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1 �¢¥¤¥­¨¥

� íâ®© áâ âì¥ ¬ë à áá¬®âà¨¬ ­¥ª®â®àë¥ ­®¢ë¥ ¬®¤¨ä¨ª æ¨¨ äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢
â¨¯  ¯à®áâà ­áâ¢ �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨. �à®áâà ­áâ¢ ¬ äã­ªæ¨© ¯¥à¥¬¥­­®©
£« ¤ª®áâ¨ (â¨¯  ¯à®áâà ­áâ¢ �¥á®¢  ¨ �¨§®àª¨­ -�à¨¡¥«ï) ¨ ¨å à §«¨ç­ë¬ ®¡®¡é¥­¨ï¬
¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à âãà . �ª ¦¥¬ «¨èì à ¡®âë [2], [3], [4], [24], [25], [26], [29], [28],
[36] (á¬. â ª¦¥ ¬­®£®ç¨á«¥­­ë¥ ááë«ª¨ ¢ íâ¨å à ¡®â å).

�­â¥à¥á­® ®â¬¥â¨âì, çâ® ¢ ¡®«ìè¥© ç áâ¨ ¨¬¥îé¨åáï ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ à ¡®â
¨§ãç «¨áì ¯à®áâà ­áâ¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨, í«¥¬¥­â ¬¨ ª®â®àëå ï¢«ïîâáï à á¯à¥¤¥«¥­¨ï
¨§ ¯à®áâà ­áâ¢  S′(Rn). � á¢ï§¨ á íâ¨¬ ®á­®¢­ë¬¨ ¨­áâàã¬¥­â ¬¨ ¨áá«¥¤®¢ ­¨ï ¡ë«¨ â¥®à¨ï
�¨â«¢ã¤ -�í«¨ ¨ ¬¥â®¤ë �ãàì¥ -  ­ «¨§ .

�ã¤¥¬ £®¢®à¨âì, çâ® ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì (§ ¤ îé ï ¯¥à¥¬¥­­ãî £« ¤ª®áâì),
{sk} = {sk(·)}∞k=0 ∈ Y α3

α1,α2
, ¥á«¨ ¤«ï α3 ≥ 0, α1, α2 ∈ R

1)
1

C1
2α1(k−l) ≤ sk(x)

sl(x)
≤ C12α2(k−l), ¯à¨ l ≤ k ∈ N0, x ∈ Rn;

2)sk(x) ≤ C2sk(y)(1 + 2k|x− y|)α3 ¯à¨ k ∈ N0, x, y ∈ Rn.
(1.1)

�®­áâ ­âë C1, C2 > 0 ¢ (1.1) ­¥ § ¢¨áïâ ­¨ ®â ¨­¤¥ªá®¢ k, l ­¨ ®â â®ç¥ª x, y.
�«ï ¤ «ì­¥©è¥£® ­ ¬ ¯®­ ¤®¡¨âáï áâ ­¤ àâ­®¥ à §«®¦¥­¨¥ ¥¤¨­¨æë. �ãáâì Bn −

¥¤¨­¨ç­ë© è à ¢ Rn, Ψ0 ∈ S(Rn), Ψ0(x) = 1 ¯à¨ x ∈ Bn, suppΨ0 ⊂ 2Bn. �«ï j ∈ N ¯®«®¦¨¬
Ψj(x) := Ψ0(2−jx)−Ψ0(2−j+1x) ¯à¨ x ∈ Rn.

� à ¡®â å [24], [25], [26], [29] ¯à®áâà ­áâ¢  �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ®¯à¥¤¥«ï«¨áì
á«¥¤ãîé¨¬ ®¡à §®¬ (¬ë à áá¬ âà¨¢ ¥¬ á«ãç © â®«ìª® ¯®áâ®ï­­ëå ¯®ª § â¥«¥©
¨­â¥£à¨àã¥¬®áâ¨).

�¯à¥¤¥«¥­¨¥ 1.1. �ãáâì p, q ∈ (0,∞], α1, α2 ∈ R, α3 ≥ 0, {sk} ∈ Y α3
α1,α2

. �¨¬¢®«®¬

B
{sk}
p,q (Rn) ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® ¢á¥å à á¯à¥¤¥«¥­¨© f ∈ S′(Rn) á ª®­¥ç­®© ­®à¬®©

‖f |B{sk}p,q (Rn)‖ := ‖sjF−1(ΨjF [f ])|lq(Lp(Rn))‖. (1.2)
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� (1.2) á¨¬¢®«ë F ¨ F−1 ®¡®§­ ç îâ ¯àï¬®¥ ¨ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥
á®®â¢¥âáâ¢¥­­®.

�«¥¤ã¥â ®â¬¥â¨âì à ¡®âë [23], [28], [36], ¢ ª®â®àëå à §¢¨¢ «áï  ªá¨®¬ â¨ç¥áª¨© ¯®¤å®¤
ª äã­ªæ¨®­ «ì­ë¬ ¯à®áâà ­áâ¢ ¬ (ª ª ¯®áâ®ï­­®©, â ª ¨ ¯¥à¥¬¥­­®© £« ¤ª®áâ¨). �¬¥áâ®
¡ §®¢®£® ¯à®áâà ­áâ¢  Lp(Rn) ¢ ­®à¬¥ (1.2) à áá¬ âà¨¢ «®áì ¡®«¥¥ ®¡é¥¥ äã­ªæ¨®­ «ì­®¥
¯à®áâà ­áâ¢®, ã¤®¢«¥â¢®àïîé¥¥ ®¯à¥¤¥«¥­­®¬ã ­ ¡®àã  ªá¨®¬. �à®áâà ­áâ¢ , ¨§ãç ¥¬ë¥ ¢
[28], [36] ¢ª«îç îâ ¢ á¥¡ï èª «ã ¯à®áâà ­áâ¢ ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ¨§ [25], [26] ª ª ç áâ­ë©
á«ãç ©.

�  ­ è ¢§£«ï¤ ¨­â¥à¥á ¯à¥¤áâ ¢«ïîâ â ª¦¥ ¯à®áâà ­áâ¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨,
í«¥¬¥­â ¬¨ ª®â®àëå ï¢«ïîâáï «®ª «ì­® ¨­â¥£à¨àã¥¬ë¥ ¢ ­¥ª®â®à®© áâ¥¯¥­¨ äã­ªæ¨¨,  
­¥ à á¯à¥¤¥«¥­¨ï. � ª¨¥ ¯à®áâà ­áâ¢   ªâ¨¢­® ¨§ãç «¨áì �. �. �¥á®¢ë¬. �ª ¦¥¬ «¨èì
à ¡®âë [2], [3], [4] (á¬. â ª¦¥ ááë«ª¨ ¢ íâ¨å à ¡®â å). �â¬¥â¨¬, çâ® ¢ ãª § ­­ëå áâ âìïå
¡ë«¨ ¨á¯®«ì§®¢ ­ë ª« áá¨ç¥áª¨¥ ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ¨ ­®à¬  ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨©
¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ¨§­ ç «ì­® ®¯à¥¤¥«ï« áì á ¯®¬®éìî ª« áá¨ç¥áª¨å à §­®áâ¥©.

� à ¡®â å [24], [28] ¡ë«¨ ¤®ª § ­ë â¥®à¥¬ë ® å à ªâ¥à¨§ æ¨¨ à §«¨ç­ëå ¯à®áâà ­áâ¢
äã­ªæ¨© ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ (¨ ¨å ®¡®¡é¥­¨©) á ¯®¬®éìî ãáà¥¤­¥­­ëå (â®«ìª® ¯® è £ã)
à §­®áâ¥©, ¨§­ ç «ì­® ¦¥ ­®à¬  ¢ íâ¨å ¯à®áâà ­áâ¢ å ®¯à¥¤¥«ï«¨áì á ¯®¬®éìî ¤¥ª®¬¯®§¨æ¨¨
�¨â«¢ã¤ -�í«¨ ([24]) ¨«¨ á ¯®¬®éìî ¬ ªá¨¬ «ì­ëå äã­ªæ¨© �¥âà¥ ([28]). �à¥¤¯®« £ «®áì,
çâ® ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk} ∈ Y α3

α1,α2
¨ ¤®¯®«­¨â¥«ì­® âà¥¡®¢ «®áì ãá«®¢¨¥ α1 > 0.

� à ¡®â å [3], [4] ¯à¥¤¯®« £ «®áì, çâ® {sk} ∈loc Y α3
α1,α2

¨ α1 > 0. �« áá locY α3
α1,α2

®â«¨ç ¥âáï
®â ª« áá  Y α3

α1,α2
§ ¬¥­®© ãá«®¢¨ï 2) ­  ãá«®¢¨¥

2′)sk(x) ≤ 2α3sk(y) ¯à¨ k ∈ N0, |x− y| ≤ 2−k. (1.3)

�ç¥¢¨¤­® Y α3
α1,α2

⊂loc Y α̃3
α1,α2

, £¤¥ α̃3 § ¢¨á¨â «¨èì ®â α3 ¨ ª®­áâ ­âë C2 ¨§ 1.1. �¥á®¢®©
ª« áá locY α3

α1,α2
áâà®£® è¨à¥ ª« áá  Y α3

α1,α2
, ¯®áª®«ìªã á®¤¥à¦¨â íªá¯®­¥­æ¨ «ì­® à áâãé¨¥ ­ 

¡¥áª®­¥ç­®áâ¨ äã­ªæ¨¨.
�§  ­ «¨§  ®¯à¥¤¥«¥­¨© ¯à®áâà ­áâ¢ �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨, ª®â®àë¥

¨á¯®«ì§®¢ «¨áì ¢ à ¡®â å [3], [4], [24], [28] ¬ë ¢¨¤¨¬, çâ® ¢ íâ¨å à ¡®â å âà¥¡®¢ «®áì
¤®áâ â®ç­® ¦¥áâª®¥ ãá«®¢¨¥ α1 > 0 (¢ â®¬ á«ãç ¥, ¥á«¨ í«¥¬¥­â ¬¨ íâ¨å ¯à®áâà ­áâ¢ ¡ë«¨
«®ª «ì­® ¨­â¥£à¨àã¥¬ë ¢ ­¥ª®â®à®© áâ¥¯¥­¨ äã­ªæ¨¨). �â® ®£à ­¨ç¥­¨¥ ¥áâ¥áâ¢¥­­® ¢
á«ãç ¥, ª®£¤  sk ≡ Ck ¯à¨ ¢á¥å k ∈ N (Ck − ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë), ¯®áª®«ìªã ¨­ ç¥
¬ë ¢ë­ã¦¤¥­ë ¯à¨¡¥£ âì ª â¥®à¨¨ à á¯à¥¤¥«¥­¨©. � á«ãç ¥ ¦¥ ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ íâ®
¢¥áì¬  £àã¡®¥ ãá«®¢¨¥.

�¥ª®â®àë¥ ¢ ¦­ë¥ ¤«ï ¯à¨«®¦¥­¨© § ¤ ç¨ (­ ¯à¨¬¥à § ¤ ç  ®¯¨á ­¨ï á«¥¤®¢ äã­ªæ¨©
¨§ ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢ ) âà¥¡ãîâ ¯à¨¢«¥ç¥­¨ï â¥®à¨¨ ¯à®áâà ­áâ¢ äã­ªæ¨©
¯¥à¥¬¥­­®© £« ¤ª®áâ¨ (í«¥¬¥­â ¬¨ ª®â®àëå ï¢«ïîâáï «®ª «ì­® ¨­â¥£à¨àã¥¬ë¥ äã­ªæ¨¨),
¢ ®¯à¥¤¥«¥­¨¨ ª®â®àëå ãá«®¢¨¥ α1 > 0 ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ®ª §ë¢ ¥âáï á«¨èª®¬
®£à ­¨ç¨â¥«ì­ë¬. � à ¡®â¥ [35]  ¢â®à®¬ ¡ë«¨ ¢¢¥¤¥­ë ­®¢ë¥ ¯à®áâà ­áâ¢  B̃l

p,q(Rd, {γk})
(¯à¨ p, q ∈ (1,∞)) ¨ ¯®ª § ­®, çâ® íâ¨ ¯à®áâà ­áâ¢  ï¢«ïîâáï á«¥¤ ¬¨ ¢¥á®¢ëå ¯à®áâà ­áâ¢
�®¡®«¥¢  W̃ l

p(Rn, γ) ­  ¯«®áª®áâ¨ à §¬¥à­®áâ¨ 1 ≤ d < n, ¢ á«ãç ¥ ¥á«¨ ¢¥á γ
«®ª «ì­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î � ª¥­å ã¯â  (¢ à ¡®â¥ [35] íâ¨ ¯à®áâà ­áâ¢  ®¡®§­ ç «¨áì

á¨¬¢®«®¬ B
l
p,q(Rd, {γk})). �à¨ íâ®¬, ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {γk}, ¢®®¡é¥ £®¢®àï ¬®¦¥â

¯à¨­ ¤«¥¦ âì ¢¥á®¢®¬ã ª« ááã locY α3
α1,α2

¯à¨ α1 < 0 ¨ ­¥ ¯à¨­ ¤«¥¦ âì ­¨ª ª®¬ã ª« ááã
locY α3

α′1,α
′
2
¯à¨ α′1 > 0 (á¬. § ¬¥ç ­¨¥ 4.4 ­¨¦¥). �® íâ®© ¯à¨ç¨­¥ ¬¥â®¤ë à ¡®â [3], [4], [24]

®ª §ë¢ îâáï ­¥¯à¨¬¥­¨¬ë ¤«ï ¨§ãç¥­¨ï ¯à®áâà ­áâ¢ B̃l
p,q(Rd, {γk}). � ª¦¥ íâ¨ ¯à®áâà ­áâ¢ 

­¥ ¢¯¨áë¢ îâáï ¢  ªá¨®¬ â¨ªã à ¡®â [23], [28], [36].
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�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ à ¡®â¥ [2] ¯à®áâà ­áâ¢  �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ¨§ãç «¨áì
¯à¨ ¬¨­¨¬ «ì­® ¢®§¬®¦­ëå ®£à ­¨ç¥­¨ïå ­  ¯¥à¥¬¥­­ãî £« ¤ª®áâì. �¤­ ª® ¢ [35] ¯®ª § ­®,
çâ® ¯à®áâà ­áâ¢ , ¨§ãç ¥¬ë¥ ¢ à ¡®â å [2] (  §­ ç¨â ¨ ¢ [3], [4]) ­¥ ï¢«ïîâáï ¢®®¡é¥
£®¢®àï á«¥¤ ¬¨ ¯à®áâà ­áâ¢ �®¡®«¥¢  W̃ l

p(Rn, γ) á ¢¥á®¬ «®ª «ì­® ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î
� ª¥­å ã¯â .

� ª¨¬ ®¡à §®¬, âà¥¡ã¥âáï ­®¢ë© ¯®¤å®¤ ª ¯à®áâà ­áâ¢ ¬ äã­ªæ¨© ¯¥à¥¬¥­­®© £« ¤ª®áâ¨,
¯®§¢®«ïîé¨© ¢ ç áâ­®áâ¨ ¨áá«¥¤®¢ âì ¯à®áâà ­áâ¢® B̃l

p,q(Rd, {γk}), ï¢«ïîé¨¥áï á«¥¤®¬
¢¥á®¢®£® ¯à®áâà ­áâ¢ �®¡®«¥¢  á ¢¥á®¬ γ, «®ª «ì­® ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î � ª¥­å ã¯â .
�«ï íâ®£® ¬ë ¢¢®¤¨¬ ¯à¨ p, q, r ∈ (0,∞] ­®¢®¥ ¯à®áâà ­áâ¢® �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨
B̃l
p,q,r(Rn, {tk}) ¯à¨ á« ¡ëå ®£à ­¨ç¥­¨ïå ­  ¯¥à¥¬¥­­ãî £« ¤ª®áâì {tk}.
�á­®¢­ë¥ ®â«¨ç¨ï ¨§ãç ¥¬®£® ­ ¬¨ ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk}) ®â ¨¬¥îé¨åáï à ­¥¥
 ­ «®£®¢ á®áâ®ïâ ¢ á«¥¤ãîé¥¬:

1) �®à¬  ¢ ¯à®áâà ­áâ¢¥ B̃l
p,q,r(Rn, {tk}) ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨ à §­®áâ¥©

ãáà¥¤­¥­­ëå ª ª ¯® è £ã â ª ¨ ¯® ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©. �à®¬¥ â®£®, ¬ë
¨á¯®«ì§ã¥¬ ¯ à ¬¥âà r, ª®â®àë© ¯®§¢®«ï¥â ¯®«ãç¨âì ¡®«¥¥ â®­ªãî ¯®¯à ¢ªã ª á¢®©áâ¢ ¬
¨­â¥£à¨àã¥¬®áâ¨ äã­ªæ¨© ¢ ¯à®áâà ­áâ¢ å ¯¥à¥¬¥­­®© £« ¤ª®áâ¨. � ¦­® ®â¬¥â¨âì, çâ®
â ª ï ª®­áâàãªæ¨ï ¤¢ãªà â­® ãáà¥¤­¥­­ëå à §­®áâ¥© ¡ë«  ¨á¯®«ì§®¢ ­  ¢ à ¡®â¥ [23]
¯à¨ ¯®áâà®¥­¨¨ íª¢¨¢ «¥­â­ëå ­®à¬¨à®¢®ª ¢ ¯à®áâà ­áâ¢ å â¨¯  ¯à®áâà ­áâ¢ �¥á®¢  ¨
�¨§®àª¨­ -�à¨¡¥«ï. � ª¦¥ â ª¨¥ ª®­áâàãªæ¨¨ ¡ë«¨ ¨á¯®«ì§®¢ ­ë ­¥¤ ¢­® �. �. �¥á®¢ë¬ ¢
à ¡®â å [15], [16] ¯à¨ ¨§ãç¥­¨¨ ¯à®áâà ­áâ¢ äã­ªæ¨© ­ã«¥¢®© £« ¤ª®áâ¨. �. �. �¥á®¢ë¬ ¡ë«®
¢ëïá­¥­®, çâ®  ¯¯ à â ¤¢ãªà â­® ãáà¥¤­¥­­ëå à §­®áâ¥© ®ª §ë¢ ¥âáï ¡®«¥¥ ¯®¤å®¤ïé¨¬ (ç¥¬
ãáà¥¤­¥­­ë¥ «¨èì ¯® è £ã à §­®áâ¨) ¤«ï ¨§ãç¥­¨ï äã­ªæ¨©, ­¥ ®¡« ¤ îé¨å ¤®áâ â®ç­®©
£« ¤ª®áâìî. �¤­ ª® ­ è¨ ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk}) ­¥ ¢¯¨áë¢ îâáï ¢  ªá¨®¬ â¨ªã à ¡®âë
[23] ¯® ¯à¨ç¨­¥ á« ¡ëå ®£à ­¨ç¥­¨©, ª®â®àë¥ ¬ë ­ « £ ¥¬ ­  ¢¥á®¢ãî ¯®á«¥¤®¢ â¥«ì­®áâì
{tk}.

2) �ë ¢¢®¤¨¬ ª« áá ¢¥á®¢ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© Xα3
α,σ,p (c¬. ®¯à¥¤¥«¥­¨¥ 2.5).

�¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨­ ¤«¥¦­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {tk} ¢¥á®¢®¬ã
ª« ááã Xα3

α,σ,p ¢ëà ¦ îâáï ¢ â¥à¬¨­ å ­¥ ¯®â®ç¥ç­ëå,   ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¨­â¥£à «ì­ëå
®æ¥­®ª. �« áá Xα3

α,σ,p ®ª §ë¢ ¥âáï ¡®«¥¥ ¥áâ¥áâ¢¥­­ë¬ (ç¥¬ ª« áá locY α3
α1,α2

) ¤«ï ¨§ãç ¥¬ëå
­ ¬¨ ¯à®áâà ­áâ¢, ¯®áª®«ìªã ­®à¬  ¢ ­¨å § ¤ ¥âáï ¯à¨ ¯®¬®é¨ à §­®áâ¥© ãáà¥¤­¥­­ëå ª ª
¯® è £ã â ª ¨ ¯® ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©. �®­¥ç­®, ¢ á«ãç ¥, ª®£¤  tk ≡ Ck ¯à¨
¢á¥å k ∈ N0 ­ è¨ ®£à ­¨ç¥­¨ï ­  ¢¥á®¢ãî ¯®á«¥¤®¢ â¥«ì­®áâì {tk} ¡ã¤ãâ ¯¥à¥å®¤¨âì ¢ à ­¥¥
¨§¢¥áâ­ë¥ ¯®â®ç¥ç­ë¥ ãá«®¢¨ï. �ë ¯®ª ¦¥¬ â ª¦¥, çâ® ¯à¨ {tk} ∈ Y α3

α1,α2
,α1 > 0, l > α2

¨ ¯®áâ®ï­­ëå p, q ∈ [1,∞) ¯à®áâà ­áâ¢  B̃l
p,q,1(Rn, {tk}) ¡ã¤ãâ á®¢¯ ¤ âì á ¯à®áâà ­áâ¢ ¬¨,

¨§ãç ¥¬ë¬¨ ¢ à ¡®â å [24], [25], [26], [29].
�«ï ¨áá«¥¤®¢ ­¨ï ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk}) ¬ë ¬®¤¨ä¨æ¨àã¥¬ ¬¥â®¤ë ­¥«¨­¥©­®©
á¯« ©­- ¯¯à®ªá¨¬ æ¨¨, à §¢¨âë¥ ¢ à ¡®â¥ [20], £¤¥ ®­¨ ¯à¨¬¥­ï«¨áì ¯à¨ ¨§ãç¥­¨¨
ª« áá¨ç¥áª¨å ¯à®áâà ­áâ¢ �¥á®¢ . �â¬¥â¨¬, çâ® ¨§ãç¥­¨¥ ¯à®áâà ­áâ¢ äã­ªæ¨© ¯¥à¥¬¥­­®©
£« ¤ª®áâ¨ ¬¥â®¤ ¬¨ ­¥«¨­¥©­®© á¯« ©­- ¯¯à®ªá¨¬ æ¨¨ à ­¥¥ ­¥ ¯à®¢®¤¨«®áì ¨ ¯®íâ®¬ã
¬®¦¥â ¯à¥¤áâ ¢«ïâì á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á. �ë ã¢¨¤¨¬, çâ® ¬­®£¨¥ ¨§¢¥áâ­ë¥ ª
­ áâ®ïé¥¬ã ¢à¥¬¥­¨ â¥®à¥¬ë, ª®â®àë¥ ¡ë«¨ ¤®ª § ­ë ¤«ï à §«¨ç­ëå ¯à®áâà ­áâ¢
â¨¯  ¯à®áâà ­áâ¢ �¥á®¢ , ¯¥à¥¬¥­­ ï £« ¤ª®áâì ¢ ª®â®àëå ®¯à¥¤¥«ï¥âáï ¢¥á®¢®©
¯®á«¥¤®¢ â¥«ì­®áâìî {sk} ∈ Y α3

α1,α2
, ¨¬¥îâ ¥áâ¥áâ¢¥­­ë¥  ­ «®£¨ ¤«ï à áá¬ âà¨¢ ¥¬ëå

­ ¬¨ ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {tk}), ¯¥à¥¬¥­­ ï £« ¤ª®áâì ¢ ª®â®àëå ®¯à¥¤¥«ï¥âáï ¢¥á®¢®©

¯®á«¥¤®¢ â¥«ì­®áâìî {tk} ∈ Xα3
α,σ,p. � ª ­ ¯à¨¬¥à, ¬ë ¤®ª ¦¥¬ à §«¨ç­ë¥ â¥®à¥¬ë ®¡

íª¢¨¢ «¥­â­ëå ­®à¬¨à®¢ª å ¯à®áâà ­áâ¢ â¨¯  ¯à®áâà ­áâ¢ �¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨,
¤®ª ¦¥¬ â¥®à¥¬ã ®¡  â®¬ à­®¬ à §«®¦¥­¨¨ íâ¨å ¯à®áâà ­áâ¢. �¥®à¥¬ë ®¡  â®¬ à­®¬
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à §«®¦¥­¨¨ ï¢«ïîâáï ¬®é­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï ¨áá«¥¤®¢ ­¨ï à §«¨ç­ëå äã­ªæ¨®­ «ì­ëå
¯à®áâà ­áâ¢. � à ¡®â å [23], [26], [28], [36], íâ¨ â¥®à¥¬ë ¡ë«¨ ¤®ª § ­ë ¯à¨ ãá«®¢¨¨ ­ «¨ç¨ï
­ã«¥¢ëå ¬®¬¥­â®¢ ¢ëá®ª®£® ¯®àï¤ª  ã  â®¬®¢ ¨§ ¯à¥¤áâ ¢«¥­¨ï ¤ ­­®£® à á¯à¥¤¥«¥­¨ï.
�¨á«® ­ã«¥¢ëå ¬®¬¥­â®¢, ª®â®à®¥ ¤®«¦­ë ¨¬¥âì  â®¬ë, ®¯à¥¤¥«ï«®áì ¯®ª § â¥«ï¬¨ α1, α2, α3

(ª®â®àë¥ ª®­âà®«¨àãîâ ¯®â®ç¥ç­®¥ ¯®¢¥¤¥­¨¥ ¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ®¯à¥¤¥«ïîé¥©
¯¥à¥¬¥­­ãî £« ¤ª®áâì). �â¨ ãá«®¢¨ï âàã¤­® ¯à®¢¥à¨âì ¢ ª®­ªà¥â­ëå § ¤ ç å. � ª, ­ ¯à¨¬¥à,
¥á«¨ ¬ë ¨¬¥¥¬ ¨­ä®à¬ æ¨î ® à ¢¥­áâ¢¥ ­ã«î ¬®¬¥­â®¢ ¢ëá®ª®£® ¯®àï¤ª  ã  â®¬®¢ ¨§
¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ f : Rn → R, â® ¬ë ­¥ ¬®¦¥¬,¢®®¡é¥ £®¢®àï ãâ¢¥à¦¤ âì, çâ®
à ¢­ë ­ã«î á®®â¢¥âáâ¢ãîé¨¥ ¬®¬¥­âë á«¥¤®¢ íâ¨å  â®¬®¢ ­  £¨¯¥à¯«®áª®áâ¨ Rn−1. �® íâ®©
¯à¨ç¨­¥ ¬ë ­¥ ¬®¦¥¬ à¥è¨âì à ­¥¥ ¨§¢¥áâ­ë¬¨ ¬¥â®¤ ¬¨ § ¤ çã ® á«¥¤ å ¤«ï ¯à®áâà ­áâ¢
äã­ªæ¨© ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ¯à¨ ¬¨­¨¬ «ì­® ¢®§¬®¦­ëå ®£à ­¨ç¥­¨ïå ­  ¢¥á®¢ãî
äã­ªæ¨®­ «ì­ãî ¯®á«¥¤®¢ â¥«ì­®áâì {sk}. � à ¡®â¥ [29] § ¤ ç  ® á«¥¤ å ¤«ï ¯à®áâà ­áâ¢
�¥á®¢  ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ ¡ë«  à¥è¥­  ¯à¨ ¯®¬®é¨ â¥®à¥¬ë ®¡  â®¬ à­®¬ à §«®¦¥­¨¨
¯à¨ ®¯à¥¤¥«¥­­ëå ®£à ­¨ç¥­¨ïå ­  ¢¥á®¢ãî ¯®á«¥¤®¢ â¥«ì­®áâì {sk}. �â¨ ®£à ­¨ç¥­¨ï
á¯¥æ¨ «ì­® ¡ë«¨ ¯®¤®¡à ­ë â ª, çâ®¡ë ¨§¡¥¦ âì ¯à®¢¥àª¨ ­ «¨ç¨ï ­ã«¥¢ëå ¬®¬¥­â®¢
ã  â®¬®¢ ¨§ à §«®¦¥­¨ï á«¥¤ . �¤­¨¬ ¨§ £« ¢­ëå ­  ­ è ¢§£«ï¤ ¯à¥¨¬ãé¥áâ¢ ¬¥â®¤®¢
­¥«¨­¥©­®© á¯« ©­- ¯¯à®ªá¨¬ æ¨¨ ï¢«ï¥âáï â®â ä ªâ, çâ®  â®¬ à­®¥ à §«®¦¥­¨¥ äã­ªæ¨©
¨§ á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢ �¥á®¢  à¥ «¨§ã¥âáï ¯à¨ ¯®¬®é¨  â®¬®¢ (á¯« ©­®¢), ­¥
§ ¢¨áïé¨å ®â äã­ªæ¨¨ f . �à®¬¥ â®£®  â®¬ë ¨¬¥îâ ¤®áâ â®ç­® ¯à®áâãî áâàãªâãàã ¨
ï¢«ïîâáï ¢ ¬­®£®¬¥à­®¬ á«ãç ¥ â¥­§®à­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ®¤­®¬¥à­ëå  â®¬®¢. �« £®¤ àï
á¯¥æ¨ «ì­®¬ã ¢ë¡®àã íâ¨å  â®¬®¢ ­¥ ­ã¦­® ¤®¯®«­¨â¥«ì­® âà¥¡®¢ âì, çâ®¡ë  â®¬ë ¨¬¥«¨
­ã«¥¢ë¥ ¬®¬¥­âë ¢ëá®ª®£® ¯®àï¤ª . � ¯®¬®éìî â¥®à¥¬ë ®¡  â®¬ à­®¬ à §«®¦¥­¨¨ ¬ë
«¥£ª® ¯®«ãç¨¬ à §«¨ç­ë¥ â¥®à¥¬ë ¢«®¦¥­¨ï ¨ â¥®à¥¬ë ª®¬¯ ªâ­®áâ¨ ¤«ï ¯à®áâà ­áâ¢
B̃l
p,q,r(Rn, {tk}). � ª¦¥ ¬ë ®å à ªâ¥à¨§ã¥¬ á«¥¤ ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk}).

2 �¯à¥¤¥«¥­¨ï ¨ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�  ¯à®âï¦¥­¨¨ ¢á¥© à ¡®âë ¬ë ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï á«¥¤ãîé¥£® á®£« è¥­¨ï. �ã¤¥¬
¨á¯®«ì§®¢ âì á¨¬¢®«ë C ¨ M ¤«ï ®¡®§­ ç¥­¨ï ¢®®¡é¥ £®¢®àï à §«¨ç­ëå "­¥áãé¥áâ¢¥­­ëå"
ª®­áâ ­â, ä¨£ãà¨àãîé¨å ¢ à §«¨ç­ëå ®æ¥­ª å. �­®£¤  ¬ë ¡ã¤¥¬ á¯¥æ¨ «ì­® ¯®¤ç¥àª¨¢ âì
(¥á«¨ íâ® ¢ ¦­® ¤«ï ¯®­¨¬ ­¨ï ®æ¥­ª¨), ®â ª ª¨å ¯ à ¬¥âà®¢ § ¢¨á¨â â  ¨«¨ ¨­ ï ª®­áâ ­â .

�ã¤¥¬ ­ §ë¢ âì ¢¥á®¢®© äã­ªæ¨¥© (¢¥á®¬) ¨§¬¥à¨¬ãî äã­ªæ¨î γ : Rn → (0,+∞). �ãáâì
E ⊂ Rn − ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢®. �®«®¦¨¬ γ(E) :=

∫
E

γ(x) dx.

�¨¬¢®«®¬ Lp(E) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ (á®áâ®ïé¨å ¨§ ¯®çâ¨
¢áî¤ã à ¢­ëå äã­ªæ¨©) á ­®à¬®©

‖f |Lp(E)‖ :=

∫
E

|f(x)|p dx

 1
p

, ¥á«¨ 1 ≤ p <∞,

‖f |L∞(E)‖ := ess sup |f(x)|.

�«ï ¨§¬¥à¨¬®© äã­ªæ¨¨ g : Rn −→ R, ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E ¨ ¢¥á  γ á¨¬¢®«®¬
Lp(E, γ) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ (á®áâ®ïé¨å ¨§ ¯®çâ¨ ¢áî¤ã
à ¢­ëå äã­ªæ¨©) á ­®à¬®© ‖g|Lp(E, γ)‖ := ‖γg|Lp(E)‖.

�¨¬¢®«®¬ Qn ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì ®âªàëâë© ªã¡ ¢ ¯à®áâà ­áâ¢¥ Rn c à¥¡à ¬¨
¯ à ««¥«ì­ë¬¨ ª®®à¤¨­ â­ë¬ ®áï¬. �¥à¥§ r(Qn) ®¡®§­ ç¨¬ ¤«¨­ã à¥¡à  ªã¡  Qn,   ç¥à¥§
|Qn| − ¥£® «¥¡¥£®¢ã n - ¬¥à­ãî ¬¥àã. �à¨ δ > 0 á¨¬¢®«®¬ δQn ®¡®§­ ç¨¬ ªã¡, æ¥­âà®¬
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ª®â®à®£® ï¢«ï¥âáï æ¥­âà ªã¡  Qn,   ¤«¨­  à¥¡à  r(δQn) := δr(Qn). �«ï m = (m1, ..,mn) ∈ Zn,

k ∈ Z ¯ãáâì Qnk,m :=
n∏
i=1

(mi
2k
, mi+1

2k
) − ®âªàëâë© ¤¢®¨ç­ë© ®âªàëâë© ªã¡ á ¤«¨­®© à¥¡à  2−k,

Q̃nk,m :=
n∏
i=1

[mi
2k
, mi+1

2k
). �®«®¦¨¬ â ª¦¥ In :=

n∏
i=1

(−1, 1). �¨¬¢®«®¬ δBn (δSn) ¡ã¤¥¬ ®¡®§­ ç âì

n - ¬¥à­ë© è à (áä¥àã) à ¤¨ãá  δ á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â.
�à¨ x ∈ Rn, E ⊂ Rn ¯®«®¦¨¬ x+ E := {y ∈ Rn : y = x+ z, z ∈ E}.
� à ¡®â¥ [32] B. C. �ëçª®¢ë¬ ¡ë« ¢¢¥¤¥­ ª« áá ¢¥á®¢ Alocp (Rn), ®¡®¡é îé¨© ¨§¢¥áâ­ë©

¢¥á®¢®© ª« áá � ª¥­å ã¯â  Ap(Rn) (¯à¨ 1 < p ≤ ∞).
�¯à¥¤¥«¥­¨¥ 2.1. ([32]) �ãáâì p ∈ (1,∞), a > 0. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥á γ ∈ Alocp (Rn),

¥á«¨

C locγ,p,a := sup
Qn:r(Qn)≤a

1

|Qn|

∫
Qn

γ(x) dx

 1

|Qn|

∫
Qn

γ
− p
′
p (x) dx


p
p′

< +∞.

�¯à¥¤¥«¥­¨¥ 2.2. ([30]) �ãáâì a > 0. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥á γ ∈ Aloc1 (Rn), ¥á«¨
áãé¥áâ¢ã¥â ­¥ § ¢¨áïé ï ®â ªã¡  Qn ª®­áâ ­â  C locγ,1,a > 0 â ª ï, çâ® ¤«ï ¢á¥å ªã¡®¢ á ¤«¨­®©
à¥¡à  r(Qn) ≤ a

1

|Qn|

∫
Qn

γ(x) dx ≤ Aγ(x) ¤«ï ¯®çâ¨ ¢á¥å â®ç¥å x ∈ Qn.

�¨¬¢®«®¬ C locγ,1,a ®¡®§­ ç¨¬ ­ ¨¬¥­ìèãî ¨§ ª®­áâ ­â A, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢®
¢ëè¥¯à¨¢¥¤¥­­®¥ ­¥à ¢¥­áâ¢®.

�¯à¥¤¥«¥­¨¥ 2.3. ([32]) �ãáâì a > 0. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥á γ ∈ Aloc∞ (Rn), ¥á«¨ ¤«ï
­¥ª®â®à®£® α ∈ (0, 1)

sup
r(Qn)≤a

(
sup

F⊂Qn,|F |≥α|Qn|

γ(Qn)

γ(F )

)
<∞.

� ¬¥ç ­¨¥ 2.1. ([32]) �á«¨ ¢¥á γ ∈ Aloc∞ (Rn), â® áãé¥áâ¢ã¥â ç¨á«® p ∈ [1,∞) â ª®¥, çâ®
γ ∈ Alocp (Rn).

� ¬¥ç ­¨¥ 2.2. �à¨ p ∈ (1,+∞] ®¯à¥¤¥«¥­¨¥ ª« áá  Alocp (Rn) ­¥ § ¢¨á¨â ®â ¢ë¡®à 
¯ à ¬¥âà  a. �à¨ à §«¨ç­ëå a > 0 ª®­áâ ­âë C locγ,p,a ®æ¥­¨¢ îâáï ®¤­  ç¥à¥§ ¤àã£ãî ([32]).
�®¦­® ¯®ª § âì, çâ®  ­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï Aloc1 (Rn).

�«ï f ∈ Lloc1 (Rn), a > 0 ç¥à¥§M≤af ®¡®§­ ç¨¬ «®ª «ì­ãî ¬ ªá¨¬ «ì­ãî äã­ªæ¨î � à¤¨-
�¨ââ«¢ã¤ , â® ¥áâì

M≤af(x) := sup
x∈Qn,r(Qn)≤a

1

|Qn|

∫
Qn

|f(y)| dy.

�«¥¤ãîé¨© äã­¤ ¬¥­â «ì­ë© à¥§ã«ìâ â ®¡®¡é ¥â ª« áá¨ç¥áª¨© à¥§ã«ìâ â � ª¥­å ã¯â 
[33](ch.5, sect.3, theorem 1).

�¥®à¥¬  2.1. ([32]) �ãáâì γ ∈ Alocp (Rn), 1 < p <∞, a > 0. �®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â 
A = A(n, p, a, γ) > 0 â ª ï, çâ®∫

Rn

γ(x) {M≤a[f ](x)}p dx ≤ A
∫
Rn

γ(x)|f(x)|p dx
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¤«ï ¢á¥å f ∈ Lp(Rn, γ
1
p ).

�¥®à¥¬  2.2. (­¥à ¢¥­áâ¢® � à¤¨ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¥©) �ãáâì 0 < q ≤ ∞, µ ≤ q,
β ≥ 0, {ak} − ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥é¥áâ¢¥­­ëå ç¨á¥«. �®£¤  ­¥à ¢¥­áâ¢® (á ®ç¥¢¨¤­ë¬¨
¬®¤¨ä¨ª æ¨ï¬¨ ¤«ï q =∞ ¨«¨ µ =∞)( ∞∑

k=0

2qkβ|bk|q
) 1

q

≤ C

( ∞∑
k=0

2qkβ |ak|q
) 1

q

(2.1)

á¯à ¢¥¤«¨¢® á ª®­áâ ­â®© C > 0, ­¥ § ¢¨áïé¥© ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ {ak} ¢ á«ãç ïå

|bk| ≤ C

 ∞∑
j=k

|ak|µ
 1

µ

, ¯à¨ ãá«®¢¨¨ çâ® β > 0 «¨¡® (2.2)

|bk| ≤ C2−kλ

 k∑
j=0

2jµλ|ak|µ
 1

µ

, ¯à¨ ãá«®¢¨¨ çâ® λ > β. (2.3)

� ª¦¥ ¢ ¤ «ì­¥©è¥¬ ­ ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé¥¥ í«¥¬¥­â à­®¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  2.1. �ãáâì r ∈ (0,∞], fj ∈ Llocr (Rn) ¯à¨ j ∈ N0. �®£¤  ¯à¨ µ ≤ min{1, r}
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖
∞∑
j=1

fj |Lr(Rn)‖ ≤

 ∞∑
j=1

‖fj |Lr(Rn)‖µ
 1

µ

. (2.4)

�®ª § â¥«ìáâ¢® «¥£ª® á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  �¥­á¥­ .
�ãáâì l ∈ N, r ∈ (0,∞], Ω − ®¡« áâì ¢ Rn. �«ï äã­ªæ¨¨ g ∈ Llocr (Ω), h ∈ Rn, t > 0 ¨ ªã¡ 

Qn ®¯à¥¤¥«¨¬ à §­®áâ¨ l - ®£® ¯®àï¤ª  ä®à¬ã« ¬¨

∆l(h,Ω)g(x) :=


l∑

j=0
Cjl (−1)l+jg(x+ jh), ¯à¨ [x, x+ hl] ⊂ Ω,

0, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ;

∆
l
r(t,Ω)g(x) :=

 1

tn

∫
tIn

|∆l(h,Ω)g(x)|r dh

 1
r

¯à¨ x ∈ Rn;

δlr(Q
n,Ω)g :=

 1

[r(Qn)]2n

∫
r(Qn)In

∫
Qn

|∆l(h,Ω)g(x)|r dxdh


1
r

.

�®«®¦¨¬ ∆l(h)g := ∆l(h,Rn)g, ∆
l
r(t)g := ∆

l
r(t,Rn)g, δlr(Q

n)g := δlr(Q
n,Rn)g

�«ï ªã¡  Qn ç¥à¥§ ωl(ϕ,Qn)r ®¡®§­ ç¨¬ ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ϕ ∈ Llocr (Rn) ­ 
ªã¡¥ Qn ¢ ¬¥âà¨ª¥ Lr, â® ¥áâì

ωl(ϕ,Q
n)r := sup

|h|>0
‖∆l(h,Qn)ϕ|Lr(Rn)‖.
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�®à®è® ¨§¢¥áâ­  (á¬. [6] á«ãç ¥ r ≥ 1, [34] − ®¡é¨© á«ãç ©) ¤¢ãáâ®à®­­ïï ®æ¥­ª 

C1δ
l
r(Q

n, Qn)ϕ ≤ [|Qn|]−
1
rωl(ϕ,Q

n)r ≤ C2δ
l
r(Q

n, Qn)ϕ. (2.5)

�®­áâ ­âë C1, C2 ¢ (2.5) ­¥ § ¢¨áïâ ­¨ ®â äã­ªæ¨¨ ϕ, ­¨ ®â ªã¡  Qn.
�¯à¥¤¥«¨¬ ¤«ï ªã¡  Qn ¨ äã­ªæ¨¨ ϕ ∈ Llocr (Rn) «®ª «ì­®¥ ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥

¯®«¨­®¬ ¬¨ áâ¥¯¥­¨ ­¨¦¥ l à ¢¥­áâ¢®¬

El(ϕ,Q
n)r := inf

deg(P )<l
‖ϕ− P |Lr(Qn)‖.

�¯à¥¤¥«¨¬ â ª¦¥ ¤«ï ªã¡  Qn ¨ äã­ªæ¨¨ ϕ ∈ Llocr (Rn) «®ª «ì­®¥ ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥
¯®«¨­®¬ ¬¨ ª®®à¤¨­ â­®© áâ¥¯¥­¨ ­¨¦¥ l (áã¬¬ à­ ï áâ¥¯¥­ì ¯®«¨­®¬  ¯à¨ íâ®¬, ®ç¥¢¨¤­®,
­¥ ¯à¥¢®áå®¤¨â n(l − 1)) à ¢¥­áâ¢®¬

Êl(ϕ,Q
n)r := inf

degi(P )<l
‖ϕ− P |Lr(Qn)‖,

£¤¥ ­¨¦­ïï £à ­ì ¢§ïâ  ¯® ¢á¥¬ ¯®«¨­®¬ ¬ P , áâ¥¯¥­ì ª®â®àëå ¯® ¯¥à¥¬¥­­®© xi ¬¥­ìè¥
l ¯à¨ ª ¦¤®¬ i ∈ {1, .., n}.

�§ à¥§ã«ìâ â®¢ à ¡®âë [34] á«¥¤ã¥â , çâ®

C3δ
l
r(Q

n, Qn)ϕ ≤ [|Qn|]−
1
rEl(ϕ,Q

n)r ≤ C4δ
l
r(Q

n, Qn)ϕ. (2.6)

�à¨ íâ®¬ ª®­áâ ­âë C3, C4 ¢ (2.6) ­¥ § ¢¨áïâ ­¨ ®â äã­ªæ¨¨ ϕ, ­¨ ®â ªã¡  Qn.
�ã¤¥¬ £®¢®à¨âì, çâ® ¬­®£®ç«¥­ PQ ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ¯®çâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï

¯®«¨­®¬ ¬¨ áâ¥¯¥­¨ ­¨¦¥ l äã­ªæ¨¨ ϕ ∈ Llocr (Rn) ­  ªã¡¥ Qn á ª®­áâ ­â®© A ≥ 1, ¥á«¨

‖ϕ− P |Lr(Qn)‖ ≤ AEl(ϕ,Qn)r.

�­ «®£¨ç­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¯®­ïâ¨¥ ¬­®£®ç«¥­  ¯®çâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï
¯®«¨­®¬ ¬¨ ª®®à¤¨­ â­®© áâ¥¯¥­¨ ­¨¦¥ l äã­ªæ¨¨ ϕ ∈ Llocr (Rn) ­  ªã¡¥ Qn á ª®­áâ ­â®©
A ≥ 1.

�¯à¥¤¥«¥­¨¥ 2.4. �ãáâì α3 ≥ 0, α1, α2 ∈ R, σ1, σ2 ∈ (0,+∞], α = (α1, α2), σ = (σ1, σ2).
�¨¬¢®«®¬ X̃α3

α,σ ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ªà â­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯®«®¦¨â¥«ì­ëå ç¨á¥«
{tk,m} = {tk,m}k∈N0,m∈Zn , ¤«ï ª®â®àëå ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) �ãé¥áâ¢ãîâ ç¨á«  c1, c2 > 0 â ª¨¥, çâ®

tk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

1

tσ1j,m̃


1
σ1

≤ c12(k−j)α1 ¯à¨ 0 ≤ k ≤ j,m ∈ Zn, (2.7)

t−1
k,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

tσ2j,m̃


1
σ2

≤ c22(j−k)α2 ¯à¨ 0 ≤ k ≤ j,m ∈ Zn (2.8)
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(¥á«¨ σ1 = ∞ ¨«¨ σ2 = ∞ ­ã¦­® ¯à®¢¥áâ¨ á®®â¢¥âáâ¢ãîé¨¥ ¬®¤¨ä¨ª æ¨¨ ¢ëà ¦¥­¨©
(2.7) ¨«¨ (2.8)).

2) �«ï ¢á¥å k ∈ N0

0 < tk,m ≤ 2α3tk,m̃,¯à¨ m, m̃ ∈ Zn, |mi − m̃i| ≤ 1, i = 1, .., n, (2.9)

� ¬¥ç ­¨¥ 2.3. � ä¨ªá¨àã¥¬ ¨­¤¥ªáë i ∈ N ¨ j ∈ N0. �ãáâì ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
{tk,m} ∈ X̃α3

α,σ. �®£¤ , ª ª ­¥âàã¤­® ¯®ª § âì, ¤«ï k ≥ j ¨ m, m̃ ∈ Zn â ª¨å, çâ®
iQnk,m

⋂
Qnk−j,m̃ 6= ∅, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

C−1tk,m ≤ tk−j,m̃ ≤ Ctk,m, £¤¥

ª®­áâ ­â  C § ¢¨á¨â ®â i, j, n, α3, ­® ­¥ § ¢¨á¨â ®â k,m, m̃.

�¯à¥¤¥«¥­¨¥ 2.5. �ãáâì ¯ à ¬¥âàë α3, α = (α1, α2), σ = (σ1, σ2) ¨¬¥îâ â®â ¦¥ á¬ëá«,
çâ® ¨ ¢ ®¯à¥¤¥«¥­¨¨ 2.4. �ãáâì p ∈ (0,∞]. �¨¬¢®«®¬ Xα3

α,σ,p ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢¥á®¢ëå
¯®á«¥¤®¢ â¥«ì­®áâ¥© {tk} := {tk(·)}∞k=0 â ª¨å, çâ® tk : Rn → (0,+∞), tk ∈ Llocp (Rn) ¯à¨ k ∈ N0

¨ {tk,m} ∈ X̃α3

α̃,σ ¯à¨ α̃ = (α̃1, α̃2) = (α1 − n
p , α2 − n

p ), £¤¥

tk,m := ‖tk|Lp(Qnk,m)‖ ¯à¨ k ∈ N0,m ∈ Zn. (2.10)

�à¨ íâ®¬ ªà â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m}, ®¯à¥¤¥«ï¥¬ãî ä®à¬ã«®© (2.10), ¡ã¤¥¬
¢ ¤ «ì­¥©è¥¬ ­ §ë¢ âì ªà â­®© ¯®á«¥¤®¢ â¥«ì­®áâìî p -  áá®æ¨¨à®¢ ­­®© á ¢¥á®¢®©
¯®á«¥¤®¢ â¥«ì­®áâìî {tk}.

� ¬¥ç ­¨¥ 2.4. �ç¥¢¨¤­®, ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ¬®¦¥â ®ª § âìáï p -
 áá®æ¨¨à®¢ ­­®© á ­¥áª®«ìª¨¬¨ à §«¨ç­ë¬¨ ¢¥á®¢ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨. �¤­ ª®, ¢
§ ¬¥ç ­¨¨ 2.7 ¬ë ã¢¨¤¨¬, çâ® íâ® ®¡áâ®ïâ¥«ìáâ¢® ­¥ ¡ã¤¥â ¯à¥¯ïâáâ¢¨¥¬ ¤«ï ¤ «ì­¥©è¨å
¯®áâà®¥­¨©.

�¯à¥¤¥«¥­¨¥ 2.6. �ãáâì p ∈ (0,∞), d ∈ N0, ¢¥á γp ∈ Aloc∞ (Rn+d). �®«®¦¨¬ Ξd,nk,m :=

Qnk,m×2−kBd \2−k−1Bd ¯à¨ k ∈ N0, m ∈ Zn. �à â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì γ̂k,m ®¯à¥¤¥«ï¥¬ãî
¯® ä®à¬ã«¥

γ̂k,m := ‖γ|Lp(Ξd,nk,m)‖ ¯à¨ k ∈ N0,m ∈ Zn

¡ã¤¥¬ ­ §ë¢ âì ªà â­®© ¯®á«¥¤®¢ â¥«ì­®áâìî, ¯®à®¦¤¥­­®© ¢¥á®¬ γ.
�â¬¥â¨¬ ¢ ¦­ë¥ ¤«ï ¤ «ì­¥©è¥£® á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì­®áâ¨ {γ̂k,m}.
�¥¬¬  2.2. �ãáâì p ∈ (0,∞), d ∈ N0, ¢¥á γ

p ∈ Aloc∞ (Rn+d), ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
γ̂k,m ¯®à®¦¤¥­  ¢¥á®¬ γ. �ãáâì m̃ ∈ Zn, k, j ∈ N0, j ≥ k, Gj,k,m − ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢®
ªã¡®¢ Qnj,m̃ ⊂ Q

n
k,m, â®£¤ :

1) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® ∑
Qn
j,m̃
⊂Qnk,m

γ̂pj,m̃ ≤ C2(k−j)dδ(γ)γ̂pk,m, (2.11)

¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ¨ ç¨á«® δ(γ) > 0 ­¥ § ¢¨á¨â ®â k, j, m̃;
2) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∑
Qn
j,m̃
∈Gj,k,m

γ̂pj,m̃ ≤ C


|

⋃
Qn
j,m̃
∈Gj,k,m

Qnj,m̃|

|Qnk,m|


δ′(γ) ∑

Qn
j,m̃
⊂Qnk,m

γ̂pj,m̃, (2.12)
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¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ¨ ç¨á«® δ(γ) > 0 ­¥ § ¢¨áïâ ­¨ ®â ¯ à ¬¥âà®¢ k, j,m, ­¨
®â ¬­®¦¥áâ¢  Gj,k,m;

3) ¯à¨ a ≥ 1, |m− m̃| ≤ a, k ≥ 0

2−δ3(γ)γ̂k,m ≤ γ̂k,m̃ ≤ 2δ3(γ)γ̂k,m,

£¤¥ ç¨á«® δ3(γ) ≥ 0 ­¥ § ¢¨á¨â ­¨ ®â k ∈ N0 ­¨ ®â m ∈ Zn;
4) ¤«ï «î¡®£® ªã¡  Qnk,m ¨ «î¡®£® ªã¡  Qnk+1,m̃ ⊂ Q

n
k,m ¯à¨ k ≥ 0, m ∈ Zn

γ̂k,m ≤ Cγ̂k+1,m̃,

£¤¥ ª®­áâ ­â  C ­¥ § ¢¨á¨â ®â ¢ë¡¨à ¥¬ëå ªã¡®¢.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  3) ¤®áâ â®ç­® ¢§ïâì ­¥ª®â®àë© ªã¡ Qn+d,
á®¤¥à¦ é¨© ®¡  ¬­®¦¥áâ¢  Ξd,nk,m ¨ Ξd,nk,m̃ ¨ ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® γp ®¡« ¤ ¥â á¢®©áâ¢®¬

ã¤¢®¥­¨ï ­  ªã¡¥ Qn+d á ª®­áâ ­â®© ã¤¢®¥­¨ï, § ¢¨áïé¥© «¨èì ®â ª®­áâ ­âë C loc
γ,p,r(Qn+d)

(¤®ª § â¥«ìáâ¢® ¯®á«¥¤­¥£® ä ªâ   ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥£® à¥§ã«ìâ â 
¢ [33](ch. 5). �®ª § â¥«ìáâ¢® á¢®©áâ¢  4)  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á¢®©áâ¢  3).

�®ª ¦¥¬ á¢®©áâ¢® 1), á¢®©áâ¢® 2) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®. �¥£ª® ¢¨¤¥âì, çâ®

|
⋃

Qn
j,m̃
⊂Qnk,m

Ξd,nj,m̃|

|Ξd,nk,m|
≤ C2(k−j)d. (2.13)

�®«ì§ãïáì ®¯à¥¤¥«¥­¨¥¬ 2.7 ¨ § ¬¥ç ­¨¥¬ 2.11 ­¥âàã¤­® ¯®ª § âì, çâ® ¤«ï ­¥ª®â®à®£®
δ(γ) > 0, ¤«ï «î¡®£® ªã¡  Qn, r(Qn) ≤ a ¨ «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  F ⊂ Qn á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

γp(F )

γp(Qn)
≤ C

(
|F |
|Qn|

)δ(γ)

, (2.14)

¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ­¥ § ¢¨á¨â ­¨ ®â ªã¡  Qn ­¨ ®â ¬­®¦¥áâ¢  F .
�§ (2.13), (2.14) á«¥¤ã¥â (2.11).
�¥¬¬  ¤®ª § ­ .
�¨¬¢®«®¬ δ1(γ) := δ1(γ, n, d) ®¡®§­ ç¨¬ ¢¥àå­îî £à ­ì ¬­®¦¥áâ¢  ¢á¥å δ(γ), ¤«ï ª®â®àëå

á¯à ¢¥¤«¨¢® (2.11),   á¨¬¢®«®¬ δ2(γ) := δ2(γ, n, d) − ¢¥àå­îî £à ­ì ¬­®¦¥áâ¢  ¢á¥å δ′(γ), ¤«ï
ª®â®àëå á¯à ¢¥¤«¨¢® (2.12).

�â¬¥â¨¬, çâ®, ¢®®¡é¥ £®¢®àï, δ1 6= δ2. �¥©áâ¢¨â¥«ì­®, ¯ãáâì γp(x1, x2) := xβ1 , ¯à¨ (x1, x2) ∈
R2, β > 0. �®£¤ , ®ç¥¢¨¤­® γp ∈ A∞(R2). �à¨ íâ®¬ δ1(γ) = 1

2 ¯à¨ «î¡®¬ β > 0, ¢ â® ¢à¥¬ï ª ª
δ2(γ) § ¢¨á¨â ®â ç¨á«  β > 0.

�à¨¬¥à 2.1. �à¨¢¥¤¥¬ ¢ ¦­ë© ¤«ï ¤ «ì­¥©è¥£® ¯à¨¬¥à ¯®á«¥¤®¢ â¥«ì­®áâ¨ {tk,m} ∈
X̃α3
α,σ. �ãáâì d ∈ N0, p ∈ (0,∞), ¢¥á γp ∈ Aloc∞ (Rn+d), ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {γ̂k,m}

¯®à®¦¤¥­  ¢¥á®¬ γ. � á¨«ã § ¬¥ç ­¨ï 2.11 γp ∈ Alocp0 (Rn) ¯à¨ ­¥ª®â®à®¬ p0 ∈ [1,∞). �ãáâì

¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk} ∈loc Y
α′3
α′1,α

′
2
. �®«®¦¨¬ {sk,m} = ‖sk|Lp(Qnk,m)‖, tk,m := γ̂k,msk,m

¯à¨ k ∈ N0, m ∈ Zn. �®£¤  ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ∈ X̃α3
α,σ ¯à¨ α3 = α′3 + δ3(γ),

α2 = α′2 − n
p −

dδ1(γ)
p , α1 = α′1 − n

p −
(n+d)p0

p , σ2 = p ¨ σ1 = p
p′0
p0
. �¥©áâ¢¨â¥«ì­®, á®®â­®è¥­¨ï

(2.8) ¨ (2.9) «¥£ª® á«¥¤ãîâ ¨§ ¯ã­ªâ®¢ 1) ¨ 3) «¥¬¬ë 2.2. �à®¢¥à¨¬ (2.7) ¯à¨ p0 > 1, á«ãç ©
p0 = 1 à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �¬¥¥¬ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï 2.2
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tk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

1

tσ1j,m̃


1
σ1

≤ C2
(k−j)(α′1−

n
p

)
γ̂k,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

1

(γ̂j,m̃)
p
p′0
p0


p0
pp′0

≤

≤ C2
(k−j)(α′1−

n
p

)
γ̂k,m2

j(n+d)
p0
p

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

∫
Ξd,n
j,m̃

γ
−p p

′
0
p0 (x) dx


p0
pp′0

≤

≤ C2
(k−j)(α′1−

n
p

)
γ̂k,m2

j(n+d)
p0
p

 ∫
Ξd,nk,m

γ
−p p

′
0
p0 (x) dx


p0
pp′0

≤ C2
(k−j)(α′1−

n
p
− (n+d)p0

p
)
.

�¯à¥¤¥«¥­¨¥ 2.7. �ãáâì l ∈ N, 0 < p, q ≤ ∞, 0 < r ≤ p, {tk}∞k=0 ∈ Xα3
α,σ,p, α3 ≥ 0,

α1 ≤ α2 ∈ R, σ1, σ2 ∈ (0,+∞]. �®«®¦¨¬ (á ®ç¥¢¨¤­ë¬¨ ¬®¤¨ä¨ª æ¨ï¬¨ ¢ á«ãç ¥ p = ∞ ¨«¨
q =∞)

B
l
p,q,r(Rn, {tk}) := {ϕ : ϕ ∈ Llocr (Rn), ‖ϕ|Bl

p,q,r(Rn, {tk})‖ < +∞}, £¤¥

∥∥∥ϕ|Bl
p,q,r(Rn, {tk})

∥∥∥ :=

∫
Rn

tp0(x)‖ϕ|Lr(x+ In)‖p dx

 1
p

+

[ ∞∑
k=1

‖tk∆
l
r(2
−k)ϕ|Lp(Rn)‖q

] 1
q

;

(2.15)

B̃l
p,q,r(Rn, {tk}) := {ϕ : ϕ ∈ Llocr (Rn), ‖ϕ|B̃l

p,q,r(Rn, {tk})‖ < +∞}, £¤¥

∥∥∥ϕ|B̃l
p,q,r(Rn, {tk})

∥∥∥ :=

∫
Rn

tp0(x)‖ϕ|Lr(x+ In)‖p dx

 1
p

+

[ ∞∑
k=1

‖tkδlr(·+ 2−kIn)ϕ|Lp(Rn)‖q
] 1
q

.

(2.16)

� ¬¥ç ­¨¥ 2.5. �à®áâà ­áâ¢® B̃l
p,q,r(Rn, {tk}) (B

l
p,q,r(Rn, {tk})) ¬®¦¥â ®ª § âìáï

âà¨¢¨ «ì­ë¬, â® ¥áâì á®¤¥à¦ âì «¨èì äã­ªæ¨¨ ¯®çâ¨ ¢áî¤ã à ¢­ë¥ ­ã«î. �ª ¦¥¬
ãá«®¢¨¥ ­  ¯ à ¬¥âàë l, p, q ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {tk} ¤®áâ â®ç­®¥ ¤«ï ­¥âà¨¢¨ «ì­®áâ¨
á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà ­áâ¢ . �ãáâì ¤«ï «î¡®£® ªã¡  Qn

∞∑
k=0

∫
Qn

2−klptpk(x) dx


q
p

<∞.

�à¨ ¢ë¯®«­¥­¨¨ ¢ëè¥¯à¨¢¥¤¥­­®£® ãá«®¢¨ï ¬­®¦¥áâ¢® C∞0 ⊂ B̃l
p,q,r(Rn, {tk})

(B
l
p,q,r(Rn, {tk})), çâ® «¥£ª® á«¥¤ã¥â ¨§ ä®à¬ã«ë �¥©«®à  á ®áâ â®ç­ë¬ ç«¥­®¬ ¢ ä®à¬¥

� £à ­¦ , § ¯¨á ­­®© ¤«ï äã­ªæ¨¨ ϕ.
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� ¬¥ç ­¨¥ 2.6. �à®áâà ­áâ¢  B̃l
p,q,1(Rn, {γk}) ¯à¨ p, q ∈ (1,∞) ¡ë«¨ ¢¢¥¤¥­ë ¢ à ¡®â¥

[35]. �à®áâà ­áâ¢  B
l
p,q,1(Rn, {tk}), ¡ë«¨ à áá¬®âà¥­ë ¢ [24] ¤«ï ¢¥á®¢ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©

{tk} ∈ Y α3
α1,α2

¯à¨ p, q ∈ (0,∞], α1 > 0. � à ¡®â¥ [24] âà¥¡®¢ «®áì â ª¦¥, çâ®¡ë l > α2. �â®
ãá«®¢¨¥ ¡ë«® ¨á¯®«ì§®¢ ­® ¤«ï ¤®ª § â¥«ìáâ¢  ­¥§ ¢¨á¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢
®â ¯®àï¤ª  à §­®áâ¨ l. � ª ã¦¥ ®â¬¥ç «®áì ¢® ¢¢¥¤¥­¨¨ ¯à¨ p, q ∈ (1,∞), α1 > 0, l > α2,

{tk} ∈loc Y α3
α1,α2

¯à®áâà ­áâ¢  ¡«¨§ª¨¥ ¯à®áâà ­áâ¢ ¬ B
l
p,q,1(Rn, {tk}) ¨§ãç «¨áì à ­¥¥ �. �.

�¥á®¢ë¬ ¢ [3],[4].
� à ¡®â¥ [24] ¤®ª § ­  á«¥¤ãîé ï â¥®à¥¬ . �ë ¯à¨¢¥¤¥¬ ¥¥ ã¯à®é¥­­ë© ¢ à¨ ­â ¢ á«ãç ¥

¯®áâ®ï­­ëå p ¨ q.

�¥®à¥¬  2.3. �ãáâì p, q ∈ (0,∞], α1 > n
(

1
min{p,1} − 1

) [
1 + α3

n p
]
, l > α2, {sk} ∈ Y α3

α1,α2
.

�®£¤  B
{sk}
p,q (Rn) = B

l
p,q,1(Rn, {sk}) ¨ á®®â¢¥âáâ¢ãîé¨¥ ­®à¬ë íª¢¨¢ «¥­â­ë.

�ãáâì p, q ∈ (0,∞], r ∈ (0, p], α1, α2 ∈ R, α3 ≥ 0, σ1, σ2 ∈ (0,∞], {tk,m} =

{tk,m}k∈N0,m∈Zn ∈ X̃α3

α̃,σ − ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì, p -  áá®æ¨¨à®¢ ­­ ï á ¤®¯ãáâ¨¬®©

¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî {tk} ∈ Xα3
α,σ,p, c > 1. � áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ B̃l

p,q,r(Rn, {tk})
á«¥¤ãîé¨¥ ­®à¬ë, ®¯à¥¤¥«ï¥¬ë¥ ªà â­®© ¯®á«¥¤®¢ â¥«ì­®áâìî {tk,m}:

∥∥∥ϕ|B̃l
p,q,r(Rn, {tk,m})

∥∥∥(1)
:=

∥∥∥∥∥∥
( ∑
m∈Zn

tpk,m

[
δlr(Q

n
k,m)ϕ

]p) 1
p

| lq

∥∥∥∥∥∥+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

,

(2.17)

‖ϕ|B̃l
p,q,r(Rn, {tk,m}, c)‖(2) :=

∥∥∥∥∥∥
( ∑
m∈Zn

tpk,m

[
δlr(cQ

n
k,m, cQ

n
k,m)ϕ

]p) 1
p

|lq

∥∥∥∥∥∥+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

,

(2.18)

‖ϕ|B̃l
p,q,r(Rn, {tk,m}, c)‖(3) :=

∥∥∥∥∥∥
( ∑
m∈Zn

tpk,m

[
2
kn
r El(ϕ, cQ

n
k,m)r

]p) 1
p

|lq

∥∥∥∥∥∥+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

,

(2.19)

‖ϕ|B̃l
p,q,r(Rn, {tk,m}, c)‖(4) :=

∥∥∥∥∥∥∥
∑
m∈Zd

tpk,m

[
2
kn
r ωl(ϕ, cQ

n
k,m)r

]p 1
p

|lq

∥∥∥∥∥∥∥+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

.

(2.20)

�¥®à¥¬  2.4. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], α3 ≥ 0, α1, α2 ∈ R, σ1, σ2 ∈ (0,+∞],
{tk} ∈ Xα3

α,σ,p − ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì, {tk,m} − p-  áá®æ¨¨à®¢ ­­ ï á ­¥© ªà â­ ï

¯®á«¥¤®¢ â¥«ì­®áâì. �®£¤  ¯à¨ i = 1, 2, 3, 4 ­®à¬ë ‖ · |B̃l
p,q,r(Rn, {tk,m}, c)‖(i) ï¢«ïîâáï

íª¢¨¢ «¥­â­ë¬¨ ­®à¬ ¬¨ ¢ ¯à®áâà ­áâ¢¥ B̃l
p,q,r(Rd, {tk}).

�®ª § â¥«ìáâ¢®. �â  â¥®à¥¬  ¡ë«  ¤®ª § ­  ¢ [35] ¢ á«ãç ¥ r = 1, p, q ∈ (1,∞). � ®¡é¥¬
á«ãç ¥ ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®. �ë ­¥ ¡ã¤¥¬ ®áâ ­ ¢«¨¢ âìáï ­  ¤¥â «ïå.

� ¬¥ç ­¨¥ 2.7. � § ¬¥ç ­¨¨ 2.4 ®â¬¥ç «®áì, çâ® ®¤­  ¨ â  ¦¥ ªà â­ ï
¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ∈ X̃α3

α̃,σ p -  áá®æ¨¨à®¢ ­  ¢®®¡é¥ £®¢®àï ­¥ á ¥¤¨­áâ¢¥­­®©
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¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî. �à¨ ä¨ªá¨à®¢ ­­®¬ p ∈ (0,∞], ®ç¥¢¨¤­®, ¡ã¤¥â áãé¥áâ¢®¢ âì
¡¨¥ªæ¨ï ¬¥¦¤ã ªà â­ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ {tk,m} ∈ X̃α3

α̃,σ ¨ ¬­®¦¥áâ¢ ¬¨ ¢¥á®¢ëå
¯®á«¥¤®¢ â¥«ì­®áâ¥© {tk} ∈ Xα3

α,σ,p, ¤«ï ª®â®àëå ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} p -
 áá®æ¨¨à®¢ ­  á ¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî {tk}. �¤­ ª®, ¥á«¨ ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
{tk,m} p -  áá®æ¨¨à®¢ ­  á ¢¥á®¢ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ {tk} ¨ {t′k}, â® ¢ á¨«ã â¥®à¥¬ë
2.4 ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk}) ¨ B̃l
p,q,r(Rn, {t′k}) á®¢¯ ¤ îâ á íª¢¨¢ «¥­â­®áâìî ­®à¬.

�à¨ íâ®¬ ª®­áâ ­â , á ª®â®à®© ®¤­  ­®à¬  ®æ¥­¨¢ ¥âáï ç¥à¥§ ¤àã£ãî § ¢¨á¨â «¨èì ®â
n, p, q, α1, α2, α3, σ1, σ2.

�®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬
p ∈ (0,∞] ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨¬¥¥â ¢¨¤

tk(x) := 2nk
∑
m∈Zn

tk,mχQ̃nk,m
(x), Q̃nk,m :=

n∏
i=1

[
mi

2k
,
mi + 1

2k
). (2.21)

�ç¨âë¢ ï (2.21) ¨ â¥®à¥¬ã 2.4, ¢ ¤ «ì­¥©è¥¬ ¯à®áâà ­áâ¢®B̃l
p,q,r(Rn, {tk}) ¡ã¤¥¬

®¡®§­ ç âì â ª¦¥ á¨¬¢®«®¬ B̃l
p,q,r(Rn, {tk,m}).

�®«®¦¨¬ B̃l
p,q(Rn, {tk}) := B̃l

p,q,1(Rn, {tk}), B̃l
p(Rn, {tk}) := B̃l

p,p,1(Rn, {tk}).
� ¬¥ç ­¨¥ 2.8. �à ¢­¨¬ ¢¥á®¢ë¥ ª« ááë Xα3

α,σ,p ¨ locY α3
α1,α2

, ¯à¥¤¯®« £ ï, çâ® ¨å
í«¥¬¥­â ¬¨ ï¢«ïîâáï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¨¤  (2.21).

� ä¨ªá¨àã¥¬ −∞ < α1 ≤ α2 <∞, σ1, σ2 ∈ [1,∞]. �¬¥¥¬

tk,m
tj,m′

≤ tk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

1

tσ1j,m̃


1
σ1

≤ 2
(j−k) n

σ1 tk,m sup
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

1

tj,m̃
,

tj,m′

tk,m
≤ t−1

k,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

tσ2j,m̃


1
σ2

≤ 2
(j−k) n

σ2 t−1
k,m sup

m̃∈Zn
Qnj,m̃⊂Q

n
k,m

tj,m̃

¯à¨ ãá«®¢¨¨, çâ® k ≤ j, m′ ∈ Zn, Qnj,m′ ⊂ Qnk,m. �âáî¤ , ¨§ (1.3) ¨ ®¯à¥¤¥«¥­¨© 2.4, 2.5

¢ëâ¥ª îâ ¢«®¦¥­¨ï locY α3

α1+ n
σ1
,α2− n

σ2

⊂ Xα3
α,σ,p ⊂loc Y α3

α1,α2
.

�¥®à¥¬  2.5. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], l ∈ N, {tk,m} ∈ X̃α3
α,σ. �®£¤  ¯à®áâà ­áâ¢®

B̃l
p,q,r(Rn, {tk,m}) − ¡ ­ å®¢®.
�®ª § â¥«ìáâ¢® á ¨¤¥©­®© â®çª¨ §à¥­¨ï ¡«¨§ª® ¤®ª § â¥«ìáâ¢ã ¯®«­®âë ª« áá¨ç¥áª®£®

¯à®áâà ­áâ¢  �¥á®¢  [1]. �¤­ ª® ¤«ï ¯®«­®âë ª àâ¨­ë ¬ë ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢®. �ãáâì
{ϕj}∞j=1 − äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à®áâà ­áâ¢¥ B̃l

p,q,r(Rn, {tk,m}). �®£¤ ,
ª ª ­¥âàã¤­® ¢¨¤¥âì, ¯®á«¥¤®¢ â¥«ì­®áâì {ϕj} äã­¤ ¬¥­â «ì­  ¢ ¯à®áâà ­áâ¢¥ Lr(Qn) ¤«ï
«î¡®£® ªã¡  Qn. � á¨«ã ¯®«­®âë ¯à®áâà ­áâ¢  Lr(Q

n) áãé¥áâ¢ã¥â äã­ªæ¨ï ϕ ∈ Llocr (Rn)
â ª ï, çâ®

ϕj − ϕ→ 0 ¢ Lr(Q
n) ¯à¨ j →∞ ¤«ï «î¡®£® ªã¡  Qn. (2.22)

� ä¨ªá¨àã¥¬ ç¨á«® N ∈ N ¨ ªã¡ Qn. �®ª ¦¥¬, çâ®
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N∑
k=0

 ∑
m∈Zn

Qnk,m⊂Q
n

tpk,m[δlr(Q
n
k,m)(ϕ− ϕj)]p


q
p

→ 0 ¯à¨ j →∞. (2.23)

� á ¬®¬ ¤¥«¥, ¯®«ì§ãïáì § ¬¥ç ­¨¥¬ 2.3, ª®­¥ç­®© ªà â­®áâìî ¯¥à¥ªàëâ¨ï ªã¡®¢
(1 + l)Qnk,m, ­¥à ¢¥­áâ¢®¬ 1 ≤ p

r , ¨§ (2.22) ¤«ï «î¡®£® k ∈ {0, .., N} ¨¬¥¥¬

∑
m∈Zn

Qnk,m⊂Q
n

tpk,m[δlr(Q
n
k,m)(ϕ− ϕj)]p ≤ C

∑
m∈Zn

Qnk,m⊂Q
n

tpk,m‖(ϕ− ϕj)|Lr((1 + l)Qnk,m)‖p

≤ C(N,Qn, α3, α, σ})‖(ϕ− ϕj)|Lr((1 + l)Qn)‖p → 0, ¯à¨ j →∞.

(2.24)

�¥¯¥àì (2.23) «¥£ª® á«¥¤ã¥â ¨§ (2.24).
�­ «®£¨ç­® (2.24) ¤®ª §ë¢ ¥âáï, çâ®

∑
m∈Zn

Qn0,m⊂Qn

tp0,m‖(ϕ− ϕj)|Lr(Q
n
0,m)‖p → 0 ¯à¨ j →∞.

(2.25)

� á¨«ã äã­¤ ¬¥­â «ì­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {ϕj} ¢ ¯à®áâà ­áâ¢¥ B̃l
p,q,r(Rn, {tk,m}), ¤«ï

«î¡®£® ç¨á«  ε > 0 ­ ©¤¥âáï ç¨á«® M(ε) ∈ N â ª®¥, çâ® ¤«ï ¢á¥å i, j ≥ M(ε), ¤«ï «î¡®£®
N ∈ N, ¨ «î¡®£® ªã¡  Qn ¡ã¤¥¬ ¨¬¥âì

N∑
k=0

 ∑
m∈Zn

Qnk,m⊂Q
n

tpk,m[δlr(Q
n
k,m)(ϕi − ϕj)]p


q
p

+
∑
m∈Zn

Qn0,m⊂Qn

tp0,m‖(ϕi − ϕj)|Lr(Q
n
0,m)‖p < ε. (2.26)

�®«ì§ãïáì (2.23) ¨ (2.25) á­ ç «  ¯¥à¥©¤¥¬ ¢ (2.26) ª ¯à¥¤¥«ã ¯à¨ i → ∞ (¯à¨
ä¨ªá¨à®¢ ­­ëå N , Qn), § â¥¬ ¢®§ì¬¥¬ ¢¥àå­îî £à ­ì ¯® ¢á¥¬ ªã¡ ¬ Qn,   § â¥¬ ¯¥à¥©¤¥¬
ª ¯à¥¤¥«ã ¯à¨ N →∞. � ¨â®£¥ ¯®«ãç¨¬ ¤«ï ε ∈ (0, 1)

‖(ϕ− ϕj)|B̃l
p,q,r(Rn, {tk,m})‖ ≤ ε. (2.27)

�¥®à¥¬  ¤®ª § ­ .

�¥¬¬  2.3. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], l ∈ N, {tk,m} ∈ Xα3

α̃,σ, ¯®á«¥¤®¢ â¥«ì­®áâì

{tk} ∈ Xα3
α,σ,p ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2.21). �®£¤  B

l
p,q,r(Rn, {tk}) ⊂ B̃l

p,q,r(Rn, {tk}).
�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ «¨èì ¤«ï á«ãç ï p, q ∈ (0,∞), ¯®áª®«ìªã

à ááã¦¤¥­¨ï ¢ á«ãç ¥ p = ∞ ¨«¨ q = ∞  ­ «®£¨ç­ë. �à ¢­¨¬ ¯¥à¢ë¥ á« £ ¥¬ë¥ ¢ ­®à¬ å
(2.15) ¨ (2.16) á®®â¢¥âáâ¢¥­­®. �à¨¬¥­ïï ­¥à ¢¥­áâ¢® �¥«ì¤¥à  ª ¨­â¥£à «ã ¯® y, ¨, ãç¨âë¢ ï
(2.21), ¯®«ãç¨¬ ¤«ï k ∈ N
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∑
m∈Zn

tpk,m

[
δlr(Q

n
k,m)ϕ

]p
≤
∑
m∈Zn

tpk,m2
npk
r

+nk

∫
Qnk,m

 ∫
1

2k
In

|∆l(h)ϕ(y)|r dh


p
r

dy =

=

∫
Rn

tpk(y)[∆
l
r(2
−k)ϕ(y)]p dy.

(2.28)

�®§¢®¤ï ®¡¥ ç áâ¨ (2.28) ¢ áâ¥¯¥­ì q
p , ¨, áã¬¬¨àãï ¯® ¢á¥¬ k, § ¢¥àè ¥¬ ¤®ª § â¥«ìáâ¢®

¢«®¦¥­¨ï.
�«ï ¤ «ì­¥©è¥£® ­ ¬ ¯®­ ¤®¡¨âáï á¯¥æ¨ «ì­ë© ®¯¥à â®à ãáà¥¤­¥­¨ï [35].
�ãáâì θ ∈ C∞0 ( 1

2(1+l)2
In),

∫
θ(x) dx = 1, ¯®«®¦¨¬ ¯à¨ x ∈ Rn

Θ(x) = κ

l∑
i=0

(−1)l−i

(1 + i)n+1
Cil θ

(
x

1 + i

)
,

£¤¥

1

κ
= (−1)l

1∫
0

(1− u)l du =
l∑

i=0

(−1)l−i

1 + i
Cil 6= 0.

�â¬¥â¨¬, çâ® Θ ∈ C∞0 ( 1
2(1+l)I

n).

�ãáâì µj := (−1)l−jCjl j
l−1. �«ï ϕ ∈ Lloc1 (Rn), ε > 0 ¯®«®¦¨¬

Eε[ϕ](x) :=
1

ε2n

l∑
j=1

µj

∫
Θ

(
y − x
ε

)∫
Θ

(
z − y
jε

)
ϕ(z) dzdy, ¯à¨ x ∈ Rn. (2.29)

�à¨ k ∈ N0 ¯®«®¦¨¬ Ek[g] := E2−k [g].

�¥¬¬  2.4. �ãáâì äã­ªæ¨ï g ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  Rn, â®£¤  ¤«ï j ∈ N
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®∫

∂

∂t

[
1

tn
Θ

(
y

jt

)]
g(y) dy =

n∑
k=1

κ

tn

∫
θ

(
y

jt

)
yk
t

∆l(y)g′k(y) dy.

�®ª § â¥«ìáâ¢® ¯®çâ¨ ¤®á«®¢­® ¯®¢â®àï¥â á®®â¢¥âáâ¢ãîé¨¥ à ááã¦¤¥­¨ï ¨§ [4].

�¥¬¬  2.5. �«ï «î¡®£® ç¨á«  ε > 0 ¨ ¬ã«ìâ¨¨­¤¥ªá  α, |α| = l ¯à¨ x ∈ Rn á¯à ¢¥¤«¨¢ 
®æ¥­ª 

|Dα
xEε[ϕ](x)| ≤ 1

εl
δl(x+ εIn)ϕ, (2.30)

  ¤«ï «î¡ëå ç¨á¥« 0 < ε1 < ε2 ¨ ¬ã«ìâ¨¨­¤¥ªá  β ¯à¨ x ∈ Rn − ®æ¥­ª 

∣∣∣DβEε1 [ϕ](x)−DβEε2 [ϕ](x)
∣∣∣ ≤ C ε2∫

ε1

1

t1+|β| δ
l(x+ tIn)ϕdt. (2.31)

�®ª § â¥«ìáâ¢® ¢ á«ãç ¥ β = 0 ¨¬¥¥âáï ¢ [35], ®¡é¨© á«ãç © ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
�ë ¯à¨¢¥¤¥¬ ¤«ï ¯®«­®âë ª àâ¨­ë ¯®¤à®¡­ë© ¢ë¢®¤.
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�à¨ ¤®ª § â¥«ìáâ¢¥ íâ®© «¥¬¬ë ¬ë ¢ §­ ç¨â¥«ì­®© ¬¥à¥ ¡ã¤¥¬ ¯®«ì§®¢ âìáï
à ááã¦¤¥­¨ï¬¨, ¨á¯®«ì§®¢ ­­ë¬¨ �.�. �¥á®¢ë¬ ¢ à ¡®â¥ [4] ¯à¨ ¢ë¢®¤¥ ¨­â¥£à «ì­®£®
¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ ç¥à¥§ à §­®áâ¨. �æ¥­¨¬ |Dα

xEε[ϕ](x)|. �®«®¦¨¢ η(y) :=

1
εn

∫ l∑
j=1

µjΘ
(
z−y
jε

)
ϕ(z) dz, ¨, ¯®«ì§ãïáì â¥¬, çâ®

∫
Dα
yΘ(y) dy = 0, ¯®«ãç¨¬

Dα
xEε[ϕ](x) = Dα

x

{
1

εn

∫
Θ

(
y − x
ε

)
η(y) dy

}
=

=
1

εn

∫
Θ

(
y − x
ε

)
Dα
y η(y) dy.

� «¥¥ ¨¬¥¥¬

Dα
y η(y) =

1

εn

∫ l∑
j=1

(−1)lµj
(jε)l

DαΘ

(
z − y
jε

)
ϕ(z) dz =

=
(−1)l

εl+n

l∑
j=1

Cjl (−1)l−j
∫
DαΘ

(z
ε

)
ϕ(y + jz) dz =

(−1)l

εl+n

∫
DαΘ

(z
ε

)
∆l(z)ϕ(y) dz.

� ¨â®£¥ ¯à¨ x ∈ Rn ¯®«ãç¨¬

Dα
xEε[ϕ](x) =

(−1)l

εl+2n

∫
Θ

(
y − x
ε

)∫
DαΘ

(z
ε

)
∆l(z)ϕ(y) dzdy.

�âáî¤  ¯à¨ x ∈ Rn

|Dα
xEε[ϕ](x)| ≤ 1

εl
δl(x+ εIn)ϕ.

�â¨¬ (2.30) ¤®ª § ­®.
�«ï ¤®ª § â¥«ìáâ¢  (2.31) § ä¨ªá¨àã¥¬ ç¨á«  0 < ε1 < ε2 ¨ ®æ¥­¨¬

|DβEε1 [ϕ]−DβEε2 [ϕ](x)| = |Dβ(Eε1 [ϕ]− Eε2 [ϕ])(x)|.
�® ä®à¬ã«¥ �ìîâ®­ -�¥©¡­¨æ 

Eε2 [ϕ](x)− Eε1 [ϕ](x) =

δ2∫
δ1

∂

∂t
Et[ϕ](x) dt. (2.32)

�æ¥­¨¬

∂

∂t
Et[ϕ](x) =

l∑
j=1

µj

∫∫
∂

∂t

[(
1

tn
Θ(
z

t
)

)(
1

tn
Θ(

y

jt
)

)]
ϕ(x+ y + z) dzdy =

=
l∑

j=1

µj(I
(1)
j (x, t) + I

(2)
j (x, t)),

£¤¥ ¢ á¨«ã ä®à¬ã«ë �¥©¡­¨æ  ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à®¨§¢¥¤¥­¨ï

I
(1)
j (x, t) =

∫∫
∂

∂t

[
1

tn
Θ
(z
t

)] 1

tn
Θ

(
y

jt

)
ϕ(x+ y + z) dzdy+
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I
(2)
j (x, t) =

∫∫
∂

∂t

[
1

tn
Θ

(
y

jt

)]
1

tn
Θ
(z
t

)
ϕ(x+ y + z) dzdy.

�«ï ®æ¥­ª¨ I
(1)
j (x, t) § ä¨ªá¨àã¥¬ t = t0 ¨ ¯®«®¦¨¬ g(z) = 1

tn0

∫
Θ
(
y
jt0

)
ϕ(x + y + z) dy.

�®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© 2.4, ¯®«ãç¨¬

I
(1)
j (x, t0) =

n∑
k=1

κ

tn0

∫
θ

(
y

t0

)
yk
t0

∆l(y)g′k(y) dy =

= − κ

jt2n+1
0

n∑
k=1

∫
θ

(
y

t0

)
yk
t0

∫
Θ′k

(
z

jt0

)
∆l(y)ϕ(x+ y + z) dzdy =

= − κ

jt2n+1
0

n∑
k=1

∫
θ

(
y

t0

)
yk
t0

∫
Θ′k

(
z′ − x
jt0

)
∆l(y)ϕ(y + z′) dz′dy

(2.33)

�­ «®£¨ç­®

I
(2)
j (x, t0) = − κ

t2n+1
0

n∑
k=1

∫
θ

(
z

jt0

)
zk
t0

∫
Θ′k

(
y

t0

)
∆l(y)ϕ(x+ y + z) dydz =

= − κ

t2n+1
0

n∑
k=1

∫
Θ′k

(
y

t0

)∫
θ

(
z − x
jt0

)
zk − xk
t0

∆l(y)ϕ(y + z) dzdy.

(2.34)

�§ (2.33), (2.34) ãç¨âë¢ ï á¢®©áâ¢  äã­ªæ¨© θ ¨ Θ, ¯®«ãç¨¬

|Dβ
xI

(1)
j (x, t)|+ |Dβ

xI
(2)
j (x, t)| ≤ C2

t1+|β| δ
l(x+ tIn)ϕ. (2.35)

�§ (2.32) ¨ (2.35) «¥£ª® á«¥¤ã¥â ®æ¥­ª 

∣∣∣DβEε1 [ϕ](x)−DβEε2 [ϕ](x)
∣∣∣ ≤ C1

ε2∫
ε1

1

t1+|β| δ
l(x+ tIn)ϕdt ¯à¨ x ∈ Rn.

�¥¬¬  ¤®ª § ­ .

�¥®à¥¬  2.6. �ãáâì p, q ∈ [1,∞], p 6= ∞ , 1 ≤ r1 ≤ r2 ≤ p, l ∈ N,
γp ∈ Alocp

r2

(Rn), ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì γ̂k,m ¯®à®¦¤¥­  ¢¥á®¬ γ. �ãáâì α3 ≥ 0,

α1 > 0 ¨ ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk,m} ï¢«ï¥âáï p -  áá®æ¨¨à®¢ ­­®© á ¢¥á®¢®©
¯®á«¥¤®¢ â¥«ì­®áâìî {sk} ∈loc Y α3

α1,α2
. �®«®¦¨¬ tk,m = sk,mγ̂k,m ¯à¨ k ∈ N0, m ∈ Zn. �ãáâì

¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk} ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2.21). �®£¤  B
l
p,q,r1(Rn, {tk}) =

B̃l
p,q,r2(Rn, {tk}) ¨ á®®â¢¥âáâ¢ãîé¨¥ ­®à¬ë íª¢¨¢ «¥­â­ë.
�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¢ á«ãç ¥ q ∈ [1,∞), ¯®áª®«ìªã á«ãç © q =∞ à áá¬ âà¨¢ ¥âáï

 ­ «®£¨ç­®.
� ¬¥â¨¬, çâ® ¨§ ãá«®¢¨ï γp ∈ Alocp

r2

(Rn) á ¯®¬®éìî ­¥à ¢¥­áâ¢  �¥«ì¤¥à  ¡ã¤¥¬ ¨¬¥âì

γp ∈ Alocp
r

(Rn) ¯à¨ r ∈ [1, r2]. �§ «¥¬¬ë 2.3 ¯®«ãç¨¬ ¢«®¦¥­¨¥

B
l
p,q,r(Rn, {tk}) ⊂ B̃l

p,q,r(Rn, {tk}) ¯à¨ r ∈ [1, r2]. (2.36)
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�®ª ¦¥¬, çâ® B̃l
p,q,1(Rn, {tk}) ⊂ B

l
p,q,r(Rn, {tk}) ¯à¨ r ∈ [1, r2]. �®£¤  ®âáî¤  ¨ ¨§ (2.36)

¡ã¤¥â ¢ëâ¥ª âì ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.
�à¨ h ∈ 2−kIn,k, i ∈ N0 ¤«ï ¯®çâ¨ ¢á¥å x ∈ Rn ¢ á¨«ã «¥¬¬ë 2.5 ¡ã¤¥¬ ¨¬¥âì

|∆l(h)g(x)| ≤ |∆l(h)Ek[g](x)|+
∞∑
i=k

∣∣∣∆l(h) (Ei[g]− Ei+1[g]) (x)
∣∣∣ ,

|∆l(h)Ek[g](x)| ≤ Cδl1(x+ 2−k+1In)g,

(2.37)

�âáî¤  ¯à¨ τ ∈ (2−k−1, 2−k), k ∈ N0, á ¯®¬®éìî ­¥à ¢¥­áâ¢  �¨­ª®¢áª®£®, ¯®«ãç¨¬

‖∆l
r(t)g|Lp(Rn, tk)‖ ≤

∫
Rn

tpk(x)

 1

τn

∫
τIn

|∆l(h)Ek[g](x)|r dh


p
r

dx


1
p

+

+

∞∑
i=k

l∑
j=0

∫
Rn

tpk(x)
1

τn
p
r

∫
τIn

|(Ei[g]− Ei+1[g])(x+ jh)|r dh


p
r

dx


1
p

= J1 + J2.

(2.38)

�«ï ®æ¥­ª¨ J1 ¢®á¯®«ì§ã¥¬áï ¢â®àë¬ ­¥à ¢¥­áâ¢®¬ ¨§ (2.37). �¬¥¥¬

J1 ≤

∫
Rn

tpk(x)
[
δl1(x+ 2−k+1In)g

]p
dx

 1
p

. (2.39)

� ¬¥â¨¬, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f ∈ Llocp (Rn, γ) ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ¢¥á®¢®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ {tk} ¨ (1.1) ¨¬¥¥¬ ®æ¥­ªã∫

Rn

tpk(x)|f(x)|p dx ≤ C
∫
Rn

γp(x)
spk(x)

2kn
|f(x)|p dx. (2.40)

�ãáâì p
r > 1. �«ï ®æ¥­ª¨ J2 ¢®á¯®«ì§ã¥¬áï (2.40), (1.1), â¥®à¥¬®© 2.1 (â ª ª ª γp ∈ Alocp

r
(Rn))

¨ ®æ¥­ª®© (2.31). �®«®¦¨¢ gi := |Ei[g]− Ei+1[g]|, ¯®«ãç¨¬

J2 ≤ C
∞∑
i=k

∫
Rn

tpk(x)

 1

(lτ)n

∫
x+lτIn

(gi)
r(y) dy


p
r

dx


1
p

≤ C
∞∑
i=k

∫
Rn

γp(x)
1

2kn
M [(skgi)

r]
p
r (x) dx

 1
p

≤

≤ C
∞∑
i=k

∫
Rn

γp(x)
spk(x)

2kn
[δl1(x+ 2−kIn)g]p dx

 1
p

≤ C
∞∑
i=k

( ∑
m∈Zn

tpk,m[δl1(Qnk,m)g]p dx

) 1
p

≤

≤ C
∞∑
i=k

∫
Rn

tp(x)[δl1(x+ 2−kIn)g]p dx

 1
p

.

(2.41)

�á«¨ p
r = 1 , â®, ¯®«ì§ãïáì ®¯à¥¤¥«¥­¨¥¬ 2.2 ¨ (2.40), ¯®«ãç¨¬
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J2 ≤ C
∞∑
i=k

∫
Rn

γp(x)
1

(lτ)n

 ∫
x+lτIn

spk(y)

2kn
(gi)

p(y) dy

 dx

 1
p

=

= C
∞∑
i=k

∫
Rn

(gi)
p(y)

1

(lτ)n
spk(y)

2kn

 ∫
y+lτIn

γp(x) dx

 dy


1
p

≤ C
∞∑
i=k

∫
Rn

spk(y)

2kn
γp(y)[δl1(x+ 2−kIn)g]p dx

 1
p

≤

≤ C
∞∑
i=k

∫
Rn

tpk(x)[δl1(x+ 2−kIn)g]p dx

 1
p

(2.42)

�§ (2.38)-(2.42) ¯®«ãç¨¬

‖g|Bs
p,q,r(Rn, {tk})‖q ≤

∞∑
k=0

2ksq‖∆l
(2−k)g|Lp(Rn, tk)‖q ≤

≤ C
∞∑
k=1

2ksq

∫
Rn

tpk(x)
[
δl1(x+ 2−kIn)g

]p
q
p

+

+ C
∞∑
k=1

2ksq

 ∞∑
i=k

∫
Rn

tpk(x)
[
δl1(x+ 2−kIn)g

]p
dx

 1
p


q

= S1 + S2.

(2.43)

�ç¥¢¨¤­®, çâ®

S1 ≤ ‖g|B̃s
p,q,1(Rn, {tk})‖q. (2.44)

�«ï ®æ¥­ª¨ S2 ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ � à¤¨ ¤«ï áã¬¬ (â¥®à¥¬  2.2). �¬¥¥¬

S2 ≤ CS1 ≤ ‖g|B̃s
p,q,1(Rn, {tk})‖q. (2.45)

�§ (2.43)-(2.45) á«¥¤ã¥â, çâ®

B̃s
p,q,1(Rn, {tk}) ⊂ B

s
p,q,r(Rn, {tk}). (2.46)

C ¤àã£®© áâ®à®­ë, á ¯®¬®éìî ­¥à ¢¥­áâ¢  �¥«ì¤¥à  «¥£ª® ¯®«ãç ¥¬, çâ®

B̃s
p,q,r(Rn, {tk}) ⊂ B̃s

p,q,1(Rn, {tk}). (2.47)

�§ (2.36), (2.46), (2.47) ¯®«ãç ¥¬, çâ® á¯à ¢¥¤«¨¢  æ¥¯®çª  ¢«®¦¥­¨©

B̃s
p,q,r(Rn, {tk}) ⊂ B̃s

p,q,1(Rn, {tk}) ⊂ B
s
p,q,r(Rn, {tk}) ⊂ B̃s

p,q,r(Rn, {tk}), (2.48)

¨§ ª®â®à®©, ®ç¥¢¨¤­®, á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

� ¬¥ç ­¨¥ 2.9. �á«¨ γ ≡ 1, â® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.6 ¬®¦­® à á¯à®áâà ­¨âì ¨ ­ 
á«ãç © p =∞.
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�®¬¡¨­¨àãï â¥®à¥¬ë 2.3, 2.6 ¨ § ¬¥ç ­¨¥ 2.9 ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2.7. �ãáâì p, q ∈ [1,∞], r1, r2 ∈ [1, p], α3 ≥ 0, α1 > 0, l > α2, {sk} ∈ Y α3
α1,α2

. �®£¤ 

B
{sk}
p,q (Rn) = B

l
p,q,r1(Rn, {sk}) = B̃l

p,q,r2(Rn, {sk}) ¨ á®®â¢¥âáâ¢ãîé¨¥ ­®à¬ë íª¢¨¢ «¥­â­ë.

� ¬¥ç ­¨¥ 2.10. �®¯à®á ® á®¢¯ ¤¥­¨¨ (¨«¨ ­¥á®¢¯ ¤¥­¨¨) ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {sk}) ,

B
l
p,q,r(Rn, {sk}) ¨ B

{sk}
p,q (Rn) ¯à¨ ¡®«¥¥ á« ¡ëå (ç¥¬ ¢ â¥®à¥¬ å 2.3, 2.6 ¨«¨ 2.7) ®£à ­¨ç¥­¨ïå

­  ¯¥à¥¬¥­­ãî £« ¤ª®áâì {sk} ®áâ ¥âáï ®âªàëâë¬.
� ¬¥ç ­¨¥ 2.11. �ãáâì p, q ∈ (0,∞], s > 0, l > s, p 6= ∞, r ∈ (0, p], γp ∈

A∞(Rn). �ç¥¢¨¤­®, ­¥ á®áâ ¢«ï¥â âàã¤  ®¯à¥¤¥«¨âì ¢¥á®¢ë¥ ¯à®áâà ­áâ¢  �¥á®¢  B̃s
p,q,r(Rn, γ)

, B
s
p,q,r(Rn, γ) ¨ Bs

p,q(Rn, γ). �«ï íâ®£® ­ã¦­® ä®à¬ «ì­® ¯®«®¦¨âì sk = tk = 2ksγ ¯à¨ k ∈ N0

¢ ®¯à¥¤¥«¥­¨ïå ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {tk}) , B

l
p,q,r(Rn, {tk}) ¨ B

{sk}
p,q (Rn) á®®â¢¥âáâ¢¥­­®.

�¥¬­®£® ¬®¤¨ä¨æ¨àãï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.6 ¬®¦­® ¯®ª § âì, çâ® ¯à¨ p, q ∈ [1,∞], p 6=
∞, 1 ≤ r1 ≤ r2 ≤ p, γp ∈ A p

r2
(Rn) á¯à ¢¥¤«¨¢® B

s
p,q,r1(Rn, γ) = B̃s

p,q,r2(Rn, γ) ¨ á®®â¢¥âáâ¢ãîé¨¥

­®à¬ë íª¢¨¢ «¥­â­ë. �®¬¡¨­¨àãï íâ®â ä ªâ á â¥®à¥¬®© 3.14 à ¡®âë [23] ¯à¨ p ∈ (1,∞),
q ∈ [1,∞], s > 0, l > s, γp ∈ Ap(Rn) ¯®«ãç¨¬ B

s
p,q,1(Rn, γ) = B̃s

p,q,1(Rn, γ) = Bs
p,q(Rn, γ) á

íª¢¨¢ «¥­â­®áâìî ­®à¬.

3 �«¥¤ë ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢ 

� ª ®â¬¥ç «®áì ¢® ¢¢¥¤¥­¨¨, ®á­®¢­®© ¬®â¨¢ æ¨¥© ¤«ï ¨§ãç¥­¨ï ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {tk})

ï¢«ï¥âáï ¨å ¯à¨¬¥­¥­¨¥ ¢ § ¤ ç¥ ® á«¥¤ å ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢ .
� ¤ ç  ® á«¥¤ å ¤«ï ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  ¨¬¥¥â ¡®«ìèãî ¨áâ®à¨î. �¥à¢ë¥

à ¡®âë ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ®â­®áïâáï ª ­ ç «ã 60-å £®¤®¢ 20 ¢¥ª . �®ç­®¥ ®¯¨á ­¨¥
á«¥¤®¢ äã­ªæ¨© ¯à¥¤áâ ¢«ï¥â ¡®«ìè®© ¨­â¥à¥á ¡« £®¤ àï á¢®¨¬ ¯à¨«®¦¥­¨ï¬ ¢ â¥®à¨¨
í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© á ¢ëà®¦¤ îé¨¬¨áï ª®íää¨æ¥­â ¬¨ (á¬. ­ ¯à¨¬¥à [10] ¨
¨¬¥îé¨¥áï â ¬ ááë«ª¨).

�ãé¥áâ¢ã¥â ¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â ª ª à®áá¨©áª¨å â ª ¨ § àã¡¥¦­ëå ¬ â¥¬ â¨ª®¢, ¢
ª®â®àëå ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­  á«¥¤ë äã­ªæ¨© ­  £¨¯¥à¯«®áª®áâ¨
Rn−1 ¨§ ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  W l

p(Rn, γ) (¯à¨ p ∈ (1,∞)) ¯à¨ â¥å ¨«¨ ¨­ëå
®£à ­¨ç¥­¨ïå ­  ¢¥á γ. �¤­ ª®, ¯®çâ¨ ¢® ¢á¥å ¨¬¥îé¨åáï à ¡®â å ¢¥á  ¯à¨®à¨ ¯à¥¤¯®« £ «áï
§ ¢¨áïé¨¬ «¨èì ®â ç áâ¨ ¯¥à¥¬¥­­ëå (¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ®â ª®®à¤¨­ âë xn). �¥
¨¬¥ï ¢®§¬®¦­®áâ¨ ¯¥à¥ç¨á«¨âì ¢á¥å ¬ â¥¬ â¨ª®¢, ¢­¥áè¨å ¢ª« ¤ ¢ à §¢¨â¨¥ íâ®© â¥¬ â¨ª¨,
ãª ¦¥¬ «¨èì à ¡®âë �á¯¥­áª®£® �.�. [12], �.�. � «ï¡¨­  [8], [9] (á¬®âà¨ â ª¦¥ ááë«ª¨,
¨¬¥îé¨åáï ã ¢ëè¥¯¥à¥ç¨á«¥­­ëå  ¢â®à®¢). �â¬¥â¨¬ ¥é¥ à ¡®âã I.Piotrowska [31], £¤¥
à áá¬®âà¥­ë á«¥¤ë ¢¥á®¢ëå ¯à®áâà ­áâ¢ ­  äà ªâ « å.

� á«ãç ¥ § ¢¨á¨¬®áâ¨ â®«ìª® ®â ª®®à¤¨­ âë xn ¢¥á áãé¥áâ¢¥­­® á¢ï§ ­ á £« ¤ª®áâìî
£à ­¨ç­®© äã­ªæ¨¨. � ª, ­ ¯à¨¬¥à, ¢ ¯à®áâ¥©è¥¬ á«ãç ¥ áâ¥¯¥­­®£® ¢¥á  γ(x1, ..., xn) =

|xn|r,−1 < r < p− 1 ¨¬¥¥¬ TrW l
p(Rn, γ) = B

l− 1+r
p

p (Rn−1).
�á«¨ ¢¥á § ¢¨á¨â â®«ìª® ®â ª®®à¤¨­ â x1, .., xn−1, â® £« ¤ª®áâì £à ­¨ç­®© äã­ªæ¨¨

®áâ ¥âáï â®© ¦¥, çâ® ¨ ¢ ¡¥§¢¥á®¢®¬ á«ãç ¥. �à¨ íâ®¬ ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  á«¥¤®¢
¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§­¨ª ¥â ¢¥á®¢®©  ­ «®£ ¯à®áâà ­áâ¢  �¥á®¢ . � ª, ­ ¯à¨¬¥à, ¢

á«ãç ¥ γ ∈ Ap(Rn−1) ¢ à ¡®â å [13] ¤®ª § ­®, çâ® TrW l
p(Rn, γ) = B

l− 1
p

p (Rn−1, γ) ( ­ «®£¨ç­ë©
à¥§ã«ìâ â ãáâ ­®¢«¥­ ¢ [14] ¤àã£¨¬¨ ¬¥â®¤ ¬¨ ¯à¨ l = 1). �­â¥à¥á­® ®â¬¥â¨âì, çâ® á«ãç ©
¢¥á , § ¢¨áïé¥£® â®«ìª® ®â ª®®à¤¨­ â x1, .., xn−1, áâ « ¨§ãç âìáï áà ¢­¨â¥«ì­® ­¥¤ ¢­®.

�áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ã¯®¬ï­ãâëå ¢ëè¥ à¥§ã«ìâ â®¢ ¡ë«® ¡ë ¨§ãç¥­¨¥ á«¥¤®¢
äã­ªæ¨© ¨§ ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  á ¢¥á ¬¨, § ¢¨áïé¨¬¨ ®â ¢á¥å ¯¥à¥¬¥­­ëå. �â®©
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æ¥«¨ ¨ ¯®á¢ïé¥­ ­ áâ®ïé¨© ¯ à £à ä.
�â¬¥â¨¬, çâ® ¯®¤®¡­ë¥ ¢®¯à®áë ¨§ãç «¨áì à ­¥¥ ¢ à ¡®â å [14], [22] â®«ìª® ¤«ï ®ç¥­ì

á¯¥æ¨ «ì­ëå ¢¥á®¢,   ¨¬¥­­® γ(x) = |x|r, r ∈ R. �¡é¨© á«ãç © ¤® á¨å ¯®à ®áâ ¢ «áï ­¥
¨áá«¥¤®¢ ­­ë¬.

�ë à áá¬ âà¨¢ ¥¬ ¯à®¨§¢®«ì­ë¥ ¢¥á  (§ ¢¨áïé¨¥ ®â ¢á¥å ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â),
¯à¨­ ¤«¥¦ é¨¥ ª« ááã Alocp (Rn).

�®§¬®¦­®áâì à¥è¥­¨ï § ¤ ç¨ ¢ áâ®«ì ®¡é¥© ¯®áâ ­®¢ª¥ ®á­®¢ ­  ­  ¨á¯®«ì§®¢ ­¨¨
â¥å­¨ª¨ «®ª «ì­ëå ¬ ªá¨¬ «ì­ëå äã­ªæ¨© â¨¯  � à¤¨-�¨ââ«¢ã¤  [32],   â ª¦¥
¨­â¥£à «ì­ëå ¯à¥¤áâ ¢«¥­¨© äã­ªæ¨© ç¥à¥§ à §­®áâ¨, ¯®áâà®¥­­ëå ¢ [4]. �® á¬ëá«ã
­ è¨ à ááã¦¤¥­¨ï ¡«¨§ª¨ ¨¤¥¥  â®¬ à­®£® à §«®¦¥­¨ï, ¨á¯®«ì§®¢ ­­®© ¢ [22]. �¤­ ª®
¯à¥¤« £ ¥¬ë© ¬¥â®¤ ®ª §ë¢ ¥âáï ¡®«¥¥ ã¤®¡­ë¬ ¯à¨ à áá¬®âà¥­¨¨ ®¡é¨å ¢¥á®¢. �¥å­¨ª ,
¨á¯®«ì§®¢ ­­ ï ¢ à ¡®â¥ [22] âà¥¡ã¥â ¯à®¢¥àª¨ à ¢¥­áâ¢  ­ã«î ¬®¬¥­â®¢ ¢ëá®ª®£® ¯®àï¤ª 
ã á«¥¤®¢  â®¬®¢ ¨§ ¯à¥¤áâ ¢«¥­¨ï ¤ ­­®© äã­ªæ¨¨, çâ® ï¢«ï¥âáï ¯à¥¯ïâáâ¢¨¥¬ ¤«ï
å à ªâ¥à¨§ æ¨¨ á«¥¤  ¢ á«ãç ¥ ®¡é¥£® ¢¥á .

�¥à¥©¤¥¬ ª ¡®«¥¥ ª®­ªà¥â­ë¬ ä®à¬ã«¨à®¢ª ¬. �ãáâì p ∈ [1,∞], l ∈ N, γ − ¢¥á.
� ä¨ªá¨àã¥¬ n, d ∈ N. �®çªã n+ d - ¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  Rn+d := Rn ×Rd ¡ã¤¥¬
§ ¯¨áë¢ âì ª ª ¯ àã (x, y). �«®áª®áâì, § ¤ ¢ ¥¬ãî ¢ Rn+d ãà ¢­¥­¨¥¬ y = 0 ®â®¦¤¥áâ¢¨¬
á ¯à®áâà ­áâ¢®¬ Rn. �à¨ a > 0 ¯®«®¦¨¬ nRda := Rn+d \ (Rn × aBd). �®«®¦¨¬ Ξd,nk,m :=

Qnk,m × (B
d

2k
\ Bd

2k+1 ) ¯à¨ k ∈ N0,m ∈ Zn.
�¨¬¢®«®¬ W l

p(Rn+d, γ) ®¡®§­ ç¨¬ «¨­¥©­®¥ ¯à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­ëå
äã­ªæ¨©, ¨¬¥îé¨å ­  Rn ®¡®¡é¥­­ë¥ ¯® �®¡®«¥¢ã ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª  l ¢ª«îç¨â¥«ì­®,
á ­®à¬®©

‖f |W l
p(Rn+d, γ)‖ =

∑
|α|≤l

‖Dαf |Lp(Rn+d, γ)‖.

�¯à¥¤¥«¥­¨¥ 3.1.

�ãáâì ϕ ∈ Lloc1 (Rn). �ã­ªæ¨ï ϕ′ ∈ Lloc1 (Rn′) ­ §ë¢ ¥âáï á«¥¤®¬ äã­ªæ¨¨ ϕ ­  Rn′ (¨
®¡®§­ ç ¥âáï ϕ′ = tr |x′′=0 ϕ), ¥á«¨ äã­ªæ¨î ϕ ¬®¦­® ¨§¬¥­¨âì ­  ¬­®¦¥áâ¢¥ n− ¬¥à­®©
¬¥àë ­ã«ì â ª, çâ® ¤«ï «î¡®£® ªã¡  Qn

′
ª®­¥ç­®© n′− ¬¥à­®© ¬¥àë

lim
x′′→0

∫
Qn′

|ϕ(x′, x′′)− ϕ′(x′)| dx′ = 0.

�ãáâì ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {γ̂k,m} ¯®à®¦¤¥­  ¢¥á®¬ γ ∈ Aloc∞ (Rn+d). �®«®¦¨¬

γlk(x) := γk(x) := 2
k(l+n

p
) ∑
m∈Zn

χ
Q̃nk,m

(x)γ̂k,m ¯à¨ k ∈ N0, x ∈ Rn, γk,m := 2klγ̂k,m ¯à¨

k ∈ N0,m ∈ Zn.
�á­®¢­ë¬ à¥§ã«ìâ â®¬ ­ áâ®ïé¥£® ¯ à £à ä  ï¢«ï¥âáï á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  3.1. �ãáâì p ∈ (1,∞), r ∈ [1, p), γp ∈ Alocp
r

(Rn+d), f ∈ W l
p(Rn+d, γ), l > d

r . �®£¤ 

áãé¥áâ¢ã¥â á«¥¤ ϕ ∈ B̃l
p,p,r(Rn, {γk}) äã­ªæ¨¨ f ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∥∥∥ϕ|B̃l

p,p,r(Rn, {γk})
∥∥∥ ≤M1‖f |W l

p(Rn+d, γ)‖. (3.1)

�®­áâ ­â  M1 ¢ (3.1) ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ f .
�¡à â­®, ¥á«¨ äã­ªæ¨ï ϕ ∈ B̃l

p,p,r(Rn, {γk}), â® áãé¥áâ¢ã¥â äã­ªæ¨ï f ∈ W l
p(Rn+d, γ)

â ª ï, çâ® ϕ − á«¥¤ f ­  Rn ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
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‖f |W l
p(Rn+d, γ)‖ ≤M2

∥∥∥ϕ|B̃l
p,p,r(Rn, {γk})

∥∥∥ . (3.2)

�®­áâ ­â  M2 ¢ (3.2) ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ ϕ.
�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ­ ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  3.1. �ãáâì r ∈ [1, p], γp ∈ Alocp
r

(Rn+d), f ∈ W l
p(Rn+d, γ), l > d

r . �®£¤  áãé¥áâ¢ã¥â

á«¥¤ ϕ äã­ªæ¨¨ f ­  Rn. �®«¥¥ â®£®, ¤«ï ¯à®¨§¢®«ì­®£® ªã¡  Qnk,m á¯à ¢¥¤«¨¢  ®æ¥­ª 

δlr(Q
n
k,m)ϕ ≤ C1

2k(l−n+d
r

)

{∥∥∥∥Dα
xf |Lr

(
C2Q

n
k,m ×

C3

2k
Bd

)∥∥∥∥+

+

∥∥∥∥Dβ
y f |Lr

(
C2Q

n
k,m ×

C3

2k
Bd

)∥∥∥∥} . (3.3)

�®­áâ ­âë C1, C2, C3 ¢ (3.3) ­¥ § ¢¨áïâ ­¨ ®â äã­ªæ¨¨ f ­¨ ®â ªã¡  Qnk,m.
�®ª § â¥«ìáâ¢®. �ë ¯à¨¢¥¤¥¬ «¨èì ªà âªãî áå¥¬ã ¤®ª § â¥«ìáâ¢ , ¯®áª®«ìªã ¢á¥

è £¨ ¤®áâ â®ç­® áâ ­¤ àâ­ë. �ãé¥áâ¢®¢ ­¨¥ á«¥¤  ¤®ª §ë¢ ¥âáï ¯à¨¬¥­¥­¨¥¬ áâ ­¤ àâ­®©
¯à®æ¥¤ãàë, ¨§«®¦¥­­®©, ­ ¯à¨¬¥à, ¢ ¯ã­ªâ¥ 5.2 [17].

�áâ ­®¢¨¬ ®æ¥­ªã (3.3). �®«ì§ãïáì ­¥à ¢¥­áâ¢®¬ �¥«ì¤¥à  c ¯®ª § â¥«ï¬¨ τ = p
r ¨ τ ′

(â®£¤  rτ ′ = p τ
′

τ ) ­¥âàã¤­® ãáâ ­®¢¨âì, çâ® W
l
p(Rn+d, γ) ⊂ W l

r(Q
n+d) ¤«ï «î¡®£® ªã¡  Qn+d.

�®à®è® ¨§¢¥áâ­®, çâ® ¬­®¦¥áâ¢® C∞(Q
n+d

)
⋂
W l
r(Q

n+d) ¯«®â­® ¢ W l
r(Q

n+d) (¤®ª § â¥«ìáâ¢®
á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ­¨ï ­¥¯à¥àë¢­®£® ®¯¥à â®àë ¯à®¤®«¦¥­¨ï ¤«ï ¯à®áâà ­áâ¢ �®¡®«¥¢ 
á «¨¯è¨æ¥¢ëå ®¡« áâ¥© ­  ¢á¥ ¯à®áâà ­áâ¢® ¨ ¯«®â­®áâ¨ £« ¤ª¨å äã­ªæ¨© ¢ ¯à®áâà ­áâ¢¥
�®¡®«¥¢  á¬.,­ ¯à¨¬¥à, £«.2, £«.6 ¬®­®£à ä¨¨ [17]. �®íâ®¬ã ®æ¥­ªã (3.3) ¤®áâ â®ç­®
ãáâ ­®¢¨âì ¤«ï äã­ªæ¨© f ∈ C∞(Qn+d)

⋂
W l
r(Q

n+d), £¤¥ ªã¡ Qn+d ⊃ 6l
√
nQnk,m × 2−kl

√
nBd.

�®á¯à®¨§¢¥¤¥¬ â¥¯¥àì á ­¥®¡å®¤¨¬ë¬¨ ­ ¬ ¨§¬¥­¥­¨ï¬¨ à ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­­ë¥
¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3 ¨§ ¯ã­ªâ  5.4 ¬®­®£à ä¨¨ [17].

�ãáâì η ∈ Sd−1, h ∈ Rn. �®«®¦¨¬ ∆l
y(η|h|)f(x + jh, 0) :=

l∑
i=0

(−1)l+iCil f(x + jh, iη|h|),∆l
x(h)f(x, j|h|η) :=

l∑
i=0

(−1)l+iCil f(x + ih, j|h|η)(x), ϕ(x) := f(x, 0).

�®£¤  [17] (áâà.217) ¯à¨ x ∈ Qnk,m ¯®«ãç¨¬

∆l(h)ϕ(x) =
l∑

j=0

(−1)jCjl ∆
l
y(|h|η)f(x+ jh, 0)−

l∑
j=1

(−1)jCjl ∆
l
x(h)f(x, j|h|η). (3.4)

�ãáâì ξ := h
|h| , ¯®«ì§ãïáì á«¥¤áâ¢¨¥¬ 6 ¨§ £«.5 [17], ¨¬¥¥¬

|∆l
y(η|h|)f(x+ jh, 0)| ≤ C

∑
|β|=l

l|h|∫
0

τ l−1
∣∣∣Dβ

y f(x+ jh, ητ)
∣∣∣ dτ

|∆l
x(h)f(x, j|h|η)| ≤ C

∑
|α|=l

l|h|∫
0

τ l−1 |Dα
xf(x+ ξτ, j|h|η)| dτ.

(3.5)

�«¥¤®¢ â¥«ì­®, ¨­â¥£à¨àãï (3.4) ¯® áä¥à¥ Sd−1, ¨, ¨á¯®«ì§ãï ®æ¥­ª¨ (3.5), ¯®«ãç¨¬
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∫
Qnk,m

∫
1

2k
In

|∆l(h)ϕ(x)|r dhdx ≤ C

 l∑
j=0

R1
j +

l∑
j=1

R2
j

 , £¤¥

R1
j :=

∑
|β|=l

∫
Qnk,m

∫
1

2k
In

 ∫
Sd−1

l|h|∫
0

τ l−1
∣∣∣Dβ

y f(x+ jh, ητ)
∣∣∣ dτdη


r

dhdx,

R2
j :=

∑
|α|=l

∫
Qnk,m

∫
1

2k
In

 ∫
Sd−1

l|h|∫
0

τ l−1 |Dα
xf(x+ ξτ, j|h|η)| dτdη


r

dhdx.

(3.6)

�à®¢¥¤¥¬ á­ ç «  ®æ¥­ª¨ ¤«ï R1
j , j = 0, .., l. �¥« ï § ¬¥­ã ¯¥à¥¬¥­­®© x′ = x+jh, ¯¥à¥å®¤ï

®â áä¥à¨ç¥áª¨å ª®®à¤¨­ â ª ¤¥ª àâ®¢ë¬ (¯® ¯¥à¥¬¥­­ë¬ y), ¨, ãç¨âë¢ ï, çâ® l > d
r , á

¯®¬®éìî ­¥à ¢¥­áâ¢  �¥«ì¤¥à  (c ¯®ª § â¥«ï¬¨ r, r′) ¡ã¤¥¬ ¨¬¥âì

R1
j ≤

C

2kn

∑
|β|=l

∫
3(l+1)Qnk,m

 ∫
Sd−1

l
√
n

2k∫
0

τ l−1
∣∣∣Dβ

y f(x′, ητ)
∣∣∣ dτdη


r

dx′ =

=
C

2kn

∑
|β|=l

∫
3(l+1)Qnk,m

 ∫
Sd−1

l
√
n

2k∫
0

τ l−
d
r
− 1
r′
∣∣∣Dβ

y f(x′, ητ)
∣∣∣ τ d−1

r dτdη


r

dx′ ≤

≤ C

2k(n+rl−d)

∑
|β|=l

∫
3(l+1)Qnk,m

∫
l
√
n

2k
Bd

∣∣∣Dβ
y f(x, y)

∣∣∣r dydx.
(3.7)

�«ï ®æ¥­ª¨ R2
j ¯à¨ j = 1, .., l ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ �¥«ì¤¥à  (ª ª ¢ ®æ¥­ª¥

(3.7)), ¯®¬¥­ï¥¬ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¨ ¢ ¨­â¥£à¨à®¢ ­¨¨ ¯® h ¯¥à¥©¤¥¬ ®â ¤¥ª àâ®¢ëå
ª®®à¤¨­ â ª áä¥à¨ç¥áª¨¬. �®«ãç¨¬ á«¥¤ãîéãî æ¥¯®çªã ­¥à ¢¥­áâ¢

R2
j ≤ C

∑
|α|=l

∫
Qnk,m

∫
1

2k
In

|h|rl−d
l|h|∫
0

τd−1

∫
Sd−1

|Dα
xf(x+ ξτ, j|h|η)|r dηdτd|h|dx =

= C
∑
|α|=l

∫
Qnk,m

∫
1

2k
In

|h|rl−d
l|h|∫
0

τd−1

∫
Sd−1

|Dα
xf(x+ ξτ, j|h|η)|r dηdτd|h|dx ≤

≤ C
∑
|α|=l

∫
(3l
√
n)Qnk,m

√
n

2k∫
0

|h|rl+n−1

∫
Sn−1

∫
Sd−1

|Dα
xf(x, j|h|η)|r dηdξd|h|dx ≤

≤ C

2k(n+rl−d)

∑
|α|=l

∫
(3l
√
n)Qnk,m

∫
l
√
n

2k
Bd

|Dα
xf(x, y)|r dydx.

(3.8)
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�§ ®æ¥­®ª (3.6), (3.7), (3.8) ¨ ®¯à¥¤¥«¥­¨ï ¤¢ãªà â­® ãáà¥¤­¥­­®© à §­®áâ¨ ¢ëâ¥ª ¥â
®æ¥­ª  (3.3).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.1.
� £ 1. �ãáâì f ∈ W l

p(Rn+d, γ). �®£¤  ¢ á¨«ã «¥¬¬ë 3.1 áãé¥áâ¢ã¥â á«¥¤ ϕ äã­ªæ¨¨ f ­ 
¯«®áª®áâ¨ Rn, ¯®íâ®¬ã ­ ¬ ¤®áâ â®ç­® ãáâ ­®¢¨âì ®æ¥­ªã (3.1). �ç¨âë¢ ï (3.3), ¨, ¯®«ì§ãïáì
â¥®à¥¬®© 2.1 (¯®áª®«ìªã p

r > 1) ¯à¨ a = max{C2, C3}, ¯®«ãç¨¬

∞∑
k=1

∑
m∈Zn

γpk,m

[
δlr(Q

n
k,m)ϕ

]p
≤

≤ C
∞∑
k=1

∑
m∈Zn

γpk,m2(n+d
r
−l)pk

 ∫
aQnm,k

∫
a

2k
Bd

∑
|α|=l

|Dα
xf(x, y)|r +

∣∣∣Dβ
y f(x, y)

∣∣∣r
 dxdy


p
r

≤

≤ C
∞∑
k=1

∑
m∈Zn

∫∫
Ξd,nk,m

M≤a
∑
|α|=l

|Dα
xf |

r +
∑
|β|=l

|Dβ
y f |r

 (x, y)


p
r

γp(x, y) dxdy =

= C

∫∫
Rn+d

M≤a
∑
|α|=l

|Dα
xf |r +

∑
|β|=l

|Dβ
y f |r

 (x, y)


p
r

γp(x, y) dxdy ≤

≤ C
∫∫
Rn+d

γp(x, y)

∑
|α|=l

|Dα
xf(x, y)|p +

∑
|β|=l

|Dβ
y f(x, y)|p

 dxdy ≤

≤ C‖f |W l
p(Rn+d, γ)‖p.

(3.9)

�«ï ®ª®­ç ­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ ¥âáï ®æ¥­¨âì ¢â®à®¥ á« £ ¥¬®¥ ¢ ­®à¬¥
äã­ªæ¨¨ ϕ. �®áª®«ìªã l > d

r ¤«ï ¯®çâ¨ ¢á¥å x ∈ Rn ¨¬¥¥¬ (¤«ï ¤®ª § â¥«ìáâ¢ 
­ã¦­® ¨á¯®«ì§®¢ âì à ááã¦¤¥­¨ï ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¢ £«.5 [17] ¨ ¨­â¥£à «ì­®¥
¯à¥¤áâ ¢«¥­¨¥ 3.51 ¨§ £«.3 [17])

|ϕ(x)|r = |f(x, 0)|r ≤

 ∫
2Bd\Bd

|f(x, y)|r dy +
∑
|β|=l

∫
2Bd

|Dβ
y f(x, y)|r dy

 . (3.10)

�¥âàã¤­® ¢¨¤¥âì, çâ® γ(Qn0,m× 2Bd) ≤ Cγ(Qn0,m×Bd), á ª®­áâ ­â®© C, ­¥ § ¢¨áïé¥© ®â m.
�®«ì§ãïáì íâ¨¬ ä ªâ®¬, ­¥à ¢¥­áâ¢®¬ �¥«ì¤¥à  c ¯®ª § â¥«ï¬¨ τ = p

r , τ
′ (­ã¦­® ãç¥áâì çâ®

rτ ′ = p τ
′

τ ) ¨ ®¯à¥¤¥«¥­¨¥¬ ª« áá  Alocp
r

(Rn+d), ¨§ (3.10) ¯®«ãç¨¬
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∑
m∈Zn

γp0,m

 ∫
Qn0,m

|ϕ(x)|r dx


p
r

≤ C
∑
m∈Zn

∑
|β|=l

∫
Qn0,m

∫
2Bd

γr(x, y)

γr(x, y)
|Dβ

y f(x, y)|r dxdy


p
r

+

+ C
∑
m∈Zd

 ∫
Qd0,m

∫
2Bn−d\Bn−d

γr(x, y)

γr(x, y)
|f(x, y)|r dxdy


p
r

≤

≤ C
∑
m∈Zn

γp(2Pn0,m)
(
γ−p

τ ′
τ (2Pn0,m)

) τ
τ ′
[
‖Dβ

y f |Lp(2Pn0,m, γ)‖p + ‖f |Lp(2Pn0,m, γ)‖p
]
≤

≤ C‖f |W l
p(Rn+d, γ)‖.

(3.11)

�§ ®æ¥­®ª (3.9), (3.11), ®ç¥¢¨¤­®, á«¥¤ã¥â ®æ¥­ª  (3.1).
� £ 2. �ãáâì {ψk}∞k=0 − à §¡¨¥­¨¥ ¥¤¨­¨æë, ¯®áâà®¥­­®¥ ¤«ï è à  Bd. �à¨ íâ®¬ ψ0 ∈

C∞(Bd \ 1
2B

d), ψk ∈ C∞0 ( 1
2k−1B

d \ 1
2k+1B

d) ¯à¨ k ∈ N, Dβψk(y) = −Dβψk+1(y) ¨ |Dβψk(y)| ≤ C1

δlk

¤«ï y ∈ Bn−d, k ∈ N0, |β| = l. �ãáâì â ª¦¥ ¤«ï «î¡®£® k ∈ N0 â®«ìª® ¤¢¥ äã­ªæ¨¨ ψk ¨ ψk+1

®â«¨ç­ë ®â ­ã«ï ­  ¬­®¦¥áâ¢¥ 2−kBd \ 2−k−1Bd. �ãé¥áâ¢®¢ ­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {ψk}∞k=0

á ãª § ­­ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨ ¬®¦¥â ¡ëâì ¤®ª § ­®  ­ «®£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­®,
­ ¯à¨¬¥à, ¢ ¯ à £à ä¥ 4, £«.5, [17] ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ® á«¥¤ å ¤«ï ­¥¢¥á®¢ëå
¯à®áâà ­áâ¢ �®¡®«¥¢ .

�®«®¦¨¬

f(x, y) :=
∞∑
k=1

ψk(y)E2−k [ϕ](x) ¯à¨ (x, y) ∈ Rn ×Bd,

£¤¥ ®¯¥à â®à Eε (¯à¨ ε > 0) ®¯à¥¤¥«¥­ ä®à¬ã«®© (2.29). �®®¯à¥¤¥«¨¬ äã­ªæ¨î f ­ã«¥¬
­  ¬­®¦¥áâ¢¥ nRd1

�ã«ìâ¨¨­¤¥ªá α ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ (α1, α2) = (α1
1, .., α

1
n, α

2
1, .., α

2
d).

�ç¥¢¨¤­®, ∫∫
Rn× 1

2
Bd

γp(x, y){
∑

|α|=l,α2=0

|Dαf(x, y)|p +
∑

|α|=l,|α2|>0

|Dαf(x, y)|p} dxdy =

=

∞∑
k=1

∑
m∈Zn

∫∫
Ξd,nk,m

γp(x, y){
∑

|α|=l,α2=0

|Dαf(x, y)|p +
∑

|α|=l,|α2|>0

|Dαf(x, y)|p} dxdy.

�ç¨âë¢ ï á¢®©áâ¢  äã­ªæ¨© ψk ¨ ®æ¥­ªã (2.30), ¯®«ãç¨¬
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∑
|α|=l,α2>0

∫∫
Ξd,nk,m

γp(x, y)|Dαf(x, y)|p dxdy =

=
∑

|α|=l,α2>0

∫∫
Ξd,nk,m

γp(x, y)|Dα2

y ψk(y)Dα1

x E2−kϕ(x) +Dα2

y ψk+1(y)Dα1

x E2−(k+1)ϕ(x)|p dxdy ≤

≤
∑

|α1|=l−|α2|

2k|α
2|p
∫∫

Ξd,nk,m

γp(x, y)|Dα1

x E2−kϕ(x)−Dα1

x E2−(k+1)ϕ(x)|p dxdy ≤

≤ C22nkpγpk,m

 ∫
3Qnk,m

∫
1

2k
In

|∆l(h)ϕ(z)| dhdz


p

dxdy ¯à¨ k ∈ N,m ∈ Zn.

(3.12)

�­ «®£¨ç­® ¨§ (2.31) ¨¬¥¥¬

∑
|α1|=l

∫∫
Ξd,nk,m

γp(x, y)|Dα1

x f(x, y)|p dxdy ≤

≤ C
∑
|α1|=l

∫∫
Ξd,nk,m

γp(x, y) max{|Dα1

x E2−kϕ(x)|p, |Dα1

x E2−k−1ϕ(x)|p} dxdy ≤

≤ C22npkγpk,m

 ∫
2Qnk,m

∫
1

2k
In

|∆l(h)ϕ(z)| dhdz


p

¯à¨ k ∈ N,m ∈ Zn.

(3.13)

�®«ì§ãïáì ®¯à¥¤¥«¥­¨¥¬ äã­ªæ¨¨ f , ¯®«ãç ¥¬ ¯à¨ |α| = l ®æ¥­ªã

∑
|α|=l

∫∫
nRd1

2

γp(x, y)|Dαf(x, y)|p dxdy ≤ C
∑
m∈Zn

γp0,m‖ϕ|L1(Qn0,m)‖p ≤ C
∑
m∈Zn

γp0,m‖ϕ|Lr(Q
n
0,m)‖p.

(3.14)

�âáî¤ , áã¬¬¨àãï ®æ¥­ª¨ (3.12), (3.13) ¯® k ¨ m, ãç¨âë¢ ï ª®­¥ç­ãî ªà â­®áâì
¯¥à¥ªàëâ¨ï ªã¡®¢ nQnk,m (¯à¨ n ∈ N), ¨ ,ãç¨âë¢ ï ®æ¥­ªã (3.14), ¯®«ãç ¥¬∑

|α|=l

‖Dαf |Lp(Rn+d, γ)‖ ≤ C‖ϕ|B̃l
p,p,r(Rn, {γk,m})‖. (3.15)

�«ï ®æ¥­ª¨ ®¡®¡é¥­­ëå ¯à®¨§¢®¤­ëå Dαf ¯à¨ |α| < l § ¯¨è¥¬ ¯à¨ ª ¦¤®¬ (x, y) ∈
Rn × Bd ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥¬ äã­ªæ¨¨ Dαf ¯® ª®­ãáã (á¬. ¯ à £à ä 4, £«.3, [17] )
V (x, y) = {(x, y)(1 − t) + t(x′, y′)|t ∈ [0, 1], (x′, y′) ∈ 1

2B
n+d(x, y + 3)} (1

2B
n+d(x, y + 3) − è à

à ¤¨ãá  1
2 á æ¥­âà®¬ ¢ â®çª¥ (x, y + 3)) ¨ ¢®á¯®«ì§ã¥¬áï § ¬¥ç ­¨¥¬ 16 ¨§ ¯ à £à ä  5, £«.3,

[17].
�ãáâì |α| < l. �ç¨âë¢ ï, çâ® f(x, y) = 0 ¯à¨ |y| > 1, ¡ã¤¥¬ ¨¬¥âì
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|Dαf(x, y)| ≤ C
∑
|β|=l

∫∫
(x,0)+(In×Bd)

|Dβf(x̃, ỹ)| dx̃dỹ ¯à¨ (x, y) ∈ Rn ×Bd.

�âáî¤  ¨ ¨§ ®ç¥¢¨¤­®£® ¢ª«îç¥­¨ï Alocp
r

(Rn+d) ⊂ Alocp (Rn+d), ¯®«ì§ãïáì ­¥à ¢¥­áâ¢®¬

�¥«ì¤¥à , ¯®«ãç¨¬ ¯à¨ m ∈ Zn, |α| < l ®æ¥­ªã

∫∫
Qn0,m×Bd

γp(x, y)|Dαf(x, y)|p dxdy ≤

≤ C
∑
|β|=l

[
γp(Qn0,m ×Bd)

] [
γ−p

′
(Qn0,m ×Bd)

] p
p′
∫∫

Qn0,m×Bd

γp(x, y)|Dβf(x, y)|p dxdy

≤ C
∑
|β|=l

∫∫
Qn0,m×Bd

γp(x, y)|Dβf(x, y)|p dxdy.

(3.16)

�ã¬¬¨àãï ®æ¥­ª¨ (3.15), (3.16) ¯® m ∈ Zn, ¨, ãç¨âë¢ ï, çâ® f(x, y) = 0 ¯à¨ |y| > 1,
¯®«ãç¨¬ ®æ¥­ªã (3.2).

�áâ ¥âáï ¯®ª § âì, çâ® ϕ = tr |y=0 f . � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© ªã¡ Qn. �®çâ¨ ª ¦¤ ï
â®çª  x ∈ Rn ï¢«ï¥âáï â®çª®© �¥¡¥£  äã­ªæ¨¨ ϕ, ¯®áª®«ìªã ϕ ∈ Lloc1 (Rn). �«¥¤®¢ â¥«ì­® ¤«ï
¯®çâ¨ ¢á¥å x ∈ Rn ¨¬¥¥¬ lim

δ→0

1
δn

∫
x+δIn

|ϕ(x′)−ϕ(x)| dx′ = 0. �âáî¤ , ¯®«ì§ãïáì â¥®à¥¬®© �¥¡¥£ 

® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à «  �¥¡¥£ , ¨¬¥¥¬∫
Qn

|ϕ(x)− Eδ[ϕ](x)| dx ≤ C

δn

∫
Qn

∫
x+δIn

|ϕ(x)− ϕ(x′)| dx′dx→ 0, ¯à¨δ → 0. (3.17)

�§ (3.17) ¨ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ f «¥£ª® á«¥¤ã¥â, çâ® ϕ = tr |y=0 f .
�¥®à¥¬  ¤®ª § ­ .

� ¬¥ç ­¨¥ 3.1. � ¬¥­¥¥ ®¡é¥© ä®à¬¥ â¥®à¥¬  3.1 ¤®ª § ­   ¢â®à®¬ ¢ à ¡®â¥ [35].

4 �â®¬ à­®¥ à §«®¦¥­¨¥ äã­ªæ¨© ¨§ ¯à®áâà ­áâ¢

B̃l
p,q,r(Rn, {tk,m})

� íâ®¬ à §¤¥«¥ ¬ë ¤®ª ¦¥¬ â¥®à¥¬ã ®¡  â®¬ à­®¬ à §«®¦¥­¨¨ äã­ªæ¨© ϕ ¨§ ¯à®áâà ­áâ¢ 
B̃l
p,q,r(Rn, {tk,m}). �â  â¥®à¥¬  ï¢«ï¥âáï ®¤­¨¬ ¨§ ®á­®¢­ëå ¨­áâàã¬¥­â®¢ ¤«ï ¤®ª § â¥«ìáâ¢ 

à §«¨ç­ëå â¥®à¥¬ ¢«®¦¥­¨ï ¨ â¥®à¥¬ ® á«¥¤ å (á¬. ¤ «¥¥ à §¤¥«ë 4,5).
� íâ®¬ ¯ã­ªâ¥ â ª¦¥ ¬ë ãáâ ­®¢¨¬ ãá«®¢¨ï ­  ªà â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m},

ª®â®àë¥ ï¢«ïîâáï ¤®áâ â®ç­ë¬¨ ¤«ï â®£®, çâ®¡ë ¯à¨ à §«¨ç­ëå l ∈ N ¯à®áâà ­áâ¢ 
B̃l
p,q,r(Rn, {tk,m}) á®¢¯ ¤ «¨ á íª¢¨¢ «¥­â­®áâìî á®®â¢¥âáâ¢ãîé¨å ­®à¬.
� è¨ à ááã¦¤¥­¨ï ¡ã¤ãâ ¢® ¬­®£®¬ ¨á¯®«ì§®¢ âì ¬¥â®¤ë à ¡®âë [20].
� ä¨ªá¨àã¥¬ ¢ íâ®¬ ¯ã­ªâ¥ ç¨á«  n, d ∈ N, ¯®«®¦¨¬ Ξd,nk,m := Qnk,m × (B

d

2k
\ Bd

2k+1 ) ¯à¨
k ∈ N0,m ∈ Zn. �®çªã n+ d - ¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ ¯ àë
(x, y) := (x1, .., xn, y1, .., yd).

�ãáâì N l−1 − B - á¯« ©­ áâ¥¯¥­¨ l − 1 á ã§« ¬¨ ¢ â®çª å ti = i, i ∈ {0, 1, .., l}. �®ç­¥¥

N l−1(t) := [0, 1, .., l](t− ·)l−1
+ .
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�ë ¨á¯®«ì§®¢ «¨ áâ ­¤ àâ­®¥ ®¡®§­ ç¥­¨¥ à §¤¥«¥­­®© à §­®áâ¨ (á¬. [7, £«.1]).
�«ï k ∈ N0, m ∈ Zn ¯®«®¦¨¬

N l−1
k,m(x) :=

n∏
i=1

N l−1(2k(xi −
mi

2k
)), ¯à¨ x ∈ Rn.

�ã­ªæ¨¨ N l−1
k,m ¢¯¥à¢ë¥ ¡ë«¨ ¢¢¥¤¥­ë � àà¨ ¨ �¥­¡¥à£®¬ ¢ à ¡®â¥ [19].

�â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  B - á¯« ©­®¢ N l−1
k,m, ª®â®àë¥ ¡ã¤ãâ ­ ¬ ­¥®¡å®¤¨¬ë ¤«ï

¤ «ì­¥©è¥£® ¨§«®¦¥­¨ï. �®ª § â¥«ìáâ¢® íâ¨å á¢®©áâ¢ ¨¬¥îâáï, ­ ¯à¨¬¥à, ¢ [18].
1) B - á¯« ©­ë N l−1

k,m ®¡à §ãîâ à §¡¨¥­¨¥ ¥¤¨­¨æë ­  Rn ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬
k ∈ N0. �® ¥áâì ∑

m∈Zn
N l−1
k,m(x) = 1, ¯à¨ x ∈ Rn. (4.1)

�à¨ íâ®¬ ªà â­®áâì ¯¥à¥á¥ç¥­¨ï ­®á¨â¥«¥© á¯« ©­®¢ N l−1
k,m ª®­¥ç­  ¨ ­¥ § ¢¨á¨â ­¨ ®â k

­¨ ®â m. �â¬¥â¨¬ â ª¦¥, çâ® supp N l−1
k,m ⊂

m
2k

+ [0, l
2k

]n ¨ N l−1
k,m(x) > 0 ¯à¨ x ∈ m

2k
+ (0, l

2k
)n.

2) �  ª ¦¤®¬ ªã¡¥ Qnk,m äã­ªæ¨ï N l−1
k,m ï¢«ï¥âáï ¯®«¨­®¬®¬ áâ¥¯¥­¨ ­¥ ¢ëè¥ l − 1 ¯®

ª ¦¤®© ¯¥à¥¬¥­®©.
3)C¯« ©­ë N l−1 ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî ¯®àï¤ª  l − 2. � ã§« å ti = i, i ∈

{0, 1, .., l} á¯« ©­ N l−1 ¨¬¥¥â ª®­¥ç­ë¥ ®¤­®áâ®à®­­¨¥ ¯à®¨§¢®¤­ë¥ ¯®àï¤ª  l − 1, ¯®íâ®¬ã

∆l(N l−1
k,m, h)(x) ≤ C(2k|h|)l−1, ¯à¨ x, h ∈ Rn. (4.2)

4) �î¡®© á¯« ©­ S =
∑

m∈Zn
βk,mN

l−1
k,m ¬®¦¥â ¡ëâì à §«®¦¥­ ¢ àï¤ ¯® á¯« ©­ ¬ N l−1

j,m ¯à¨

j ≥ k, â® ¥áâì S =
∑

m∈Zn
β̂k,m(S)N l−1

j,m .

�¨¬¢®«®¬ Σl−1
k ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å á¯« ©­®¢ S ¢¨¤ 

S(x) :=
∑
m∈Zn

βk,mN
l−1
k,m(x) ¯à¨ x ∈ Rn.

� ¬ ¯®­ ¤®¡¨âáï ¤«ï ¤ «ì­¥©è¥£® ¯®­ïâ¨¥ ª¢ §¨¨­â¥à¯®«ï­â , ª®â®à®¥ ¢¯¥à¢ë¥ ¡ë«®
¢¢¥¤¥­® ¢ à ¡®â¥ [18]. �¢ §¨¨­â¥à¯®«ï­âë ¨á¯®«ì§®¢ «¨áì â ª¦¥ ¢ à ¡®â å [20], [7] ¤«ï
¯®áâà®¥­¨ï íª¢¨¢ «¥­â­ëå ­®à¬¨à®¢®ª ¢ ¡¥§¢¥á®¢ëå ¤¨ ¤¨ç¥áª¨å ¯à®áâà ­áâ¢ å â¨¯ 
¯à®áâà ­áâ¢ �¥á®¢  ¨ ¢ ª« áá¨ç¥áª¨å ¯à®áâà ­áâ¢ å �¥á®¢  á®®â¢¥âáâ¢¥­­®.

�¯à¥¤¥«¥­¨¥ 4.1. ([18]) �à¨ k ∈ N0, m ∈ Zn ç¥à¥§ ξk,m = (ξk,m1 , ..., ξk,mn) ®¡®§­ ç¨¬
æ¥­âà ªã¡  Qnk,m. �ãáâì ¢á¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ Dνf , νj ≤ l − 1, j ∈ {1, .., n} äã­ªæ¨¨ f
­¥¯à¥àë¢­ë ¢ ª ¦¤®© â®çª¥ ξk,m. �®«®¦¨¬ ¯à¨ k ∈ N0, m ∈ Zn

Ql−1
k (f) :=

∑
m∈Zn

αk,m(f)N l−1
k,m, £¤¥

αk,m(f) :=
∑

0≤νj≤l−1
j∈{1,..,n}

ak,ν,mD
νf(ξk,m),

ak,m,ν :=
n∏
i=1

ak,mi,νi , ak,mi,νi :=
(−1)l−1−νi

(l − 1)!
Dl−1−νiψmi(ξk,mi),
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ψmi(t) :=
l−1∏
j=1

(
mi + j

2k
− t) ¯à¨ t ∈ R.

�¯¥à â®à Ql−1
k ­ §ë¢ ¥âáï ª¢ §¨¨­â¥à¯®«ï­â®¬.

� ä¨ªá¨àã¥¬ ¤® ª®­æ  ¯ã­ªâ  ª®­áâ ­âã A ≥ 1.
�ãáâì PQnk,m − ¬­®£®ç«¥­ ¯®çâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ ϕ ∈ Llocr (Rn) (¯à¨

r ∈ (0,∞] ) ¯®«¨­®¬ ¬¨ ª®®à¤¨­ â­®© áâ¥¯¥­¨ ­¨¦¥ l ­  ªã¡¥ Qnk,m á ª®­áâ ­â®© A.
�®«®¦¨¬ gk(x) :=

∑
m∈Zn

PQnk,m(x)χQnk,m(x) ¯à¨ x ∈ Rn, k ∈ N0. � ª®­¥æ, á«¥¤ãï à ¡®â¥ [20],

¯®«®¦¨¬ ¯à¨ r ∈ (0,∞]

T l−1
k (ϕ, r)(x) := Ql−1

k (gk)(x), ¯à¨ x ∈ Rn, k ∈ N0,

T l−1
−1 (ϕ, r)(x) := ϕ(x), ¯à¨ x ∈ Rn.

(4.3)

�â¬¥â¨¬, çâ® ¢ [20] ®¯¥à â®à T l−1
k ¤¥©áâ¢®¢ « ­  äã­ªæ¨¨ ϕ, ®¯à¥¤¥«¥­­ë¥ ­  ¥¤¨­¨ç­®¬

ªã¡¥.

� ¬¥ç ­¨¥ 4.1. �¯¥à â®à Ql−1
k ï¢«ï¥âáï ¯à®¥ªâ®à®¬ ¨§ ¯à®áâà ­áâ¢  ªãá®ç­®-

¯®«¨­®¬¨ «ì­ëå äã­ªæ¨© ­  ¯à®áâà ­áâ¢® Σl−1
k (¤®ª § â¥«ìáâ¢® á¬. ¢ [18]), ¯®íâ®¬ã

T l−1
k (ϕ, r)(x) =

∑
m∈Zn

αk,m(T l−1
k (ϕ, r))N l−1

k,m(x) ¯à¨ x ∈ Rn.

�¥¬¬  4.1. �ãáâì r ∈ (0,∞]. �«ï «î¡®© äã­ªæ¨¨ ϕ ∈ Llocr (Rn) ¯à¨ k ∈ N0 á¯à ¢¥¤«¨¢ 
®æ¥­ª 

‖ϕ− T l−1
k (ϕ, r)|Lr(Qnk,m)‖ ≤ CÊl(ϕ, (1 + l)Qnk,m)r ≤ CEl(ϕ, (1 + l)Qnk,m)r. (4.4)

�®­áâ ­â  C ¢ (4.4) § ¢¨á¨â â®«ìª® ®â l, n, r, A.
�®ª § â¥«ìáâ¢®. �¥à¢®¥ ­¥à ¢¥­áâ¢® ¢ (4.4) á«¥¤ã¥â ¨§ ®æ¥­ª¨ (4.25) à ¡®âë [20].
�ãáâì p ∈ (0,∞], r ∈ (0, p], ϕ ∈ Llocr (Rn), α3 ≥ 0, αi ∈ R, σi ∈ (0,∞] (i=1,2). �«ï ªà â­®©

¤®¯ãáâ¨¬®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {tk,m} ∈ Xα3
α,σ ¯®«®¦¨¬

slk := slk(ϕ, {tk,m})r,p := inf
S∈Σl−1

k

( ∑
m∈Zn

tpk,m‖ϕ− S|Lr(Q
n
k,m)‖p

) 1
p

¯à¨ k ∈ N0,

sl−1 := sl−1(ϕ, {t0,m})r,p =

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
k,m)‖p

) 1
p

.

(4.5)

�â¬¥â¨¬, çâ® slk(ϕ, {tk,m})r,p <∞, ¥á«¨ ϕ ∈ B̃l
p,q,r(Rn, {tk,m}). �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (4.4)

¨ â¥®à¥¬ë 2.4, ¯à¨ k ∈ N0 ¨¬¥¥¬ ®æ¥­ªã

inf
S∈Σl−1

k

( ∑
m∈Zn

tpk,m‖ϕ− S|Lr(Q
n
k,m)‖p

) 1
p

≤

( ∑
m∈Zn

tpk,m‖ϕ− T
l−1
k (ϕ)|Lr(Qnk,m)‖p

) 1
p

≤

≤ C‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖ <∞.

(4.6)
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�¯à¥¤¥«¥­¨¥ 4.2. �ãáâì p ∈ (0,+∞], r ∈ (0, p], slk(ϕ, {tk,m})r,p <∞. �ã¤¥¬ £®¢®à¨âì, çâ®
U l−1
k := U l−1

k (ϕ, {tk,m}, p) ∈ Σl−1
k − á¯« ©­ ¯®çâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï á ª®­áâ ­â®© A

¤«ï äã­ªæ¨¨ ϕ ∈ Llocr (Rn) , ¥á«¨( ∑
m∈Zn

tpk,m‖ϕ− U
l−1
k |Lr(Qnk,m)‖p

) 1
p

≤ Aslk(ϕ, {tk,m})r,p. (4.7)

�¥¬¬  4.2. ([20]) �ãáâì á¯« ©­ S ∈ Σl−1
k , â®£¤  ¤«ï «î¡®£® r ∈ (0,+∞] ¨ «î¡®£® ªã¡ 

Qnk,m á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

c1‖S|Lr(Qnk,m)‖ ≤

 ∑
m̃∈Zn

Qnk,m
⋂
suppN l−1

k,m̃
6=∅

|αk,m̃(S)|r2−kn


1
r

≤ c2‖S|Lr(Qnk,m)‖, (4.8)

¢ ª®â®àëå ª®­áâ ­âë c1, c2 > 0 ­¥ § ¢¨áïâ ­¨ ®â ªã¡  Qnk,m, ­¨ ®â á¯« ©­  S.
C«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ­  á«ãç © ¯à®áâà ­áâ¢ �¥á®¢  ¯¥à¥¬¥­­®©

£« ¤ª®áâ¨ â¥®à¥¬ë 4.8 à ¡®âë [20] (£¤¥ à áá¬ âà¨¢ «¨áì ª« áá¨ç¥áª¨¥ ¯à®áâà ­áâ¢  �¥á®¢ ).

�¥®à¥¬  4.1. �ãáâì p ∈ (0,∞), r ∈ (0, p], ϕ ∈ Llocr (Rn), α3 ≥ 0, 0 < α1 ≤
α2, ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk} ∈loc Y α3

α1,α2
. �ãáâì ¢¥á γp ∈ Aloc∞ (Rn+d) ¨ ªà â­ ï

¯®á«¥¤®¢ â¥«ì­®áâì {γ̂k,m} ¯®à®¦¤¥­  ¢¥á®¬ γ. �®«®¦¨¬ tk,m := sk,mγ̂k,m ¯à¨ k ∈ N0,
m ∈ Zn.

�®£¤  ¤«ï «î¡®£® ¤®áâ â®ç­® ¬ «®£® ε > 0, ¯à¨ λ̃ := min{l, l−1+ δ2(γ,n,d)−ε
p }, µ ≤ min{1, r}

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®( ∑
m∈Zn

tpk,m[δlr(Q
n
k,m)ϕ]p

) 1
p

≤

≤ C2
−k(λ̃+

d(δ1(γ,n,d)−ε)
p

−(α2−np ))

 k∑
j=−1

2
jµ(λ̃+

d(δ1(γ,n,d)−ε)
p

−(α2−np ))
(
slj(ϕ, {tk,m})r,p

)µ 1
µ

,

(4.9)

¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ ϕ.
�®ª § â¥«ìáâ¢®. �á­®¢­ ï ¨¤¥ï ¤®ª § â¥«ìáâ¢  ¤ ­­®© â¥®à¥¬ë ¯®¢â®àï¥â ¨¤¥î

¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.8 ¢ [20]. �¤­ ª®, ­ ¬ ­¥®¡å®¤¨¬ë ¬®¤¨ä¨ª æ¨¨ ¯à¨¢¥¤¥­­®£® ¢
[20] ¤®ª § â¥«ìáâ¢ , ãç¨âë¢ îé¨¥ á¢®©áâ¢  ªà â­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {γ̂k,m}, ®â¬¥ç¥­­ë¥
¢ «¥¬¬¥ 2.2.

�¨ªá¨àã¥¬ ε ∈ (0,min{δ1, δ2}). �®«®¦¨¬ δ̃1 := δ1 − ε, δ̃2 := δ2 − ε.
�ãáâì U l−1

j := U l−1
j (ϕ, {tk,m}, p) − á¯« ©­ ¯®çâ¨ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï á ª®­áâ ­â®©

A ≥ 1 ¤«ï äã­ªæ¨¨ ϕ ∈ Llocr (Rn). �à¨ j ∈ N0 ¯®«®¦¨¬ ul−1
j := U l−1

j − U l−1
j−1 (U

l−1
−1 ≡ 0). �®£¤ 

®ç¥¢¨¤­®

∆l(h)ϕ(x) = ∆l(h)[ϕ− U l−1
k ](x) +

k∑
j=0

∆l(h)ul−1
j (x), ¯à¨ x, h ∈ Rn. (4.10)

�§ (2.4) «¥£ª® á«¥¤ã¥â ­¥à ¢¥­áâ¢®
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δlr(Q
n
k,m)ϕ ≤

[δlr(Q
n
k,m)(ϕ− U l−1

k )]µ +

k∑
j=0

[δlr(Q
n
k,m)ul−1

j ]µ

 1
µ

.

�âáî¤ , ãç¨âë¢ ï, çâ® p
µ ≥ 1, ¯®«ãç¨¬ c ¯®¬®éìî ­¥à ¢¥­áâ¢  �¨­ª®¢áª®£®

( ∑
m∈Zn

tpk,m[δlr(Q
n
k,m)ϕ]p

) 1
p

≤

≤ C

 ∑
m∈Zn

tpk,m

[δlr(Q
n
k,m)(ϕ− U l−1

k )]µ +

k∑
j=0

[δlr(Q
n
k,m)ul−1

j ]µ


p
µ


µ
p

1
µ

≤ C

( ∑
m∈Zn

tpk,m[δlr(Q
n
k,m)(ϕ− U l−1

k )]p

)µ
p

+
k∑
j=0

( ∑
m∈Zn

tpk,m[δlr(Q
n
k,m)ul−1

j ]p

)µ
p

 1
µ

=

(R1)
µ
p +

k∑
j=0

(R2
j )

µ
p

 1
µ

.

(4.11)

�¥âàã¤­® ¢¨¤¥âì, çâ® ¢ á¨«ã ª®­¥ç­®© (­¥ § ¢¨áïé¥© ®â k ¨ m) ªà â­®áâ¨ ¯¥à¥ªàëâ¨ï
ªã¡®¢ (1 + l)Qnk,m ¨ § ¬¥ç ­¨ï 2.3

(R1)
µ
p ≤ C

( ∑
m∈Zn

tpk,m2
knp
r ‖ϕ− U l−1

k |Lr((1 + l)Qnk,m)‖p
)µ

p

≤ C
(
slk(ϕ, {tk,m})r,p

)µ
. (4.12)

� «¥¥, ¯à¨ ª ¦¤®¬ j ∈ N0 äã­ªæ¨ï u
l−1
j ¬®¦¥â ¡ëâì à §«®¦¥­  ¯® B - á¯« ©­ ¬ N l−1

j,m (¢
á¨«ã á¢®©áâ¢  4) á¬. ¢ëè¥), â® ¥áâì

ul−1
j (x) =

∑
m∈Zn

αj,m(ul−1
j )N l−1

j,m (x), ¯à¨ x ∈ Rn. (4.13)

�®áª®«ìªã ¤«ï «î¡®© â®çª¨ x ∈ Rn «¨èì ª®­¥ç­®¥ (­¥ § ¢¨áïé¥¥ ®â j ¨m) ç¨á«® á¯« ©­®¢
N l−1
j,m ®â«¨ç­® ®â ­ã«ï, ¯®«ãç¨¬

|∆l(h)ul−1
j (x)|r ≤ C

∑
x∈ supp N l−1

j,m

|αj,m|r|∆l(h)N l−1
j,m (x)|r. (4.14)

�«ï k ≥ j ∈ N0, m̃ ∈ Zn ¯ãáâì Γj,m̃ − ¬­®¦¥áâ¢® ¢á¥å ªã¡®¢ Qnk,m ⊂ Qnj,m̃. �¨¬¢®«®¬
Γ1
j,m̃ ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® â¥å ªã¡®¢ Qnk,m ⊂ Qnj,m̃, ¤«ï ª®â®àëå (1 + l)Qnk,m ⊂ Qnj,m̃. �ãáâì

Γ2
j,m̃ := Γj,m̃ \ Γ1

j,m̃.
�â¬¥â¨¬ ¢ ¦­ãî ¤«ï ¤ «ì­¥©è¥£® ®æ¥­ªã ¬¥àë ¬­®¦¥áâ¢  Fj,m̃ :=

⋃
Qnk,m∈Γ2

j,m̃

Qnk,m

(¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥© ®æ¥­ª¨ ¢ [20]). �«ï ­¥ª®â®à®©
ª®­áâ ­âë C > 0, ­¥ § ¢¨áïé¥© ®â j ¨ m̃ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
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|F
j,m̃
|

|Qnj,m̃|
≤ C2j−k. (4.15)

�§ (4.15) ¨ (2.12) á«¥¤ã¥â, çâ®∑
Qnk,m∈Γ2

j,m̃

γ̂pk,m ≤ C2(j−k)δ̃2(γ)
∑

Qnk,m∈Γj,m̃

γ̂pk,m. (4.16)

�«ï ªã¡®¢ Qnk,m ∈ Γ1
j,m̃ ¨¬¥¥¬

δlr(Q
n
k,m)N l−1

j,m̃ ≤ C2(j−k)l, (4.17)

¯®áª®«ìªã N l−1
j,m̃ − ¯®«¨­®¬ ­  ªã¡¥ Qnj,m̃.

�«ï ªã¡®¢ Qnk,m ∈ Γ2
j,m̃ ¢ á¨«ã (4.2) ¨¬¥¥¬

δlr(Q
n
k,m)N l−1

j,m̃ ≤ C2(j−k)(l−1). (4.18)

�§ â®£®, çâ® {sk} ∈loc Y α3
α1,α2

®ç¥¢¨¤­® á«¥¤ã¥â ­¥à ¢¥­áâ¢®

sk,m ≤ C2
(α2−np )(k−j)

sj,m̃, (4.19)

¯à¨ ãá«®¢¨¨ Qnk,m ⊂ Qnj,m̃, k ≥ j ∈ N0, m, m̃ ∈ Zn (ª®­áâ ­â  C > 0 § ¢¨á¨â «¨èì ®â ¢¥á®¢®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ {sk}).

�®¬¡¨­¨àãï ®æ¥­ª¨ (4.8),(4.14),(4.17), (4.18), ¯®«ì§ãïáì á¢®©áâ¢ ¬¨ (2.11) ,(4.16) ¨ (4.19)
ªà â­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© {γ̂k,m} ¨ {sk,m}, ¡ã¤¥¬ ¨¬¥âì

R2
j ≤ C

∑
m̃∈Zn

∑
Qnk,m∈Γ1

j,m̃

2
p(k−j)(α2−np )

spj,m̃γ̂
p
k,m2(j−k)lp

 ∑
m∈Zn

Qnj,m̃
⋂ suppN l−1

j,m 6=∅

[αj,m]r


p
r

+

+C
∑
m̃∈Zn

∑
Qnk,m∈Γ2

j,m̃

2
p(k−j)(α2−np )

spj,m̃γ̂
p
k,m2(j−k)(l−1)p

 ∑
m∈Zn

Qnj,m̃
⋂ suppN l−1

j,m 6=∅

[αj,m]r


p
r

≤

≤ C
∑
m∈Zn

2
p(k−j)(α2−np )

spj,mγ̂
p
j,m2(j−k)dδ̃12(j−k)pl2

jnp
r ‖ul−1

j |Lr(Q
n
j,m)‖p+

+C
∑
m∈Zn

2
p(k−j)(α2−np )

spj,mγ̂
p
j,m2(j−k)(δ̃2+dδ̃1)2(j−k)p(l−1)2

jnp
r ‖ul−1

j |Lr(Q
n
j,m)‖p ≤

≤ C2
(λ̃+

dδ̃1
p
−(α2−np ))p(j−k)

∑
m∈Zn

tpj,m2
jnp
r ‖ul−1

j |Lr(Q
n
j,m)‖p ≤

≤ C2
(λ̃+

dδ̃1
p
−(α2−np ))p(j−k)

(slj(ϕ, {tk,m})r,p)p + (slj−1(ϕ, {tk,m})r,p)p.

(4.20)

31



�®¤áâ ¢«ïï ®æ¥­ª¨ (4.12) ¨ (4.20) ¢ (4.11) § ¢¥àè ¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.
�áâ ­®¢¨¬ â¥®à¥¬ã,  ­ «®£¨ç­ãî â¥®à¥¬¥ 4.1 ¯à¨ ¡®«¥¥ á« ¡ëå ®£à ­¨ç¥­¨ïå ­  ªà â­ãî

¯®á«¥¤®¢ â¥«ì­®áâì {tk,m}. �à¨ íâ®¬ ¯®àï¤®ª á¯« ©­®¢, ¯à¨¡«¨¦ îé¨å ­ èã äã­ªæ¨î ­ ¬
¯à¨¤¥âáï ã¢¥«¨ç¨âì.

�¥®à¥¬  4.2. �ãáâì p ∈ (0,∞], r ∈ (0, p], α1, α2 ∈ R, α3 ≥ 0, σ1 ∈ [1,∞], σ2 = p,
ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ∈ X̃α3

α,σ. �®£¤  ¯à¨ µ ≤ min{1, r} á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
(á ®ç¥¢¨¤­ë¬¨ ¬®¤¨ä¨ª æ¨ï¬¨ ¢ á«ãç ¥ p =∞ ¨«¨ µ =∞)

( ∑
m∈Zn

tpk,m[δlr(Q
n
k,m)ϕ]p

) 1
p

≤ C2−k(l−α2)

 k∑
j=−1

2jµ(l−α2)
(
sl+1
j (ϕ, {tk,m})r,p

)µ 1
µ

, (4.21)

¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ ϕ.
�®ª § â¥«ìáâ¢® ¤ ­­®© â¥®à¥¬ë ¢® ¬­®£®¬ ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.1.

�®íâ®¬ã ¬ë ãª ¦¥¬ «¨èì ®â«¨ç îé¨¥ íâ®â á«ãç © ¤¥â «¨.
�ç¥¢¨¤­®, çâ® ¤«ï ¢á¥å ¨­¤¥ªá®¢ j ∈ N0, m̃ ∈ Zn ¨ ¤«ï ¢á¥å ªã¡®¢ Qnk,m ⊂ Qnj,m̃ á¯à ¢¥¤«¨¢ 

®æ¥­ª 

δlr(Q
n
k,m)N l

j,m̃ ≤ C2(j−k)l (4.22)

á ª®­áâ ­â®© C > 0, ­¥ § ¢¨áïé¥© ®â ¨­¤¥ªá®¢ k, j,m, m̃.
�®«ì§ãïáì íâ¨¬ ä ªâ®¬,   â ª¦¥ (2.8) ¢¬¥áâ® (2.11), (4.16), (4.19) ¡ã¤¥¬ è £ §  è £®¬

¯®¢â®àïâì à ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­­ë¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.1, § ¬¥­ïï ¢á¥ á¯« ©­ë
U l−1
k ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.1 ­  á¯« ©­ë U lk. �à¨ íâ®¬ ¢ á¨«ã (4.22), ®ç¥¢¨¤­® ®â¯ ¤ ¥â

­¥®¡å®¤¨¬®áâì ¢ à áá¬ âà¥­¨¨ ¬­®¦¥áâ¢ Γ1
j,m̃ ¨ Γ2

j,m̃ ¨ ®æ¥­ª  (4.20) áãé¥áâ¢¥­­® ã¯à®é ¥âáï.
� ¨â®£¥ ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 4.1.

�§ â¥®à¥¬ë 4.1 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 4.1. �ãáâì p, q ∈ (0,∞], p 6= ∞, r ∈ (0, p], ϕ ∈ Llocr (Rn), ¢¥á®¢ ï
¯®á«¥¤®¢ â¥«ì­®áâì {sk} ∈loc Y α3

α1,α2
, ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk,m} ï¢«ï¥âáï p -

 áá®æ¨¨à®¢ ­­®© á ¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî {sk}. �ãáâì d ∈ N0, ¢¥á γ
p ∈ Aloc∞ (Rn+d)

¨ ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {γ̂k,m} ¯®à®¦¤¥­  ¢¥á®¬ γ. �ãáâì α2 − n
p < λ + dδ1(γ)

p ¯à¨

λ := min{l, l − 1 + δ2(γ)
p }. �®«®¦¨¬ tk,m := sk,mγ̂k,m ¯à¨ k ∈ N0, m ∈ Zn.

�®£¤  äã­ªæ¨ï ϕ ∈ B̃l
p,q,r(Rn, {tk,m}) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨

N1(ϕ, l) :=

 ∞∑
j=−1

(slk(ϕ, {tk,m})r,p)q
 1

q

<∞. (4.23)

�à®¬¥ â®£®

N1(ϕ, l) ∼ N2(ϕ, l) ∼ ‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖, £¤¥

N2(ϕ, l) :=

 ∞∑
k=0

( ∑
m∈Zn

tpk,m‖ϕ− T
l−1
k (ϕ, r)|Lr(Qnk,m)‖p

) q
p

 1
q

+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

.

(4.24)
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�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¢ á«ãç ¥ q < ∞, ¯®áª®«ìªã á«ãç © q = ∞ à áá¬ âà¨¢ ¥âáï
 ­ «®£¨ç­®. �ãáâì ϕ ∈ B̃l

p,q,r(Rn, {tk,m}). �æ¥­ª  N1(ϕ, l) ≤ N2(ϕ, l) ≤ C‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖

á«¥¤ã¥â ¨§ (4.6).

�ãáâì â¥¯¥àì N1(ϕ, l) < ∞. �ë¡¥à¥¬ ε > 0 áâ®«ì ¬ «ë¬, çâ® α2 − n < λ̃ + dδ̃1
p . �à¨¬¥­¨¬

â¥®à¥¬ã 4.1 ¯à¨ µ ≤ min{1, q, r}, § â¥¬ ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 2.2, ¯®«ãç¨¬

‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖q ≤

≤
∞∑
k=0

2
−kq(λ̃+

dδ̃1
p
−(α2−np ))

 k∑
j=−1

2
jµ(λ̃+

dδ̃1
p
−(α2−np ))

(
slj(ϕ, {tk,m})r,p

)µ
q
µ

≤ C[N1(ϕ, l)]q.
(4.25)

�«¥¤áâ¢¨¥ ¤®ª § ­®.
�­ «®£¨ç­®, á ¯®¬®éìî â¥®à¥¬ë 4.2 ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 4.2. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], α1, α2 ∈ R, α3 ≥ 0, σ1 ∈ [1,∞],σ2 = p,
{tk,m} ∈ Xα3

α,σ. �á«¨ l > α2, â® äã­ªæ¨ï ϕ ∈ B̃l
p,q,r(Rn, {tk,m}) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,

¥á«¨
N1(ϕ, l + 1) <∞. (4.26)

�à®¬¥ â®£®

N1(ϕ, l + 1) ∼ N2(ϕ, l + 1) ∼ ‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖. (4.27)

�¥®à¥¬  4.2 ¯®§¢®«ï¥â ¯®«ãç¨âì à¥§ã«ìâ â ®¡ íª¢¨¢ «¥­â­ëå ­®à¬ å ¢ ¯à®áâà ­áâ¢¥
B̃l
p,q,r(Rn, {tk,m}) ¯à¨ à §«¨ç­ëå (¤®áâ â®ç­® ¡®«ìè¨å) l.
�«¥¤áâ¢¨¥ 4.3. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], α1, α2 ∈ R, α3 ≥ 0, σ1 ∈ [1,∞], σ2 = p,

{tk,m} ∈ X̃α3
α,σ ¨ l > α2. �®£¤  ¯à¨ l′ > l

‖ϕ|B̃l′
p,q,r(Rn, {tk,m})‖ ∼ ‖ϕ|B̃l

p,q,r(Rn, {tk,m})‖.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ®æ¥­ª¨

‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖ ≤ CN2(ϕ, l′) ≤ C‖ϕ|B̃l′

p,q,r(Rn, {tk,m})‖

¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï á«¥¤áâ¢¨¥¬ 4.2 ¨ «¥¬¬®© 4.1. �à®â¨¢®¯®«®¦­ ï ®æ¥­ª 
®ç¥¢¨¤­ .

� ¬¥ç ­¨¥ 4.2. � ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¬¥â®¤ë à ¡®â [1] ([24]) ¯®§¢®«ïîâ ¤®ª § âì
ãâ¢¥à¦¤¥­¨¥,  ­ «®£¨ç­®¥ á«¥¤áâ¢¨î 4.3 ¯à¨ ãá«®¢¨¨ {tk} ∈loc Y α3

α1,α2
({tk} ∈ Y α3

α1,α2
) ¨ l > α2.

�®ª ¦¥¬, çâ® ãá«®¢¨¥ l > α2, ® ª®â®à®¬ £®¢®à¨«®áì ¢® ¢¢¥¤¥­¨¨ ¨ § ¬¥ç ­¨¨ 2.6, ï¢«ï¥âáï
£àã¡ë¬ ¤«ï ¯à®áâà ­áâ¢ B̃l

p,q,r(Rn, {tk}), ¢ á«ãç ¥ ¯¥à¥¬¥­­®© £« ¤ª®áâ¨ tk 6= Ck (Ck −
¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë).

1) �ãáâì p ∈ (1,∞). �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {t1k} â ª ï, çâ®
{t1k} ∈ Xα3

α,σ,p, α2 < l, σ2 = p ¨ {t1k} ∈loc Y
α3

α′1,α
′
2
¯à¨ l < α′2, ®¤­ ª® {t1k} /∈

loc Y α3

α′′1 ,α
′′
2
­¨ ¯à¨ ª ª®¬

α′′2 > l. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ε ∈ (0, n) − ¤®áâ â®ç­® ¬ «®¥ ç¨á«®, ª®â®à®¥ ¡ã¤¥â ¢ë¡à ­®
¯®§¦¥. �®«®¦¨¬ (γ1)p(x, xn+1) := 1

|(x,xn+1)|n+1−ε ¯à¨ (x, x1,n) ∈ Rn+1 \{0}. � ¬¥â¨¬, çâ® (γ1)p ∈

33



A1(Rn+1). � áá¬®âà¨¬ ªà â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì (t1k,m)p := 2klp
∫∫

Ξ1,n
k,m

(γ1)p(x, xn+1) dxdxn+1

¯à¨ k ∈ N0, m ∈ Zn. �®«®¦¨¬ (t1)p(x) :=
∑

m∈Zn
χ
Q̃nk,m

(x)2kn(t1k,m)p ¯à¨ x ∈ Rn, k ∈ N0.

�ç¥¢¨¤­®, çâ® ­¥à ¢¥­áâ¢®

(t1k+1)p(0)

(t1k)
p(0)

= 2pl+n

∫∫
Ξ1,n
k+1,0

(γ1)p(x, xn+1) dxdxn+1∫∫
Ξ1,n
k,0

(γ1)p(x, xn+1) dxdxn+1
≥ 2pl+

n
2

á¯à ¢¥¤«¨¢® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ ε ∈ (0, n). �âáî¤  ¯®«ãç¨¬, çâ® {t1k} ∈ Y α3
α1,α2

â®«ìª®

¥á«¨ α2 ≥ l + n
2p > l. �â¬¥â¨¬, çâ® ¢ á¨«ã § ¬¥ç ­¨ï 2.6 ¯à®áâà ­áâ¢® B̃l

p,p,r(Rn, {t1k})
­¥âà¨¢¨ «ì­® ¯à¨ «î¡ëå p ∈ (1,∞), r ∈ [1, p].

�¤­ ª®,

2−klp‖γ|Lp(Ξ1,n
k,m)‖−p

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

2jlp‖γ|Lp(Ξ1,n
j,m̃)‖p

 ≤ C2p(l−δ1(γ))(j−k).

�®íâ®¬ã {tk,m} ∈ Xα3
α,σ ¯à¨ σ2 = p, α2 = l − δ1(γ) < l,   §­ ç¨â ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï

á«¥¤áâ¢¨ï 4.3.
�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ¢ ¦­ë¬ è £®¬ ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®¡  â®¬ à­®¬

à §¡¨¥­¨¨. �â¬¥â¨¬, çâ® ®æ¥­ª , ãáâ ­ ¢«¨¢ ¥¬ ï ¢ ­¥© ¬®¦¥â ¨¬¥âì ¨ á ¬®áâ®ïâ¥«ì­ë©
¨­â¥à¥á.

�à¨ p ∈ (0,∞], r ∈ (0, p] ¯®«®¦¨¬ τ := τ(p, r) := p
r ¥á«¨ p ¨ r ®¤­®¢à¥¬¥­­® ­¥ ®¡à é îâáï

¢ ¡¥áª®­¥ç­®áâì. �á«¨ r = p =∞ ¯®«®¦¨¬ τ(p, r) := 1.

�¥®à¥¬  4.3. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ∈ X̃α3
α,σ

¯à¨ σ1 = rτ ′, α2 ≥ α1 > −n
r , σ2 ∈ (0,∞], α3 ≥ 0. �ãáâì äã­ªæ¨¨ Vk ∈ Llocr (Rn) (¯à¨ k ∈ N0) ¨ ∞∑
k=0

( ∑
m∈Zn

tpk,m2
knp
r ‖vk|Lr(Qnk,m)‖p

) q
p

 1
q

<∞,

£¤¥ vk := Vk − Vk−1(V−1 ≡ 0) ¯à¨ k ∈ N0.

�®£¤  àï¤
∞∑
k=0

vk áå®¤¨âáï ¢ Llocr (Rn) ª ­¥ª®â®à®© äã­ªæ¨¨ ϕ ∈ Llocr (Rn) ¨ á¯à ¢¥¤«¨¢®

­¥à ¢¥­áâ¢®

 ∞∑
k=0

( ∑
m∈Zn

tpk,m2
knp
r ‖ϕ− Vk|Lr(Qnk,m)‖p

) q
p

 1
q

+

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

≤

≤ C

 ∞∑
k=0

( ∑
m∈Zn

tpk,m2
knp
r ‖vk|Lr(Qnk,m)‖p

) q
p

 1
q

,

(4.28)

¢ ª®â®à®¬ ª®­áâ ­â  C > 0 ­¥ § ¢¨á¨â ®â äã­ªæ¨®­ «ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {Vk}.
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�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® àï¤
∞∑
k=0

vk áå®¤¨âáï ¢ Llocr (Rn) ª ­¥ª®â®à®© äã­ªæ¨¨ ϕ ∈

Llocr (Rn). �¥©áâ¢¨â¥«ì­®, ¤®áâ â®ç­® ¯®ª § âì, çâ® àï¤
∞∑
k=0

vk áå®¤¨âáï ¢ Lr(Qn0,m) ¤«ï «î¡®£®

ªã¡  Qn0,m.
�«ï «î¡ëå j1 ≤ j2 ∈ N0 ¨ µ ≤ min{1, r} ¨§ (2.4) ¨¬¥¥¬

‖Vj1 − Vj2 |Lr(Qn0,m)‖ ≤

 ∞∑
j=j1

‖vj |Lr(Qn0,m)‖µ
 1

µ

=

=


∞∑
j=j1

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

‖vj |Lr(Qnj,m̃)‖r


µ
r


1
µ

= Kj1,m.

(4.29)

�à¨¬¥­¨¬ ­¥à ¢¥­áâ¢® �¥«ì¤¥à  ª ¢­ãâà¥­­¥© áã¬¬¥ (¯® m̃) c ¯®ª § â¥«ï¬¨ τ ¨ τ ′ ¨
¢®á¯®«ì§ã¥¬áï (2.7). �®«ãç¨¬ ¤«ï «î¡®£® µ ≤ min{1, r}

(Kj1,m)µ =

∞∑
j=j1

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

trj,m̃
trj,m̃
‖vj |Lr(Qnj,m̃)‖r


µ
r

≤

≤ C
∞∑
j=j1

1

2
jnµ
r

tµ0,m
tµ0,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

[
1

tj,m̃

]rτ ′
µ
rτ ′
 ∑

m̃∈Zn
Qnj,m̃⊂Q

n
0,m

2
jnp
r tpj,m̃‖vj |Lr(Q

n
j,m̃)‖p


µ
p

≤

≤ C
∞∑
j=j1

1

2jµ(n
r

+α1)

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

2
jnp
r tpj,m̃‖vj |Lr(Q

n
j,m̃)‖p


µ
p

.

(4.30)

�ë¡¥à¥¬ µ ≤ min{1, q, r} ¨ ¯®«®¦¨¬ qµ := q
µ ≥ 1. �à¨¬¥­¨¢ ª ¯à ¢®© ç áâ¨ (4.30)

­¥à ¢¥­áâ¢® �¥«ì¤¥à  á ¯®ª § â¥«ï¬¨ qµ ¨ q′µ, ¡ã¤¥¬ ¨¬¥âì

Kj1,m ≤ C

 ∞∑
j=j1

1

2jµq
′
µ(n

r
+α1)

 1
µq′µ


∞∑
j=j1

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

2
jnp
r tpj,m̃‖vj |Lr(Q

n
j,m̃)‖p


q
p


1
q

(4.31)

�â¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ j1 ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢ (4.31) áâà¥¬¨âáï ª
¡¥áª®­¥ç­®áâ¨, ª®£¤  α1 áâà¥¬¨âìáï ª −n

r .
�§ (4.29), (4.31) ¨ ¯®«­®âë ¯à®áâà ­áâ¢  Lr(Qn0,m) ¢ëâ¥ª ¥â ­ã¦­ ï ­ ¬ áå®¤¨¬®áâì àï¤ 

∞∑
k=0

vk ¢ Lr(Qn0,m) ª ­¥ª®â®à®© äã­ªæ¨¨ ϕm ∈ Lr(Qn0,m). �®«®¦¨¬ ϕ(x) =
∑

m∈Zn
χQn0,m(x)ϕm(x)

¯à¨ x ∈ Rn.
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�áâ ­®¢¨¬ ®æ¥­ªã (4.28). �à¨¬¥­ïï «¥¬¬ã 2.1 c fj = 0 ¯à¨ j < k ¨ fj := vjχQnk,m ¯à¨ j ≥ k,
§ â¥¬ ­¥à ¢¥­áâ¢® �¨­ª®¢áª®£® (â ª ª ª p

µ ≥ 1), ¯®«ãç¨¬

( ∑
m∈Zn

2
nkp
r tpk,m‖ϕ− Vk|Lr(Q

n
k,m)‖p

) 1
p

≤ 2
nk
r

 ∑
m∈Zn

tpk,m

 ∞∑
j=k

‖vj |Lr(Qnk,m)‖µ

p
µ


1
p

≤

≤ 2
nk
r

 ∞∑
j=k

( ∑
m∈Zn

tpk,m‖vj |Lr(Q
n
k,m)‖p

)µ
p

 1
µ

≤

≤ 2
nk
r


∞∑
j=k

 ∑
m∈Zn

tpk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

‖vj |Lr(Qnj,m̃)‖r


p
r


µ
p


1
µ

=: Rk.

(4.32)

� ááã¦¤ ï ª ª ¯à¨ ¢ë¢®¤¥ ®æ¥­ª¨ (4.30), ¯®«ãç¨¬ ¯à¨ j ≥ k + 1

∑
m∈Zn

tpk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
k,m

‖vj |Lr(Qnj,m̃)‖r


p
r

≤

≤
∑
m∈Zn

tpk,m

 ∑
m̃∈Zn

Qnj,m̃⊂Q
n
0,m

[
1

tj,m̃

]rτ ′
p
rτ ′
 ∑

m̃∈Zn
Qnj,m̃⊂Q

n
k,m

tpj,m̃‖vj |Lr(Q
n
j,m̃)‖p

 ≤
≤ C2(k−j)pα1

∑
m∈Zn

tpj,m‖vj |Lr(Q
n
j,m̃)‖p

(4.33)

�ë¡¥à¥¬ µ ≤ min{1, r, q}. �®áª®«ìªã α1 > −n
r ¯® ãá«®¢¨î «¥¬¬ë, ¯®«ì§ãïáì ¯à¨

­¥à ¢¥­áâ¢®¬ � à¤¨, ¨§ (4.32), (4.33) ¡ã¤¥¬ ¨¬¥âì

( ∞∑
k=0

Rqk

) 1
q

≤ C

 ∞∑
k=0

2kq(α1+n
r

)

 ∞∑
j=k

2−jpα1
∑
m∈Zn

tpj,m‖vj |Lr(Q
n
j,m)‖p


q
p


1
q

≤

≤ C

 ∞∑
k=0

( ∑
m∈Zn

tpj,m2
jnp
r ‖vj |Lr(Qnj,m)‖p

) q
p

 1
q

.

(4.34)

�§ (4.30) ¨ (4.34) ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã ¤«ï ¯¥à¢®£® á« £ ¥¬®£® ¢ «¥¢®© ç áâ¨ (4.27).
�æ¥­¨¬ ¢â®à®¥ á« £ ¥¬®¥ ¢ «¥¢®© ç áâ¨ (4.28). �­ «®£¨ç­® (4.29), ¯®«ãç¨¬ ‖ϕ|Lr(Qn0,m)‖ ≤

CK1,m. �âáî¤  ¨ ¨§ (4.31) «¥£ª® ¢ëâ¥ª ¥â ®æ¥­ª 

( ∑
m∈Zn

tp0,m‖ϕ|Lr(Q
n
0,m)‖p

) 1
p

≤ C

 ∞∑
j=0

( ∑
m∈Zn

tpj,m2
jnp
r ‖vj |Lr(Qn0,m)‖p

) q
p

 1
q

. (4.35)
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�¥®à¥¬  ¤®ª § ­ .
�ãáâì ¤«ï ϕ ∈ Llocr (Rn)

ϕ =
∞∑
k=0

vlk ¢ L
loc
r (Rn), £¤¥ vlk(x) :=

∑
m∈Zn

βk,mN
l
k,m(x), ¯à¨ k ∈ N0, x ∈ Rn.

�®«®¦¨¬ ¯à¨ p, q ∈ (0,∞] (c ®ç¥¢¨¤­ë¬¨ ¬®¤¨ä¨ª æ¨ï¬¨ ¢ á«ãç ¥ p =∞ ¨«¨ q =∞)

N3(ϕ, l + 1) := inf

 ∞∑
k=0

( ∑
m∈Zn

tpk,m|βk,m|
p

) q
p

 1
q

, (4.36)

£¤¥ ­¨¦­ïï £à ­ì ¢ (4.36) ¢§ïâ  ¯® ¢á¥¬ áå®¤ïé¨¬áï ¢ Llocr (Rn) ª äã­ªæ¨¨ ϕ àï¤ ¬
∞∑
k=0

vlk.

�«ï ϕ ∈ Llocr (Rn) ¯®«®¦¨¬ â ª¦¥

N4(ϕ, l + 1) :=

 ∞∑
k=0

( ∑
m∈Zn

tpk,m|αk,m(T lk(ϕ, r))|p
) q

p

 1
q

.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ®¡®¡é ¥â â¥®à¥¬ã 5.1 à ¡®âë [20] ­  á«ãç © ¯à®áâà ­áâ¢ �¥á®¢ 
¯¥à¥¬¥­­®© £« ¤ª®áâ¨.

�«¥¤áâ¢¨¥ 4.4. ( â®¬ à­®¥ à §«®¦¥­¨¥) �ãáâì p, q ∈ (0,∞], r ∈ (0, p]. �ãáâì
ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì tk,m ∈ X̃α3

α,σ ¯à¨ α1 >
−n
r , l > α2, σ1 = rτ ′, σ2 = p. �®£¤ 

1) ª ¦¤ ï äã­ªæ¨ï ϕ ∈ B̃l
p,q,r(Rn, {tk,m}) ¬®¦¥â ¡ëâì à §«®¦¥­  ¢ áå®¤ïé¨©áï ¢

Llocr (Rn) àï¤ ¨§ á¯« ©­®¢ N l
k,m, â® ¥áâì

ϕ =

∞∑
k=0

vlk(ϕ) ¢ á¬ëá«¥ Llocr (Rn), £¤¥

vlk(ϕ)(x) =
∑
m∈Zn

βk,m(ϕ)N l
k,m(x) ¯à¨ x ∈ Rn

(4.37)

¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

N3(ϕ, l + 1) ≤ N4(ϕ, l + 1) ≤ C‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖;

2) ¥á«¨ ¤«ï ­¥ª®â®à®© ªà â­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {βk,m} ¨¬¥¥¬ ∞∑
k=0

( ∑
m∈Zn

tpk,m|βk,m|
p

) q
p

 1
q

<∞,

â® àï¤
∞∑
k=0

∑
m∈Zn

βk,mN
l
k,m áå®¤¨âáï ¢ Llocr (Rn) ª ­¥ª®â®à®© äã­ªæ¨¨ ϕ ∈ B̃l

p,q,r(Rn, {tk,m})

¨ á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖ ≤ CN3(ϕ, l + 1) ≤ CN4(ϕ, l + 1).

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 4.3 ¨ á«¥¤áâ¢¨ï 4.2.
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� ¬¥ç ­¨¥ 4.3. �ãáâì p ∈ (1,∞). �®ª ¦¥¬, çâ® ¬®¦­® ¢ë¡à âì ¯ à ¬¥âàë r ∈ (1, p), α3

, α, σ ¨ ¢¥á®¢ãî ¯®á«¥¤®¢ â¥«ì­®áâì {t2k} ∈ Xα3
α,σ,p â ª, çâ® ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï á«¥¤áâ¢¨ï

4.4. �à¨ íâ®¬ {t2k} ∈ Y
α3

α′1,α
′
2
¯à¨ ­¥ª®â®à®¬ α′1 < 0, ­® {t2k} /∈ Y

α3

α′′1 ,α
′
2
­¨ ¯à¨ ª ª®¬ α′′1 ≥ 0.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì ε ∈ (0, p − 1) − ¤®áâ â®ç­® ¬ «®¥ ç¨á«®, ª®â®à®¥ ¡ã¤¥â ¢ë¡à ­®

¯®§¦¥. �®«®¦¨¬ (γ2)p(x1, .., xn+1) :=
n+1∏
i=1
|xi|p−1−ε. � ¬¥â¨¬, çâ® (γ2)p ∈ A p

r
(Rn+1) ¯à¨

­¥ª®â®à®¬ r ∈ (1, p). � áá¬®âà¨¬ ªà â­ãî ¤®¯ãáâ¨¬ãî ¯®á«¥¤®¢ â¥«ì­®áâì (t2k,m)p :=

2klp
∫∫

Ξ1,n
k,m

(γ2)p(x, xn+1) dxdxn+1 ¯à¨ k ∈ N0, m ∈ Zn. �ãáâì (t2k)
p(x) = 2nk

∑
m∈Zn

χ
Q̃nk,m

(x)(t2k,m)p

¯à¨ k ∈ N0, x ∈ Rn.
�ç¥¢¨¤­®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

(t2k+1)p(0)

(t2k)
p(0)

= 2pl+n

∫∫
Ξ1,n
k+1,0

(γ2)p(x, xn+1) dxdxn+1dxn+1∫∫
Ξ1,n
k,0

(γ2)p(x, xn+1) dxdxn+1
= C(p)2pl+n−(p−ε)(n+1).

�á«¨ p > n, l ≤ n, â® ª ª ­¥âàã¤­® ¢¨¤¥âì, sup{α1|{t2k} ∈ Y α3
α1,α2

} < 0 ¯à¨ ¤®áâ â®ç­®
¬ «®¬ ε > 0. � ¤àã£®© áâ®à®­ë, ¨§ ¯à¨¬¥à  2.1 «¥£ª® á«¥¤ã¥â, çâ® ¢¥á®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì
{t2k} ∈ Xα3

α,σ,p ¯à¨ τ = p, σ1 = p
p′0
p0

(p0 = p
r ), σ2 = p, α1 = l + n

p −
n
p −

(n+d)p0
p = l − n+1

r > −n
r

(¯®áª®«ìªã ¢ ­ è¥¬ á«ãç ¥ d = 1, p0 = p
r ) α2 = l − dδ1(γ1,n,1)

p < l. �«¥¤®¢ â¥«ì­® ¢ë¯®«­¥­ë
¢á¥ ãá«®¢¨ï á«¥¤áâ¢¨ï 4.4.

� ¬¥ç ­¨¥ 4.4. �ãáâì p, q ∈ (0,∞], p 6= ∞, r ∈ (0, p], γp ∈ Alocp
r

(Rn), s > 0. �®«®¦¨¬

tk,m = 2ks
∫

Qnk,m

γp(x) dx ¯à¨ k ∈ N0,m ∈ Zn. � ááã¦¤ ï ª ª ¢ ¯à¨¬¥à¥ 2.1, § ª«îç ¥¬,

çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ á«¥¤áâ¢¨ï 4.4. �«¥¤®¢ â¥«ì­®, ¢ á¨«ã
§ ¬¥ç ­¨ï 2.11 ¬ë ¯®«ãç ¥¬ â¥®à¥¬ã ®¡  â®¬ à­®¬ à §«®¦¥­¨¨ ¢¥á®¢®£® ¯à®áâà ­áâ¢  �¥á®¢ 
B̃s
p,q(Rn, γ) ª ª ç áâ­ë© á«ãç © á«¥¤áâ¢¨ï 4.4. � ¤ ç¨ ®¡  â®¬ à­®¬ à §«®¦¥­¨¨ ¯à®áâà ­áâ¢

Bs
p,q(Rn, γ) (¨ ¨å ®¡®¡é¥­¨©) ¨§ãç «¨áì ¢ à ¡®â å [23], [30] ¤àã£¨¬¨ ¬¥â®¤ ¬¨ (á¬. â ª¦¥

¨¬¥îé¨¥áï ¢ íâ¨å à ¡®â å ááë«ª¨).

5 �¥®à¥¬ë ¢«®¦¥­¨ï ¤«ï ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {tk,m})

�ãáâì β = {βj}∞j=1 − ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®âà¨æ â¥«ì­ëå ç¨á¥«, w = {wj,m}j∈N,m∈Zn −
ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®âà¨æ â¥«ì­ëå ç¨á¥«.

�®«®¦¨¬ ¯à¨ 0 < p, q ≤ ∞

lq(βlp(w)) := {a = aj,m : aj,m ∈ Rn, ‖a|lq(βlp(w))‖∞}, £¤¥

‖a|lq(βlp(w))‖ =

βqj
( ∑
m∈Zn

wpj,m|aj,m|
p

) q
p

 1
q

.
(5.1)

�¥®à¥¬  5.1. ([27]) �ãáâì 0 < pi, qi ≤ ∞ ¯à¨ i = 1, 2.
1) �à®áâà ­áâ¢® lq(β

1lp(w
1)) ­¥¯à¥àë¢­® ¢ª« ¤ë¢ ¥âáï ¢ lq(β

2lp(w
2)) ¢ â®¬ ¨ â®«ìª®
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â®¬ á«ãç ¥, ¥á«¨

∞∑
j=1

(
β2
j

β1
j

)q∗ ∑
m∈Zn

(
w2
j,m

w1
j,m

)p∗
q∗
p∗

<∞, £¤¥

1

p∗
:= max{0, 1

p2
− 1

p1
}, 1

q∗
:= max{0, 1

q2
− 1

q1
}

(5.2)

2) �à®áâà ­áâ¢® lq(β
1lp(w

1)) ª®¬¯ ªâ­® ¢ª« ¤ë¢ ¥âáï ¢ lq(β
2lp(w

2)) ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (5.2) ¨, ªà®¬¥ â®£®,

lim
j→∞

β2
j

β1
j

 ∑
m∈Zn

(
w2
j,m

w1
j,m

)p∗ 1
p∗

= 0, ¥á«¨ q∗ =∞ (5.3)

¨

lim
|m|→∞

w1
j,m

w2
j,m

=∞ ¤«ï ¢á¥å j ∈ N, ¥á«¨ p∗ =∞. (5.4)

�¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 5.1 ¨ á«¥¤áâ¢¨ï 4.4 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 5.1. �«ï i = 1, 2 ¯ãáâì 0 < pi, qi ≤ ∞, ri ∈ (0, pi], τ i = pi

ri
. �ãáâì ¯à¨ i = 1, 2

ªà â­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {tik,m} ∈ X̃
αi3
αi,σi

¯à¨ αi1 >
−n
ri
, σi1 = riτ ′i, σi2 = pi, l > αi2. �®£¤ 

1) ¯à®áâà ­áâ¢® B̃l
p1,q1,r1(Rn, t1k,m) ­¥¯à¥àë¢­® ¢ª« ¤ë¢ ¥âáï ¢ B̃l

p2,q2,r2(Rn, t2k,m) ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ¥á«¨

∞∑
j=0

 ∑
m∈Zn

(
t2j,m
t1j,m

)p∗
q∗
p∗

<∞, £¤¥

1

p∗
:= max{0, 1

p2
− 1

p1
}, 1

q∗
:= max{0, 1

q2
− 1

q1
};

(5.5)

2) ¯à®áâà ­áâ¢® B̃l
p1,q1,r1(Rn, t1k,m) ª®¬¯ ªâ­® ¢ª« ¤ë¢ ¥âáï ¢ B̃l

p2,q2,r2(Rn, t2k,m) ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (5.5) ¨, ªà®¬¥ â®£®,

lim
j→∞

 ∑
m∈Zn

(
t2j,m
t1j,m

)p∗ 1
p∗

= 0, ¥á«¨ q∗ =∞ (5.6)

¨

lim
|m|→∞

t1j,m
t2j,m

=∞ ¤«ï ¢á¥å j ∈ N0, ¥á«¨ p
∗ =∞. (5.7)
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6 �«¥¤ë ¯à®áâà ­áâ¢ B̃l
p,q,r(Rn, {tk,m}) ­  ¯«®áª®áâïå

� íâ®¬ ¯ã­ªâ¥ ¬ë ¯à¥¤¯®« £ ¥¬, çâ® n ≥ 2. � ä¨ªá¨àã¥¬ ­ âãà «ì­®¥ ç¨á«® n′ < n ¨
¯®«®¦¨¬ n′′ := n − n′. �®çªã x = (x1, .., xn) ∈ Rn ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ (x′, x′′) =
(x′1, .., x

′
n′ , x

′′
n′+1, .., x

′′
n). �â®¦¤¥áâ¢¨¬ ¯à®áâà ­áâ¢® Rn′ c ¯«®áª®áâìî, § ¤ ­­®© ¢ ¯à®áâà ­áâ¢¥

Rn ãà ¢­¥­¨¥¬ x′′ = 0.
�«ï p ∈ (0,∞], r ∈ (0, p] ¯®«®¦¨¬ (ª ª ¨ ¢ ¯ã­ªâ¥ 3) τ = τ(p, r) := p

r . � íâ®¬ ¯ã­ªâ¥ ­ ¬
¡ã¤¥â ã¤®¡­® ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ τ ¤«ï á®¯àï¦¥­­®£® ª τ ¯®ª § â¥«ï. �® ¥áâì 1

τ + 1
τ = 1.

�à¨ ®¯à¥¤¥«¥­¨¨ á«¥¤  ¯à®áâà ­áâ¢  B̃l
p,q,r(Rn, {tk,m}) ¬ë ¡ã¤¥¬ á«¥¤®¢ âì ¨¤¥¥,

¨á¯®«ì§®¢ ­­®© ¢ [29].

�à¨ l ∈ N ¯®«®¦¨¬ Σl :=
∞⋃
k=0

Σl
k ( ®¯à¥¤¥«¥­¨¥ Σl

k c¬. ¢ ¯ã­ªâ¥ 3). �ç¥¢¨¤­®, Σl ⊂ C(Rn)

¯à¨ l ≥ 2, ¯®íâ®¬ã ¤«ï äã­ªæ¨¨ f ∈ Σl
⋂
B̃l
p,q,r(Rn, {tk,m}) ¯à¨ l ≥ 2 ¨¬¥¥â á¬ëá« ¯®­ïâ¨¥

¯®â®ç¥ç­®£® á«¥¤ . �® ¥áâì äã­ªæ¨ï tr |x′′=0f := f(x′, 0) ª®àà¥ªâ­® ®¯à¥¤¥«¥­ .
�«ï â®£®, çâ®¡ë ®¯à¥¤¥«¨âì á«¥¤ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ ϕ ∈ B̃l

p,q,r(Rn, {tk,m}) ­ ¬
¯®­ ¤®¡¨âáï ¯à®áâ®¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  6.1. �ãáâì p, q ∈ (0,∞], r ∈ (0, p], α3 ≥ 0, α1 >
−n
r , l > α2, σ1 = rτ , σ2 = p. �ãáâì

¯à¨ ­¥ª®â®àëå l′ ≥ l, r′ ∈ (0, p], α′3 ≥ 0, α′i ∈ R, σ′i ∈ (0,∞] (i = 1, 2) ¨ {t′k,m} ∈ X
α′3
α′,σ′ ¤«ï

«î¡®© äã­ªæ¨¨ f ∈ Σl′
⋂
B̃l′
p,q,r(Rn, {tk,m}) á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖f(·, 0)|B̃l′
p,q,r′(R

n′ , {t′k,m})‖ ≤M‖f |B̃l′
p,q,r(Rn, {tk,m})‖

c ª®­áâ ­â®© M > 0, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ f . �®£¤  ¤«ï «î¡®© äã­ªæ¨¨
ϕ ∈ B̃l

p,q,r(Rn, {tk,m}) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  n′

- ¬¥à­®© «¥¡¥£®¢®© ¬¥àë ­ã«ì äã­ªæ¨ï ϕ′ ∈ B̃l′
p,q,r′(R

n′ , {t′k,m}) â ª ï, çâ® ¥á«¨

‖ϕ − ϕj |B̃l
p,q,r(Rn, {tk,m})‖ → 0 ¯à¨ j → ∞, â® ‖ϕ′ − ϕ′j |B̃l′

p,q,r′(R
n′ , {t′k,m})‖ → 0 ¯à¨ j → ∞ ¨

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖ϕ′|B̃l′
p,q,r′(R

n′ , {t′k,m})‖ ≤M‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖.

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë ¯®¢â®àï¥â á®®â¢¥âáâ¢ãîé¨¥ à ááã¦¤¥­¨ï ¨§ [29],
¥á«¨ ¢®á¯®«ì§®¢ âìáï ¯®«­®â®© ¯à®áâà ­áâ¢  B̃l′

p,q,r′(R
n′ , {t′k,m}), ¯«®â­®áâìî ¬­®¦¥áâ¢ 

Σl
⋂
B̃l
p,q,r(Rn, {tk,m}) ¢ ¯à®áâà ­áâ¢¥ B̃l

p,q,r(Rn, {tk,m}) (íâ®â ä ªâ ®ç¥¢¨¤­® ¢ëâ¥ª ¥â ¨§
á«¥¤áâ¢¨ï 4.4) ¨ á«¥¤áâ¢¨¥¬ 4.3.

�¯à¥¤¥«¥­¨¥ 6.1. �ãáâì ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 6.1 ¨ ϕ ∈ B̃l
p,q,r(Rn, {tk,m}).

�ã­ªæ¨î ϕ′, ¯®áâà®¥­­ãî ¢ «¥¬¬¥ 5.1 ¡ã¤¥¬ ­ §ë¢ âì á«¥¤®¬ äã­ªæ¨¨ ϕ ¨ ®¡®§­ ç âì
tr |x′′=0ϕ . �®¤ á«¥¤®¬ ¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk,m}) ­  ¯«®áª®áâ¨, § ¤ ­­®© ¢ ¯à®áâà ­áâ¢¥
Rn ãà ¢­¥­¨¥¬ x′′ = 0 ,¡ã¤¥¬ ¯®­¨¬ âì ¬­®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­ëå äã­ªæ¨©
ϕ′ ∈ B̃l′

p,q,r′(R
n′ , {t′k,m}), ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï á«¥¤®¬ ­¥ª®â®à®© äã­ªæ¨¨ ϕ ∈

B̃l
p,q,r(Rn, {tk,m}). �à¨ íâ®¬ ¬ë ¡ã¤¥¬ ¯¨á âì B̃l′

p,q,r′(R
n′ , {t′k,m}) = Tr

∣∣∣x′′=0B̃
l
p,q,r(Rn, {tk,m}) .

�«ï {tk,m} ∈ X̃α3
α,σ ¯®«®¦¨¬ t′k,m′ = tk,(m′,0).

� ¯®¬­¨¬, çâ® ¢ ¯ã­ªâ¥ 3 ¤«ï k ∈ N0, m = (m′,m′′) ∈ Zn ¬ë ¯®«®¦¨«¨

N l
k,m(x) :=

n∏
i=1

N l(2k(xi −
mi

2k
)) ¯à¨ x ∈ Rn,
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¯®íâ®¬ã

N l
k,m(x) := N l

k,m′(x
′)N l

k,m′′(x
′′) ¯à¨ x = (x′, x′′) ∈ Rn.

�â¬¥â¨¬, çâ® ¤«ï «î¡ëå ¨­¤¥ªá®¢ k ∈ N0, m′ ∈ Zn′ ¨¬¥¥¬

N l
k,m′(x

′) =
∑

m′′∈Zn′′
N l
k,(m′,m′′)(x

′, 0) ¯à¨ x′ ∈ Rn
′
. (6.1)

�¨á«® á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ (6.1) ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ª®­¥ç­® ¨ ®£à ­¨ç¥­® ­¥ª®â®àë¬
ç¨á«®¬, ­¥ § ¢¨áïé¨¬ ®â m′ ¨ x′. �â® á«¥¤ã¥â ¨§ â®£®, çâ® á¯« ©­ë N l

k,m ®¡à §ãîâ à §¡¨¥­¨¥

¥¤¨­¨æë ¨ ªà â­®áâì ¯¥à¥á¥ç¥­¨ï ­®á¨â¥«¥© á¯« ©­®¢ N l
k,m ª®­¥ç­ ( ¨ ­¥ § ¢¨á¨â ®â m).

�«¥¤áâ¢¨¥ 4.4 ¯®§¢®«ï¥â ¯®«ãç¨âì ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­  á«¥¤
¯à®áâà ­áâ¢  B̃l

p,q,r(Rn, {tk,m}).
�¥®à¥¬  6.1. �ãáâì p, q ∈ (0,∞], r ∈ (0, p]. �ãáâì ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {tk,m} ∈

X̃α3
α,σ ¯à¨ α1 > −n

r , α2 < l, σ1 = rτ , σ2 = p â ª®¢ , çâ® ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì

t′k,m′ ∈ X̃
α3
α′,σ′ ¯à¨ α

′
1 > −n′

r′ , α
′
2 < l′ (l′ ≥ l), σ′1 = r′τ ′ (τ ′ = p

r′ ), σ
′
2 = σ2. �®£¤ 

Tr
∣∣∣x′′=0B̃

l
p,q,r(Rn, {tk,m}) = B̃l′

p,q,r′(R
n′ , {t′k,m′}). (6.2)

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ë 6.1 £ à ­â¨àã¥â
¢®§¬®¦­®áâì ¯à¨¬¥­¥­¨ï á«¥¤áâ¢¨© 4.3 ¨ 4.4 ª ¯à®áâà ­áâ¢ ¬ B̃l

p,q,r(Rn, {tk,m}) ¨

B̃l′
p,q,r′(R

n′ , {t′k,m′}). �« £®¤ àï á«¥¤áâ¢¨î 4.3 ¬®¦­® ¨§­ ç «ì­® áç¨â âì, çâ® l ≥ 2

(á«¥¤®¢ â¥«ì­® Σl ⊂ C(Rn)).
� «¥¥ ¤®ª § â¥«ìáâ¢® ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ à á¯ ¤ ¥âáï ­  ¤¢¥ ç áâ¨.
1. �ãáâì ϕ ∈ B̃l

p,q,r(Rn, {tk,m}). �¬¥¥¬

ϕ =

∞∑
k=0

vl
′
k (ϕ) ¢ á¬ëá«¥ Llocr (Rn), £¤¥ vl

′
k (ϕ)(x) =

∑
m∈Zn

αk,m(ϕ)N l′
k,m(x) ¯à¨ x ∈ Rn. (6.3)

�à®¬¥ â®£®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

 ∞∑
k=0

( ∑
m∈Zn

tpk,m|αk,m|
p

) q
p

 1
q

≤ C‖ϕ|B̃l′
p,q,r(Rn, {tk,m})‖ ≤ C‖ϕ|B̃l

p,q,r(Rn, {tk,m})‖. (6.4)

�®«®¦¨¬

α′k,m′ :=
∑

m′′∈Zn′′
αk,(m′,m′′)N

l
k,m′′(0) ¯à¨ k ∈ N0,m

′ ∈ Zn
′
.

�®£¤ 

v′l
′
k (x′) := tr

∣∣∣x′′=0v
l′
k (x) =

∑
m∈Zn

αk,mN
l′
k,m(x′, 0) =

∑
m′∈Zn′

α′k,m′N
l′
k,m′(x

′) ¯à¨ x′ ∈ Rn
′
. (6.5)

� ¬¥â¨¬, çâ® ¢ á¨«ã (2.9) ¨ (6.1) ¡ã¤¥¬ ¨¬¥âì
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|α′k,m′ |t′k,m′ ≤ C
∑

m′′∈Zn′′

suppN l
k,m

⋂
Rn′ 6=∅

|αk,(m′,m′′)|tk,(m′,m′′), ¯à¨ k ∈ N0,m
′ ∈ Zn

′
. (6.6)

�âáî¤  ¤«ï «î¡®£® N ∈ N ¡ã¤¥¬ ¨¬¥âì ®æ¥­ªã N∑
k=0

 ∑
m′∈Zn′

t′pk,m′ |α
′
k,m′ |p


q
p


1
q

≤ C

 N∑
k=0

( ∑
m∈Zn

tpk,m|αk,m|
p

) q
p

 1
q

. (6.7)

á ª®­áâ ­â®© C > 0 ­¥ § ¢¨áïé¥© ­¨ ®â ç¨á«  N ­¨ ®â äã­ªæ¨¨ ϕ.
�® ãá«®¢¨î ϕ ∈ B̃l

p,q,r(Rn, {tk,m}) ¯®íâ®¬ã ¨§ (6.4), (6.7), ¢ á¨«ã á«¥¤áâ¢¨ï 4.4, ¯®«ãç¨¬

‖
N∑
k=0

vl
′
k (·, 0)|B̃l′

p,q,r′(R
n′ , {t′k,m′})‖ ≤ C

 N∑
k=0

 ∑
m′∈Zn′

t′pk,m′ |α
′
k,m′ |p


q
p


1
q

≤

≤ C

 N∑
k=0

( ∑
m∈Zn

tpk,m|αk,m|
p

) q
p

 1
q

≤ C‖
N∑
k=0

vl
′
k |B̃l′

p,q,r(Rn, {tk,m})‖ ≤ C‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖.

(6.8)

�§ (6.8) ¨ «¥¬¬ë 6.1 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ á«¥¤  ϕ′ äã­ªæ¨¨ ϕ ­  ¯«®áª®áâ¨ x′′ = 0 ¨
®æ¥­ª 

‖ϕ′|B̃l′
p,q,r′(R

n′ , {t′k,m′})‖ ≤ C‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖ (6.9)

á ª®­áâ ­â®© C > 0, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ ϕ. �¥¬ á ¬ë¬ ¢«®¦¥­¨¥ B̃l
p,q,r(Rn, {tk,m}) ⊂

B̃l′
p,q,r′(R

n′ , {t′k,m′}) ãáâ ­®¢«¥­®.
2. �ãáâì ϕ′ ∈ B̃l′

p,q,r′(R
n′ , {t′k,m′}). � á¨«ã ãá«®¢¨© â¥®à¥¬ë ¨ á«¥¤áâ¢¨ï 4.4 ¨¬¥¥¬

ϕ′ =

∞∑
k=0

v′l
′
k (ϕ′) ¢ á¬ëá«¥ Llocr (Rn

′
), £¤¥ v′l

′
k (ϕ)(x′) =

∑
m′∈Zn′

α′k,m′(ϕ)N l′
k,m′(x

′) ¯à¨ x′ ∈ Rn
′
.

(6.10)

�®«®¦¨¬

αk,m = α′k,m′ ¯à¨ m
′ ∈ Zn

′
,m′′ ∈ Zn

′′
¨N l′

k,m′′(0) 6= 0

αk,(m′,m′′) = 0 ¯à¨ m′ ∈ Zn
′
,m′′ 6= 0,

vl
′
k (x) :=

∑
m∈Zn′

αk,m(ϕ)N l′
k,m(x) ¯à¨ x ∈ Rn.

(6.11)

�âáî¤ , ¯®«ì§ãïáì á«¥¤áâ¢¨ï¬¨ 4.3, 4.4, ­¥âàã¤­® ¯®ª § âì, çâ® àï¤
∞∑
k=0

vl
′
k áå®¤¨âáï ¢

Llocr (Rn) ª ­¥ª®â®à®© äã­ªæ¨¨ ϕ ∈ B̃l
p,q,r(Rn, {tk,m}) ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
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‖ϕ|B̃l
p,q,r(Rn, {tk,m})‖ ≤ C‖ϕ|B̃l′

p,q,r(Rn, {tk,m})‖ ≤ C‖ϕ′|B̃l′
p,q,r′(R

n′ , {t′k,m′})‖ (6.12)

á ª®­áâ ­â®© C > 0, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ ϕ′. �¥¬ á ¬ë¬ ¢«®¦¥­¨¥
B̃l′
p,q,r′(R

n′ , {t′k,m′}) ⊂ B̃l
p,q,r(Rn, {tk,m}) ãáâ ­®¢«¥­®.

�¥¯®áà¥¤áâ¢¥­­® ¨§ ¯®áâà®¥­¨ï äã­ªæ¨¨ ϕ á«¥¤ã¥â, çâ® ϕ′ = tr |x′′=0ϕ .
�¥®à¥¬  ¤®ª § ­ .
�â¬¥â¨¬ ¢ ¦­ë© ç áâ­ë© á«ãç © â¥®à¥¬ë 6.1.

�«¥¤áâ¢¨¥ 6.1. �ãáâì p, q ∈ (0,∞), r ∈ (0, p], d ∈ N0, ¢¥á γ
p ∈ Alocp

r
(Rn+d). �ãáâì ªà â­ ï

¯®á«¥¤®¢ â¥«ì­®áâì {γ̂k,m} ¯®à®¦¤¥­  ¢¥á®¬ γ, ªà â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {sk,m} p -

 áá®æ¨¨à®¢ ­  á ¢¥á®¢®© ¯®á«¥¤®¢ â¥«ì­®áâìî {sk} ∈loc Y β3
β1,β2

¯à¨ β3 ≥ 0, β1 > n
p + n′′+d

r ,

l > β2 − n
p −

dδ1(γ,n,d)
p , l′ > α2 − n′

p −
(n′′+d)δ1(γ,n′,d+n′′)

p . �®«®¦¨¬ tk,m = γ̂k,msk,m ¯à¨
k ∈ N0,m ∈ Zn. �®£¤ 

Tr
∣∣∣x′′=0B̃

l
p,q,r(Rn, {tk,m}) = B̃l′

p,q,r(Rn
′
, {t′k,m′}). (6.13)

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¤«ï ­¥ª®â®à®© ª®­áâ ­âë C > 0, § ¢¨áïé¥© «¨èì ®â
n′′, d, γ, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

1

C

∫∫
Qn
′
k,m′×

Bn
′′+d
2k

\Bn
′′+d

2k+1

γp(x, y) dxdy ≤ (γ̂k,(m′,0))
p ≤ C

∫∫
Qn
′
k,m′×

Bn
′′+d
2k

\Bn
′′+d

2k+1

γp(x, y) dxdy

¯à¨ k ∈ N0, m′ ∈ Zn′ . �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¢¥á γp «®ª «ì­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
ã¤¢®¥­¨ï.

�âáî¤ , à ááã¦¤ ï ª ª ¢ ¯à¨¬¥à¥ 2.1, ¯®«ãç¨¬ çâ® {tk,m} ∈ X̃β3
α,σ, {t′k,m′} ∈ X̃β3

α′,σ

¯à¨ α = (α1, α2), α1 = β1 − n
p −

n+d
r , α2 = β2 − n

p −
dδ1(γ,n,d)

p , α′ = (α′1, α
′
2), α′1 = α1,

α′2 = β2− n′

p −
dδ1(γ,n′,n′′+d)

p , σ′ = σ = (rτ , p). � ª¨¬ ®¡à §®¬ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© á«¥¤áâ¢¨ï
6.1 ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 6.1. �«¥¤áâ¢¨¥ ¤®ª § ­®.

� ãç¥â®¬ § ¬¥ç ­¨ï 2.9 ¯®«ãç¨¬ ¨§ á«¥¤áâ¢¨ï 6.1 á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 6.2. �ãáâì p ∈ (1,∞), q ∈ [1,∞], r ∈ [1, p), s > n′′

r , l > s, γp ∈ A p
r
(Rn). �®£¤ 

Tr |x′′=0 B
s
p,q(Rn, γ) = B̃l

p,q,r(Rn
′
, {γk}),

£¤¥ γpk := 2k(sp+n′)
∑

m′∈Zn′

∫
Ξn
′′,n′
k,m′

γp(x) dx ¯à¨ k ∈ N0.

�­â¥à¥á­® ®â¬¥â¨âì, çâ® ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 6.2 ï¢«ï¥âáï ­®¢ë¬ ¨ ­¥ ¬®£«® ¡ëâì
¯®«ãç¥­® ¨§¢¥áâ­ë¬¨ à ­¥¥ ¬¥â®¤ ¬¨  â®¬ à­®£® à §«®¦¥­¨ï. �à¨ç¨­  § ª«îç ¥âáï ¢
â®¬, çâ® ¬ë ­¥ ¯à®¢¥àï¥¬ â®­ª¨å ãá«®¢¨© à ¢¥­áâ¢  ­ã«î ¬®¬¥­â®¢ ¢ëá®ª®£® ¯®àï¤ª  ã
 â®¬®¢ ¨§ à §«®¦¥­¨ï á«¥¤  (¯®-¢¨¤¨¬®¬ã ¢ ®¡é¥¬ á«ãç ¥ íâ® ­¥¢®§¬®¦­®). � áãé¥áâ¢¥­­®
¬¥­¥¥ ®¡é¥© ä®à¬¥  ­ «®£ ãâ¢¥à¦¤¥­¨ï á«¥¤áâ¢¨ï 6.2 ¯®«ãç¥­ ¢ [22]. � ãª § ­­®© à ¡®â¥
à áá¬®âà¥­  ¬®¤¥«ì­ ï á¨âã æ¨ï ¢¥á , § ¢¨áïé¥£® «¨èì ®â à ááâ®ï­¨ï ¤® ­ ç «  ª®®à¤¨­ â.
�ë¡®à ¬®¤¥«ì­®£® ¢¥á  ¯®§¢®«¨«  ¢â®à ¬ ¨§¡¥¦ âì ¯à®¢¥àª¨ à ¢¥­áâ¢  ­ã«î ¬®¬¥­â®¢ ã
á®®â¢¥âáâ¢ãîé¨å  â®¬®¢.
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� ¬¥ç ­¨¥ 6.1. �ãáâì γ ≡ 1, {sk} ∈loc Y β3
β1,β2

. �®« £ ï d = 0, p = r ¨ tk,m = sk,m =

sk,m2
kn
p γ̂k,m ¢ á«¥¤áâ¢¨¨ 6.1 ¬ë ¯®«ãç ¥¬, çâ® ãá«®¢¨ï β1 >

n′′

p , l > β2 ï¢«ïîâáï ¤®áâ â®ç­ë¬¨
¤«ï â®£®, çâ®¡ë

Tr
∣∣∣x′′=0B̃

l
p,q,r(Rn, {sk,m}) = B̃l

p,q,r(Rn
′
, {s′k,m′}).

�«¥¤®¢ â¥«ì­®, ãç¨âë¢ ï â¥®à¥¬ë 2.3, 2.6 ¢ á«ãç ¥ p, q ∈ [1,∞) ¬ë ¯®«ãç ¥¬ à¥§ã«ìâ â à ¡®âë
[29] ª ª ç áâ­ë© á«ãç © á«¥¤áâ¢¨ï 6.1.

�à¨ p, q ∈ [1,∞], r = p, sk = 2ks, α > n′′

p , l > s, ãç¨âë¢ ï â¥®à¥¬ã 2.7, ¬ë ¯®«ãç ¥¬
ª« áá¨ç¥áª¨© à¥§ã«ìâ â �.�. �¥á®¢  (å à ªâ¥à¨§ æ¨ï á«¥¤  ª« áá¨ç¥áª®£® ¯à®áâà ­áâ¢ 
�¥á®¢  ­  ¯«®áª®áâ¨) ª ª ç áâ­ë© á«ãç © á«¥¤áâ¢¨ï 6.1 (á¬. [1] â¥®à¥¬ë 1.1, 2.1, 2.2).
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