EXPLICIT CONSTRUCTION OF AN ISOMORPHISM BETWEEN
QUIVER VARIETIES OF TYPE A AND TRANSVERSAL SLICES IN
THE AFFINE GRASSMANIAN.

VASILY KRYLOV

ABSTRACT. This paper will appear as an appendix to new version of the paper [MV1]. In
the paper we write down the isomorphism between Nakajima quiver varieties (v, d)
of type A and transversal slices in the affine Grassmanian explicitely and explain it
geometrically. After that we show that the isomorphism which is given by our formula
coincides with the one constructed in [MVT].
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1. INTRODUCTION

1.1. Transversal slices in the affine Grassmanian. Let K := C((z)) and let O :=
C[[z]]. Let Ggr,, = GLyWw(K)/GL,(0). For a cocharacter A of GL,, we denote by
2* the corresponding element in T(K) C Ggyr,, where T is the diagonal torus in GL,,.
Let L=°G and L<°G be subgroups of non-negative and negative loops respectively in
GL,(K). (L2°G := GL,,[[2]], L<°G is the kernel of the natural evaluation homomorphism
GLynz7Y] = GL,, ) Let W := L<°GL,, - 2™ N L2°GL,, - 2= and let W) :=
LOGL,, - 270N N L20GL,, - z=wolk),

1.2. Affine quiver varieties MY (v, d) of type A. Here we follow [MVT, Section 2].

Let us consider the Dynkin graph of type A, _; with vertices I = {1,...,n — 1} and the

orientation €2 given by 0 -1 — --- - n — 1.
1
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Let Qiﬁ, w—w, be the reversal of orientation. Our quiver (I, H) has the set of arrows
H =QUuUQ. For an arrow h € H we denote by A’ € I its initial vertex and by h” € I its
terminal vertex.

Following Nakajima we position vector spaces V; and D; of dimensions dim V; = v; and
dim D; = d;, © € I, at the vertices of our quiver i.e. we consider the [-graded vector
spaces V' = @;e;V; and D = @i/ D;. Let v = (vq,...,v,1) and d = (dy,...,d,_1) and
define an affine space

M(v,w) = @ Hom(Viy, Vi) & @ Hom(D;, V;) & @D Hom(V;, D).

heH iel iel

Following Lusztig and Maffei we will consider an element in M (v, w) as a quadruple
(z,7,p,q)
The group G(V') = [[,.; GL(V;) acts on M (v, w) so that for g = (gi)ier

_ def _ _ _
(1) 9(17,95729,61) = (gi+19€¢9i1,91'%9”1179@']92‘,%91 1)iEI-

Let g(V') be the Lie algebra of G(V'). For the corresponding moment map p : M(v,d) —
g(V) the fiber A°(v,d) & pt(e)at c= (c1,...,cn 1) € Z[g(V)] consists of all (z,T,p,q)
such that

¢1 + 1T = piq,
(2) Ci + T = i aTi1+pigi 2<1<n-—2,

Cn—1 = Tp_2Tp_2 + Pn—1Gn—1-

Let MY (v, d) be a geometric quotient of A°(v,d) by the action of G(V).

Let us fix some basic {e;\z € I,1 <j <d;} of D such that e} € D;. We have a natural
order on our basis (we need it because we want to talk about dominant coweights of
GL(D)). Let wg denote the longest element in the Weyl group for GL(D) (corresponding
to our basis).

1.3. A variety My“(v,d) and cocharacters A, u. (see [N2, Section 3] and [MV1], Sub-
section 5.1.1]) A quadruple (z,z,p,q) € A°(v,d) is called stable if for any /-graded sub-
space V' of V' which contains Im(p) and preserved by z and & we have V' = V. A
quadruple (x,Z,p,q) € A°(v,d) is called costable if for any I-graded subspace V' of V/
contained in Ker(g) and preserved by x and Z we have V' = 0. Denote by A}, (v, d) the
set of stable and costable quadruples in A°(v,d). Let Mg (v,d) [N2, Section 3] be the
quotient of AY, (v,d) by the free action of GL(V). One can see that MMg™(v,d) can be
embedded in MY (v, d) as an open dence subset.

For the dimension vectors (v,d) we define the following dominant cocharacters A, u of
GL(D): the cocharacter A acts with eigenvalue ¢ on the space of dimension d; (thus
wp(A) is antidominant and acts with eigenvalue t* on D;) and the cocharacter p acts with



eigenvalue t* on the subspace of dimension v,y +v;_1 +d; — 2v;. Note that this definition
is in accordance with [MV1], Subsection 5.1.1].

1.4. Variety Bung,;, (A?) and its torus fixed points. (see [BFI, Subsection 4.4])

Let Bung,;, (A?) denote the moduli space of principal G L,,-bundles on P? of second Chern
class a with a trivialization at the line at infinity /.

Consider the action of C* on A? which sends (z,y) to (¢t 'z, ty). Note that GL,, x C*
acts on Bung, (A?): the first factor acts by changing a trivialization at s and the
second factor via its action on A%, Now for every cocharacter p) : C* — GL,, obtain
the diagonal action of C* on Bung,, (A?). Let Bung, ,(A?/G,,) denote the fixed point
set of this action. The point (0,0) € A? is fixed under the C*-action. So for every
E € Bung;, ,(A?/G,,) the group C* acts on the fiber E(g g of E at the point (0,0) € A%
Let us denote by Bungj; (A%/G,,) the subvariety of Bung,;, ,(A?/G,,) formed by all
E € Bung;, ,(A?/Gy,) such that C* acts on o) by the cocharacter p,. (Here p and
are the dominant cocharacters of GL,, and we use notations py, p, when we talk about
) Q)

actions). Also let us denote by Bung,, (A?/G,,) the variety Bung, 2, 2 (A*/G,,)
(according to [BEF1), Theorem 5.2(1)] for a # % — @ the variety Bungy |\ (A%/Gy,) is
empty).

1.5. In [MVI] an isomorphism between quiver varieties MY (v, d) (see [MVI]) of type
A and slices Wﬁ is constructed. Let us describe it. Firstly the isomorphism between
quiver varieties of type A and certain transversal slices to nilpotent orbits (not Slodowy
slices but similar) is constructed. (this isomorphism is denoted by ¢ in [MV1]) Also the
isomorphism between slices to nilpotent orbits and slices W is constructed (it is denoted
by v in [MVI]). Thus the composition ¥ o ¢ gives us an isomorphism between quiver
varieties of type A MY (v, d) and slices W.

We use a different approach to that isomorphism. We prove that 0ty (v, d) are isomorphic

to Bun&f%@wo(A) (A?/G,,) where X\ and u are constructed from v, d as in . In paper

[BET] the isomorphism between W4 and Bun&ffn(’“_)wo(k) (A?/G,,) is constructed. Thus

independently from the paper [MV1] we get an isomorphism between g™ (v, d) and WY
We calculate this isomorphism and see that it is given by a very explicit simple formula.
(Theorem After that we prove that this formula gives exactly the isomorphism 1) o ¢
(restricted on Mg (v,d)) which was constructed in [MV1]. Thus from the continuity
argument (see Subsection |5.2)) it follows that the whole isomorphism v o ¢ is given by our
explicit formula 3| (Theorem [2.2)).
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Remark. (We do not use this remark in the proof of theorems of the paper)

Actually in [BF1] authors constructed an isomorphism between WY and U, Lim A2 /G)

7>\'

(wich is a closure of BunGwO(“ ) o) (A%/G,,) in the reduced Uhlenbeck space LIGL 2

(see [BEG]). Also from the decomposition [BFGL (1)] for the Uhlenbeck space, the
same decomposition for MY (V, D) (affine Gieseker space) and the isomorphism between

Bun_ ") (A2 /G,,) and M9 (0, d) for different fi, X, @, d should follow the existence of

G Ly,—wo (A

>
=

w eSS
the isomorphism between 9 (v, d) and U,, L(Om’;)_wo o _ (A?/Gy,). Thus we can construct

the isomorphism between 9 (v, d) and Wi - Note that to prove that it is given by certain
explicit formula it is enough to show that the restriction of this isomorphism on the dense
open subvariety 9t (v, d) is given by that explicit formula. Thus for our purposes it is
enough to deal with the explicit formula for the isomorphism between g™ (v, d) and W'

2. MAIN THEOREMS

2.1. Theorem. The map

o0

(3) ('ria jiap% Ql) = 27WOA(1 + Zil Z Zinanxlpx
n,l=0

where (z,Z, p, q) := (®z;, ®T;, Bp;, Bg;) and A, p are as in Subsection [1.3) gives an isomor-
phism between 2y (v, d) and WY

Recall the isomorphisms ¢ : 9 (v,d) = ThNO,, (see [MVI, Section 8], [MV2] Subsection

33)) and v : Th N O, = L<°GL,, - 27*W™ N [20GL,, - 2w (see [MVI, Subsection
4.4.11]).

2.2. Theorem. The isomorphism 1) o ¢ is given by the formula ({3)).
The proof of the Theorem [2.1] will be given in the Section []
The proof of the Theorem [2.2] will be given in the Section [5

3. GEOMETRIC INTERPRETATION OF THE FORMULA

3.1. ADHM description. We set My (V,D) = {(z,%,p,q) € p '(0) | stable and
costable }/GL,,, where (z,,p,q) are Jordan quiver quadruples:



v
pT q
14
dimV =a,dimD =m
The ADHM description [N1, Theorem 2.1] identifies Bung,, (A?) with 0 (V, D).

The vector bundle E; 54 corresponding to a quadruple (z,Z,p,q) can be obtained as
the middle cohomology of the following monad:

V ® Ope2
¥
V@Opz(—l) V ® Op2 V®Op2(1)
20 — 21 D b= [—(Z()Lf’ - ZQ) 20 — 21 Zop}
a=|20T — 20| D ®Op2
204

3.2. Induced torus action on My (V, D). The C*-action on Bung,; (A?) correspond-
ing to a cocharacter A defines an action on Mg (V, D) via the ADHM isomorphism [3.1]

3.3. Lemma. This action can be described as follows:

(z,2,p,q) = (t 'z, tZ,ppr(t) ", pa(t)q).

Proof. Take t € C*. Consider a vector bundle tE, z, 4 that is obtained from E, 3, ) by
the action of t. It can be described as the middle cohomology of the following monad:

V ® Op2
%
V@Opz(—l) V®O[p>2 V@Opz(l)
20l — tZl D [—<Zofz’ - t_lzg) 20l — tZl Zop}
2% —t 12| D ® Ope

z0q

We have to emphasize that the trivialization of tE(, ;) at infinity is p,(¢).

We have the following commutative diagram giving the isomorphism between the monad
for tE(; 7 p.q) and the one for the quadruple (t7'z,tz, ppA(t) ™", pa(t)q):
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VROp(—1) — VeOp & VROp & Do 0p —— Ve Op(1)

TR

V®Opz(—1)—>V®Op2 EB V@OPZ EB D®OP2—>V®OP2(1)

The morphism on cohomology induces the isomorphism between corresponding vector
bundles with trivializations. OJ

3.4. An isomorphism between [[ 9,7(v,d) and Bung; .-
v,y vi=a
Let JI 9g“(v,d) be the disjoint union of quiver varieties of type A with vertices
v,y vi=a
numbered by integers with a framing of dimension d and > v; = a. We define a morphism
IN2|, Section 3]

Oua : Mo (v,d) — My (V, D) ~ Bung,, (A?),

Ou,d(Ti, Ti, pis @) = (O, DT, Dpy, ©gs).

The maps O, 4 for different v induce the map O4: [  9My?(v,d) — Bun, L, (A%).
v,y Vi=a

3.4.1. Lemma. ©,induces an isomorphism between IT M5 (v,d) and Bung, ooy
v,y v;=a
where ) is as in Subsection [1.3]

Proof. We describe the inverse map. Let (x,Z,p,q) be a fixed point under the C*-action
on My (V, D) corresponding to —wg(A). Then using Lemma [3.3| we have that for every
t € C* there exists py(t) € GL(V) such that

(4)

(2 42, pp—wo) (1) ey (D)) = (pv (O)zpy (8) ™, oy (O)Zpyv (£)~F, pv ()p, apv (1) 7).

Note that py(t) is uniquely determined by ¢ because of the freeness of GL(V)-action on
stable and costable quadruples. In particular py defines a cocharacter of GL(V). We
decompose V into a direct sum @V; (where V; is the t~*-eigenspace of py) and similarly
decompose D into a direct sum @D; with respect to p_,,) (because of our definition
D; is the t‘-eigenspace of —wg(A) ). It is easy to see that the condition (4] implies that
Vi C Z, x(V;) C Vig, 2(V;) C Ve, p(D;) C Vi, q(Vi) C D;. So (x,Z,p,q) defines a point



+oo
in a quiver variety of type A with vertices numbered by integers such that > v; = a,
1=—00

and the framing is d. The inverse map is constructed.

0

3.5. An isomorphism between 9y (v,d) and Bunaffj’i);%&). Lemma. ©, induces

the isomoq%ism N2, Section 4] © : M9 (v, d) ~ Bunéf;(f‘_);%&) where A,y are as in
Subsection [1.3l

Proof. Tt is enough to prove that C* acts on the fibre of E € ©(9My7(v,d)) at the origin
by pu. Let us denote the cocharacter corresponding to the framing by pg (pg = p—wo(n))
and let p, be the cocharacter of GL(®V;) that acts with eigenvalue ¢~ on the space V;.

Let (z,Z,p,q) = O(x;, %, pi, ¢;) and Eg 5,4 be the corresponding vector bundle. The
bundle tE, z.4) is the middle cohomology of the following monad:

V ® Op2
S5
V@OpQ(-l) V®OIP2 V®Op2(1)
20T — t21 e [—(20Z —t7'20) zow —tz1 zp)
20T —t | D®Op

204

The map (p,(t), tp,(t) & tp,(t) & pa(t), pu(t)) provides an isomorphism between the
monads corresponding to F;zp4) and tEz,4). In particular this map induces a C*-
module structure on the fibre at the origin of the monad corresponding to E(; z.¢):

T pu®tpy®pa

V—--———">VaoeVeD ——V

Now we can calculate the action of C* on cohomology of this complex. The cocharacter
corresponding to this action is the difference of the cocharacters on V & V @& D and the
double cocharacter on V. It means that the desired cocharacter acts with an eigenvalue
t~% on a subspace of dimension v;_; + v;4; + d; — 2v;. So this cocharacter is —wo(p). O

3.6. An isomorphism Bunézvi(f‘_)wo()\) (A%/G,,) =~ (L<°GL,, 27NN L2GL,, -z~ W),
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Recall the construction of the isomorphism

n: Bungfo(“) ) (A2/Gy,) = (LGL,, - 2N 0 L2°GL,, - z~*o®)

m,— W0
[BE1, Theorem 5.2].

Let us think about vector bundles on P? with trivialization on the line at infinity (and
fixed rank and second Chern class) as of bundles on P* x P! with trivialization on

P! x co| Joo x PL.

The morphism 7 is constructed as follows: a bundle E € Bunf, ,(A*/G,,) has to be

trivial on P! x (P! \ 0). (It is trivial on the line P! X oo hence on a neighbourhood
of that line. It means that the number of horizontal jumping lines has to be finite.
Using invariance of E under C*-action we see that the only jumping line must be P! x 0.
Alternatively we can look at the monad corresponding to E and see that we can write
down an explicit trivialization of E restricted on P* x (P'\ 0) (we will do it)). But E is
also trivialised on the line co x P*. We can uniquely extend this trivialization to the whole
variety P* x (P'\ 0). Now we restrict E with the trivialization to the line (1 : 1) x PL.
We get a point in the affine Grassmannian Ggy, . Finally, we apply =™ to this point
to obtain the desired point in the slice.

3.6.1. An isomorphism between MMy (v,d) and (L<°GL,, - z=°N N LZ°GL,, - z~woW),
Composing the isomorphisms from subsections [3.5] and we obtain an isomorphism

000 : M (v,d) = (LCGLy, - 2~ 1 L20GL,, - 2~ 00)).

4. PROOF OF THEOREM 2.1

The isomorphism 7 o © can be described as follows:

o0

(i i pin ) — 2 ML 427" Z 2 "qz"x'p),
n,l=0

where (z,Z,p,q) := (®x;, DT;, Dpi, BGi)-

Proof. (Similar to [Hen, Proposition 4.8]) Take (x;, T;, pi, ¢i) € My (v, d).

Let B zpq) = O(z;, T, pi, ¢i)- The vector bundle E(+zp.q can be described as the middle
cohomology of the following monad [BF2, Subsection 2.4]:

V ® Oplxpl (O, —1)
S
V® O]plx[pl(—]_, —]_> T) Vv X Oplxpl(—l,O) T %4 X O]P’lx]}”l

@D
D ® Opiyp



tx — vy
a= |hT—z| b=[-(ht—2), tx—y, p|,
thq

where ((y : t), (z : h)) are the coordinates on P* x P, Let (0o, 00) := ((1:0),(1:0)). We
want to describe the trivialization of E(, 7 , ) restricted to P* x (P*\0). For this it suffices
to construct a map D ® Op1p1\g) — Ker(b) |p1xp1\0) transversal to Im(a) [p1pr\gy. It is
easy to see that the map:

V ® Oplx(pl\o) (O, —].>

S¥
D® OplX(Pl\O) (h_ )_1 Ve OHDIX(PI\O)(_l, O)
T—2)"1p
T = 0 ©
Id D® O[pl x (P1\0)

satisfies the requirement.

Note that 7y is well defined because hz is nilpotent (z = @z;, and Z; sends V; to V;_1, so
that @; acts nilpotently on ©V;), hence hZ — z is invertible when restricted to P! x (P\0)
(since z # 0 on P! x (P! \ 0) and hZ is nilpotent).

For the same reasons the map:

V® O(pl\o)xpl((), —1)

S¥)
D& O(pl\o)xpl Ve O(Pl\O)XPl (—1, O)
T = @—%T% .
? 1d D ® Op1\0)xp

induces the trivialization of E(, ) restricted to (P'\ 0) x P'. Note that these two
trivializations agree at the point (0o, co) and extend the trivialization of E, 7, 4 restricted
to two infinite lines. Now we can construct n(E(; zp,4))- To this end we have to calculate
the transition function (7' o T2)|(1:1)x (P1\{0,00}) it is the point in Ggy,, corresponding to
E|(1:1)x (P1\{0,0c}) and the trivialization induced by

712 D@ Opayx@\o.ee)) = D@ Owayx @\ (0,00))-

Let us compute 7; ' o 75 on the fibre at a point (yo : t), (20 : ho) := g. On the fibre of
71, T2 at g we have the following morphisms:
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D——VOeVSED «—— D
(1)1 (72)1g

They induce isomorphisms:

Ker(b) /Im(a
D = (b) /Im(a),, =y D

For a vector w € D we want to find 7, *o7y(w) i.e. a vector @ € D such that 7 (w)—7 (%) €
Im(a). It means that there exists a vector u € V' such that m(w) — 7 (@) = a(u). It gives
us the system of equations:

(2 — hz)~'p(w) = tz(u) — yu
5) (y — to) ' plw) = hi(w) — zu =
w — W = thq(u)

(6)

W = w — thq(u)

{uzam—zr%y—mrmmo

1

Hence w = w — thq(ht — z) " (y — tz) " 'p(w).

So

(717 0 T) |11y (B {02,0003) = (1 +q(Z — 2) 7z = 1)7'p).

Thus we obtained the following point in Ggz,.: 1+ 271 > 2 "gz"a'p. It remains to
n,l=0

multiply it by z7“°™. We have calculated n(E(; ;). Thus

noO(x;, T pigi) = 2 V(14271 Y 2 ga"alp).
n,l=0

Note that from () it also follows w = @ + thq(y — tx)~*(hz — 2) 'p(w). So

(7) (I+27") 2 mgztalp) ' =(1—2" ) 27 qalz"p),
n,l=0 n,l=0



11

5. PROOF OF THEOREM [2.2]

5.1. Lemma. The isomorphism v o ¢ restricted to MMy (v, d) induces an isomorphism
between My (v, d) and (L<GL,, -z~ NNL2°GL,,-2z~*W) and is given by the formula:

(8) (4, T, i gi) = 27 M1+ 271 Z 2 "qz"z'p)
n,l=0

where (x,Z,p, q) = (Dx;, DT;, Dpi, DG ).

Proof. In Subsection [3| we proved that the map
no O: (xiu Zi, Pi, QZ) = Z_wO)\<1 + Z_l Z Z_nanxlp)
n,l=0
is an isomorphism between My (v, d) and (L<°GL,, - 2= XN N L=°GL,, - z=*W). Let us
think of Ggr,, as of the moduli space of lattices L C D(K). Then the above isomorphism
sends (x;, T;, p;, ¢;) to the lattice

L=zl 427" Z 2 gz a'p)(Lo) = (1 + 27* Z 2 gz alp)(Ly),
n,l=0 n,l=0

where L is the standard lattice D(O), b is a permutation of A and L, is the lattice
corresponding to z~*°™) (see also [MVT], Subsection 4.4.1]) According to [MVT, Subsection
4.4] this lattice L is uniquely determined by a C-linear map f : Ly/Ly — L, (L, is a
subspace in D(K) spanned by {z"e}|i € 1,1 < j < d;,1 > i} see [MV1] Subsection 4.4.3])
and f is uniquely determined by fi : Ly/Lo — Uy (where Uy is spanned by {z7"¢}|i €
I,1 < j <d;} it is the same as V}, in [MV1], Subsection 4.4.4]). Let us compute f;. (Note
that fi is nothing but (L) — ¢(0) (see [MV1, Subsection 4.4.11] and [MV2] Subsection
3.3]) thus we only have to prove that f; = ¢(x,Z,p,q) — ¢(0))

Recall the definition of f. Denote the projection of L, ® L, to L, along L; by m, . Note
that m, (see Subsection|[MVT] Subsection 4.4]) induces the isomorphism 7 : L = L.

f=m o L

We have the following commutative diagram:

o0
1+z=1 S 2z lgznalp

(9) L Y ——
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Let f =Y 27" f, as in [MV1], Subsection 4.4.4]. For a vector z "e;, e € Dy, 1 < <

k=1
-/

J
N S} /
T 2z Mey) =2 Mey + Z Rz en) = 2 ey + 3 2wy + S 2R (27 eyr) for
j k=2
some w; € D;(we want to compute them).

Conjugating by 27 we note that the map

— 27! Z zlqr'dp Ly ® Ly — Ly ® Ly
n,l=0

is inverse to the map

z! Z 27zl - Ly @ Ly = Ly®L,.
n,l=0

Now we see that the diagram @ gives us the condition

(10) Zp = (1—2" Zz g’z p) (2 e; +Zz a 1w]+Zz Fh(zMep) € Ly,

n,l

Note that we have two gradings on D(K'). One is by degree of z and the other comes
from the decomposition D = & D;. A straightforward computation shows that (—j—1, j)-
component of the vector = is 2777 (w; qxj_h'fj'_h'p(ej/)) (to prove it we observe that
sum of degrees of components of vectors 2% fi. (27" e;/) is equal to —k thus less than —1
for k > 1 while operator z~~'qz!z"p shifts a sum of degrees on —n — 1, from that two
observations our claim follows). Using (10) and the fact that vectors of L, do not have
any components of degree (—j — 1,7) we see that

Wj = Tj1 ... Ty ... Typ_1pj(ejr).
It follows directly from the definition of ¢ (see [MVZ2, Subsection 3.3]) that ¢(0) + fi =
(i, Ti, pis ¢i)- So

Vo ¢(x4, Ty, pi, i) = L = 10O (x4, Ti, ps, @)
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5.2. Proof of Theorem [2.2l

Proof. According to Lemmal5.1] the morphism o restricted to the dense open subvariety
My (v, d) C Moy(v,d) is given by the formula

o
(@i, Zi, pir i) = 2 M1+ 277 Z 2 "qz"x'p).
n,l=0
Now continuity of the map 9 o ¢ implies Theorem [2.2] O

I would like to thank my supervisor M. Finkelberg very much for formulation of the
problem and for very useful discussions.

REFERENCES

[BF1] A. Braverman and M. Finkelberg, Pursuing the double affine Grassmannian I: transversal slices
via instantons on Ag-singularities, Duke Math. J. 152 (2010), no. 2, 175-206.

[BF2] A.Braverman and M. Finkelberg, Pursuing the double affine Grassmannian III: Convolution with
affine Zastava, Mosc. Math. J. 13 (2013), no. 2, 233-265.

[BFG] A. Braverman, M. Finkelberg and D. Gaitsgory, Uhlenbeck spaces via affine Lie algebras, Progress
in Mathematics 244 (2006), 17-135.

[Hen] A. Henderson, Involutions on the affine Grassmannian and moduli spaces of principal bundles,
preprint 2015, arXiv:1512.04254.

[Maf] A. Maffei, Quiver varieties of type A, Comment. Math. Helv. 80 (2005), 1-27.

[MV1] I. Mirkovié¢ and M. Vybornov, Quiver varieties and Beilinson-Drinfeld Grassmannians of type A,
preprint 2007, arXiv:0712.4160.

[MV2] 1. Mirkovi¢ and M. Vybornov, On quiver varieties and affine Grassmannians of type A, C. R.
Acad. Sci. Paris, Ser. I 336 (2003), no. 3, 207-212.

[N1] H. Nakajima, Lectures on Hilbert schemes of points on surfaces, University Lecture Series 18,
American Mathematical Society, Providence, RI, 1999.
[N2] H. Nakajima, Geometric construction of representations of affine algebras, Proceedings of the

International Congress of Mathematicians, Vol. I (Beijing, 2002), 423-438.



	1.  Introduction 
	2. Main theorems
	3. Geometric interpretation of the formula (3)
	4.  Proof of Theorem 2.1
	5. Proof of Theorem 2.2
	References

