sequence, Transactions of the American

Mathematical Society 129 (1967), no. 1, 58–93.
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