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Àííîòàöèÿ

Â L2(Rd;Cn) ðàññìàòðèâàåòñÿ êëàññ ìàòðè÷íûõ äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ Bε âòîðîãî ïîðÿäêà c áûñòðî îñöèëëèðóþùèìè êî-
ýôôèöèåíòàìè (çàâèñÿùèìè îò x/ε). Ïðè ôèêñèðîâàííîì s > 0 è
ìàëîì ε > 0 ìû íàõîäèì àïïðîêñèìàöèþ îïåðàòîðà exp(−Bεs) ïî
(L2 → L2)- è (L2 → H1)-íîðìå ñ ïîãðåøíîñòüþ ïîðÿäêà ε. Ðåçóëü-
òàòû ïðèìåíÿþòñÿ ê ãîìîãåíèçàöèè ðåøåíèé ïàðàáîëè÷åñêîé çàäà÷è
Êîøè.

Ââåäåíèå

0.1.

Ðàáîòà îòíîñèòñÿ ê òåîðèè óñðåäíåíèé (ãîìîãåíèçàöèè) ïåðèîäè÷åñêèõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÄÎ). Çàäà÷àì óñðåäíåíèÿ ïîñâÿùåíà îá-
øèðíàÿ ëèòåðàòóðà (ñì., íàïðèìåð, [ZhKO, BaPa, BeLP, OISh]). Ìû îïè-
ðàåìñÿ íà òåîðåòèêî-îïåðàòîðíûé (ñïåêòðàëüíûé) ïîäõîä ê çàäà÷àì ãîìî-
ãåíèçàöèè, ðàçâèòûé â ðàáîòàõ Ì. Ø. Áèðìàíà è Ò. À. Ñóñëèíîé [BSu1�4].

0.2.

Èçó÷àåòñÿ óñðåäíåíèå â ïðåäåëå ìàëîãî ïåðèîäà ε→ 0 ñëåäóþùåé çàäà÷è
Êîøè:

ρ(ε−1x)∂suε(x, s) = −B̂εuε(x, s) + F(x, s); ρ(ε−1x)uε(x, 0) = φ(x). (0.1)

Çäåñü φ ∈ L2(Rd;Cn) è F ∈ Lp((0, T );L2(Rd;Cn)) ïðè íåêîòîðîì p. Ðåøå-

íèå uε(x, s) � ôóíêöèÿ îò x ∈ Rd è s > 0 ñî çíà÷åíèÿìè â Cn; B̂ε � ìàò-
ðè÷íûé ýëëèïòè÷åñêèé ÄÎ âòîðîãî ïîðÿäêà, äåéñòâóþùèé â L2(Rd;Cn).
Èçìåðèìàÿ (n × n)-ìàòðèöà-ôóíêöèÿ ρ(x) ïðåäïîëàãàåòñÿ îãðàíè÷åííîé,
ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííîé è ïåðèîäè÷åñêîé îòíîñèòåëüíî
íåêîòîðîé ðåøåòêè Γ ⊂ Rd. Ïóñòü Ω � ÿ÷åéêà ðåøåòêè Γ. Áóäåì èñïîëüçî-
âàòü îáîçíà÷åíèå ϕε(x) = ϕ(ε−1x) äëÿ âñÿêîé èçìåðèìîé Γ-ïåðèîäè÷åñêîé
ôóíêöèè ϕ(x) â Rd.
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Ñòàðøàÿ ÷àñòü Âε îïåðàòîðà B̂ε çàäàåòñÿ â ôàêòîðèçîâàííîé ôîðìå

Âε = b(D)∗gε(x)b(D), (0.2)

ãäå b(D) � ìàòðè÷íûé îäíîðîäíûé ÄÎ ïåðâîãî ïîðÿäêà è g(x) � Γ-ïåðèî-
äè÷åñêàÿ îãðàíè÷åííàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà-ôóíêöèÿ
â Rd. (Òî÷íûå óñëîâèÿ íà b(D) è g(x) ïðèâåäåíû íèæå, ñì. �4.) Çàäà÷è
óñðåäíåíèÿ äëÿ îïåðàòîðà (0.2) áûëè ïîäðîáíî èçó÷åíû â [BSu1�4]. Ñåé÷àñ
ðàññìàòðèâàþòñÿ áîëåå îáùèå îïåðàòîðû B̂ε, âêëþ÷àþùèå ÷ëåíû ïåðâîãî
è íóëåâîãî ïîðÿäêîâ:

B̂εu = Âεu+

d∑
j=1

(
aεj(x)Dju+Dj(a

ε
j(x))∗u

)
+Qε(x)u+ λu. (0.3)

Çäåñü aj(x), j = 1, . . . , d, � Γ-ïåðèîäè÷åñêèå (n × n)-ìàòðèöû-ôóíêöèè,
ïðè÷åì aj ∈ L%(Ω), % = 2 ïðè d = 1, % > d ïðè d > 2. Ïîòåíöèàë Qε(x) �
âîîáùå ãîâîðÿ, îáîáùåííàÿ ôóíêöèÿ (ñî çíà÷åíèÿìè â êëàññå ýðìèòîâûõ
ìàòðèö), ïîðîæäåííàÿ íåêîòîðîé áûñòðî îñöèëëèðóþùåé ìåðîé. Ïîñòîÿí-
íàÿ λ âûáèðàåòñÿ òàê, ÷òîáû îïåðàòîð B̂ε áûë ïîëîæèòåëüíî îïðåäåëåí.
Êîýôôèöèåíòû îïåðàòîðà (0.3) áûñòðî îñöèëëèðóþò ïðè ε→ 0. Ýëëèïòè-
÷åñêàÿ çàäà÷à óñðåäíåíèÿ äëÿ îïåðàòîðà (0.3) èçó÷àëàñü â [Su3, Su6].

Öåëü ðàáîòû � ïîëó÷èòü àïïðîêñèìàöèþ ïðè ε → 0 ðåøåíèé çàäà÷è

(0.1). Àïïðîêñèìàöèÿ â L2(Rd;Cn) ñòðîèòñÿ â òåðìèíàõ ðåøåíèÿ ½óñðåä-
íåííîé� çàäà÷è. Àïïðîêñèìàöèÿ â H1(Rd;Cn) òðåáóåò ó÷åòà êîððåêòîðà.

Óñðåäíåííàÿ çàäà÷à èìååò âèä

ρ∂su0(x, s) = −B̂0u0(x, s) + F(x, s), ρu0(x, 0) = φ(x). (0.4)

Çäåñü ρ � ñðåäíåå çíà÷åíèå ìàòðèöû ρ ïî ÿ÷åéêå Ω: ρ =
∫

Ω ρ(x) dx; B̂0 �
ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè (ñì. (9.4)).

0.3. Îñíîâíûå ðåçóëüòàòû

Îãðàíè÷èìñÿ âî ââåäåíèè îáñóæäåíèåì ñëó÷àÿ ρ = 1n. Òîãäà ðåøåíèå çà-
äà÷è (0.1) äàåòñÿ ôîðìóëîé uε = exp(−B̂εs)φ+

∫ s
0 exp(−B̂ε(s− s̃))F(·, s̃) ds̃.

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ îïåðàòîðíîé ýêñïîíåíòû
exp(−B̂εs) ïðè ìàëîì ε > 0. (Â îáùåì ñëó÷àå ïðèõîäèòñÿ èçó÷àòü ½îêàéì-
ëåííóþ� ýêñïîíåíòó f εe−Bεs(f ε)∗ îïåðàòîðà Bε = (f ε)∗B̂εf ε, ãäå ρ−1 =
ff∗.)
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Ñëåäóþùèå îöåíêè ïðåäñòàâëÿþò ñîáîé îñíîâíûå ðåçóëüòàòû ðàáîòû:

‖e−B̂εs − e−B̂0s‖L2(Rd)→L2(Rd) 6 C1ε(ε
2 + s)−1/2e−C2s, s > 0; (0.5)

‖e−B̂εs − e−B̂0s − εK(ε, s)‖L2(Rd)→H1(Rd) 6 C3εs
−1e−C2s, ε 6 s1/2. (0.6)

Çäåñü K(ε, s) � òàê íàçûâàåìûé êîððåêòîð. Êîððåêòîð ïðåäñòàâëÿåò ñî-
áîé îïåðàòîð íóëåâîãî ïî ε ïîðÿäêà, íî ñîäåðæèò áûñòðî îñöèëëèðóþùèå
ìíîæèòåëè. Îöåíêè (0.5), (0.6) òî÷íû ïî ïîðÿäêó ïðè ìàëîì ε è ôèêñèðî-
âàííîì s > 0. Îöåíî÷íûå ïîñòîÿííûå êîíòðîëèðóþòñÿ ÿâíî ÷åðåç äàííûå
çàäà÷è. Îöåíêà (0.5) ïîçâîëÿåò äîêàçàòü ñõîäèìîñòü â L2(Rd;Cn) ðåøåíèé
uε çàäà÷è (0.1) ê ðåøåíèþ óñðåäíåííîé çàäà÷è (0.4). Îöåíêà (0.6) ïîçâî-
ëÿåò ïîëó÷èòü àïïðîêñèìàöèþ ðåøåíèé uε ïî íîðìå H

1(Rd;Cn). Íàñ èí-
òåðåñóåò ïîâåäåíèå ðåøåíèé uε ïðè ôèêñèðîâàííîì s, è ìû íå ñòðåìèìñÿ
ê òî÷íîñòè îöåíîê ïðè s→∞. Ïîýòîìó äëÿ íàøèõ öåëåé äîñòàòî÷íî îöå-
íîê (0.5), (0.6) ñ êàêîé-íèáóäü ïîëîæèòåëüíîé ïîñòîÿííîé C2 â ïîêàçàòåëå
ýêñïîíåíòû.

0.4.

Çàäà÷è ãîìîãåíèçàöèè äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé èçó÷àëèñü òðàäèöè-
îííûìè ìåòîäàìè (ñì. [ZhKO, BeLP, BaPa]). Ìû èñïîëüçóåì ñïåêòðàëü-
íûé ïîäõîä, ðàçâèòûé ïðèìåíèòåëüíî ê ýëëèïòè÷åñêèì çàäà÷àì â [BSu1�4]
è [Su3, Su6]. Ïàðàáîëè÷åñêèå çàäà÷è èçó÷àëèñü äàííûì ìåòîäîì â ñòàòüÿõ
[Su1, Su2, Su4, Su5, V, VSu1, VSu2]. Ñ ïîìîùüþ ýòîãî ïîäõîäà äëÿ îïåðà-
òîðà (0.2) áûëè ïîëó÷åíû îöåíêà âèäà (0.5) â [Su2] è àíàëîã îöåíêè (0.6) â
[Su5]. Äðóãèì ìåòîäîì ïîäîáíûå îöåíêè áûëè óñòàíîâëåíû â [ZhPas] äëÿ
îïåðàòîðà àêóñòèêè Âε = −div gε(x)∇. Â íàñòîÿùåé ðàáîòå ðåçóëüòàòû
[Su2, Su5] ïåðåíîñÿòñÿ íà ñëó÷àé îïåðàòîðíîãî ñåìåéñòâà (0.3).

0.5. Ìåòîä èññëåäîâàíèÿ

Îáñóäèì ñïîñîá äîêàçàòåëüñòâà â ñëó÷àå ρ = 1n. Ëåãêî ïîíÿòü, ÷òî îöåíêà
(0.6) ñâîäèòñÿ ê íåðàâåíñòâó

‖B̂1/2
ε

(
e−B̂εs − e−B̂0s − εK(ε, s)

)
‖L2(Rd)→L2(Rd) 6 Cεs−1e−C2s (0.7)

ïðè s > 0, 0 < ε 6 s1/2. Èñïîëüçóÿ ìàñøòàáíîå ïðåîáðàçîâàíèå, ìû ñâîäèì
äîêàçàòåëüñòâî îöåíîê (0.5), (0.7) ê èçó÷åíèþ ýêñïîíåíòû exp(−B̂(ε)ε−2s)
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îò îïåðàòîðà

B̂(ε) = b(D)∗gb(D) + ε
d∑
j=1

(ajDj +Dja
∗
j ) + ε2Q+ ε2λI,

äåéñòâóþùåãî â L2(Rd;Cn) è çàâèñÿùåãî îò ïàðàìåòðà ε. Ïîýòîìó íåîáõî-
äèìî èçó÷àòü ïîâåäåíèå exp(−B̂(ε)s̃) ïðè áîëüøèõ çíà÷åíèÿõ s̃ = ε−2s.

Ïðèìåíÿÿ òåîðèþ Ôëîêå�Áëîõà, ðàçëîæèì îïåðàòîð B̂(ε) â ïðÿìîé
èíòåãðàë îïåðàòîðîâ B̂(k, ε), äåéñòâóþùèõ â L2(Ω;Cn) è çàâèñÿùèõ îò
ïàðàìåòðà k ∈ Rd (êâàçèèìïóëüñà). Îïåðàòîð B̂(k, ε) çàäàåòñÿ âûðàæå-
íèåì

B̂(k, ε) = Â(k) + ε
d∑
j=1

(
aj(Dj + kj) + (Dj + kj)a

∗
j

)
+ ε2Q+ ε2λI,

ãäå Â(k) = b(D+k)∗gb(D+k), ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè.
Ñïåêòð îïåðàòîðîâ B̂(k, ε) äèñêðåòåí. Ñëåäóÿ [Su3, Su6], ìû âûäåëÿåì îä-
íîìåðíûé ïàðàìåòð τ = (|k|2+ε2)1/2 è èçó÷àåì ñåìåéñòâî B̂(k, ε) ìåòîäàìè
àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé ïî ïàðàìåòðó τ .

0.6. Ñòðóêòóðà ðàáîòû

Ðàáîòà ñîñòîèò èç òðåõ ãëàâ. Â ãë. 1 (�1�3) èçëàãàåòñÿ àáñòðàêòíàÿ òåîðåòè-
êî-îïåðàòîðíàÿ ñõåìà. Â ãë. 2 (�4�8) èçó÷àþòñÿ ïåðèîäè÷åñêèå ÄÎ, äåé-
ñòâóþùèå â L2(Rd;Cn). Ïîëó÷åíà àïïðîêñèìàöèÿ ½îêàéìëåííîé� îïåðàòîð-
íîé ýêñïîíåíòû (â �8). Ãë. 3 (�9�10) ïîñâÿùåíà ãîìîãåíèçàöèè ïàðàáîëè÷å-
ñêîé çàäà÷è Êîøè. Â �9 èç ðåçóëüòàòîâ �8 ìàñøòàáíûì ïðåîáðàçîâàíèåì
ïîëó÷àþòñÿ îñíîâíûå ðåçóëüòàòû ðàáîòû. Â �10 ðåçóëüòàòû �9 ïðèìåíÿ-
þòñÿ ê óñðåäíåíèþ ïàðàáîëè÷åñêèõ ñèñòåì.

0.7. Îáîçíà÷åíèÿ

Ïóñòü H è H∗ � ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà. Ñèìâîëû (·, ·)H
è ‖ · ‖H îçíà÷àþò ñîîòâåòñòâåííî ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H.
Ñèìâîë ‖·‖H→H∗ îçíà÷àåò íîðìó îãðàíè÷åííîãî îïåðàòîðà èç H â H∗. Èíî-
ãäà ìû îïóñêàåì èíäåêñû, åñëè ýòî íå âåäåò ê ñìåøåíèÿì. ×åðåç I = IH
îáîçíà÷àåòñÿ òîæäåñòâåííûé îïåðàòîð â H. Åñëè A : H→ H∗ � ëèíåéíûé
îïåðàòîð, òî ÷åðåç DomA è KerA îáîçíà÷àþòñÿ îáëàñòü îïðåäåëåíèÿ è
ÿäðî A ñîîòâåòñòâåííî. Åñëè N � ïîäïðîñòðàíñòâî â H, òî N⊥ := H 	N.
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Åñëè P � îðòîãîíàëüíûé ïðîåêòîð H íà N, òî P⊥ � îðòîãîíàëüíûé ïðî-
åêòîð H íà N⊥. Ñèìâîëû 〈·, ·〉 è | · | îçíà÷àþò ñîîòâåòñòâåííî ñòàíäàðòíûå
ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â Cn; 1n � åäèíè÷íàÿ (n × n)-ìàòðèöà.
Åñëè a � (n×n)-ìàòðèöà, òî |a| îçíà÷àåò íîðìó ìàòðèöû a êàê îïåðàòîðà
â Cn, a∗ � ýðìèòîâî ñîïðÿæåííóþ ìàòðèöó.

Äàëåå, x = (x1, · · · , xd) ∈ Rd, iDj = ∂/∂xj , j = 1, . . . , d, ∇ = grad =
(∂1, . . . , ∂d), D = −i∇ = (D1, . . . , Dd).

Êëàññû Lp ôóíêöèé ñî çíà÷åíèÿìè â Cn, çàäàííûõ â îáëàñòè O ⊆ Rd,
îáîçíà÷àþòñÿ ÷åðåç Lp(O;Cn), 1 6 p 6∞. ×åðåç Lp((0, T );H) îáîçíà÷àåòñÿ
Lp-ïðîñòðàíñòâî H-çíà÷íûõ ôóíêöèé íà èíòåðâàëå (0, T ). Êëàññû Ñîáîëå-
âà Cn-çíà÷íûõ ôóíêöèé (â îáëàñòè O ⊆ Rd) ïîðÿäêà s îáîçíà÷àþòñÿ ÷åðåç
Hs(O;Cn). Ïðè n = 1 ïèøåì ïðîñòî Lp(O), Hs(O), íî (åñëè ýòî íå âåäåò ê
ñìåøåíèÿì) ìû èíîãäà ïðèìåíÿåì òàêèå óïðîùåííûå îáîçíà÷åíèÿ è äëÿ
ïðîñòðàíñòâ âåêòîð-ôóíêöèé èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé.

×åðåç C, c, C, C, c (âîçìîæíî, ñ èíäåêñàìè è çíà÷êàìè) îáîçíà÷àþòñÿ
ðàçëè÷íûå îöåíî÷íûå ïîñòîÿííûå.

0.8

Ðåçóëüòàòû ðàáîòû îïóáëèêîâàíû â [M]. Àâòîð ñ÷èòàåò ñâîèì ïðèÿòíûì
äîëãîì ïîáëàãîäàðèòü Ò. À. Ñóñëèíó çà ïîñòàíîâêó çàäà÷è è ÷óòêîå ðóêî-
âîäñòâî.

Ãëàâà 1

Àáñòðàêòíàÿ òåîðåòèêî-îïåðàòîðíàÿ ñõåìà

1 Êâàäðàòè÷íûå äâóïàðàìåòðè÷åñêèå îïåðàòîðíûå

ïó÷êè

Ìû èçó÷àåì ñåìåéñòâî îïåðàòîðîâ B(t, ε), çàâèñÿùèõ îò äâóõ âåùåñòâåí-
íûõ ïàðàìåòðîâ t ∈ R è 0 6 ε 6 1. Ñåìåéñòâî B(t, ε) èçó÷àëîñü â [Su6, Su7].

1.1 Îïåðàòîðû X(t) è A(t)

Ïóñòü H è H∗ � êîìïëåêñíûå ñåïàðàáåëüíûå ãèëüáåðòîâû ïðîñòðàíñòâà.
Ïðåäïîëîæèì, ÷òî ëèíåéíûé îïåðàòîð X0 : H → H∗ ïëîòíî îïðåäåëåí è
çàìêíóò, îïåðàòîð X1 : H→ H∗ îãðàíè÷åí. Òîãäà îïåðàòîð

X(t) := X0 + tX1 : H→ H∗ (1.1)
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çàìêíóò íà îáëàñòè îïðåäåëåíèÿ DomX(t) = DomX0. Ðàññìîòðèì ñàìîñî-
ïðÿæåííûé â H îïåðàòîð A(t) = X(t)∗X(t), ïîðîæäåííûé çàìêíóòîé êâàä-
ðàòè÷íîé ôîðìîé ‖X(t)u‖2H∗ , u ∈ DomX0. Ïîëîæèì A0 := A(0) = X∗0X0 è
N := KerA0 = KerX0. Ïðåäïîëîæèì, ÷òî âûïîëíåíî ñëåäóþùåå óñëîâèå.

Óñëîâèå 1.1. Òî÷êà λ0 = 0 ÿâëÿåòñÿ èçîëèðîâàííîé òî÷êîé ñïåêòðà îïå-

ðàòîðà A0, ïðè÷åì 0 < n := dimN <∞.

Ïóñòü d0 � ðàññòîÿíèå îò òî÷êè λ0 = 0 äî îñòàëüíîãî ñïåêòðà îïå-

ðàòîðà A0. Ïîëîæèì N∗ = KerX∗0 , n∗ := dimN∗. Ïðåäïîëîæèì, ÷òî

n 6 n∗ 6 ∞. Ïóñòü P è P∗ � îðòîãîíàëüíûå ïðîåêòîðû ïðîñòðàíñòâà
H íà ïîäïðîñòðàíñòâî N è ïðîñòðàíñòâà H∗ íà N∗ ñîîòâåòñòâåííî.

1.2 Îïåðàòîðû Y (t) è Y2

Ïóñòü H̃ � åùå îäíî ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî. Ïóñòü Y0 :
H → H̃ � ïëîòíî îïðåäåëåííûé ëèíåéíûé îïåðàòîð òàêîé, ÷òî DomX0 ⊂
DomY0; Y1 : H → H̃ � îãðàíè÷åííûé îïåðàòîð. Ïîëîæèì Y (t) = Y0 + tY1,
DomY (t) = DomY0. Íàëîæèì ñëåäóþùåå óñëîâèå.

Óñëîâèå 1.2. Ïðè íåêîòîðîì c1 > 0 èìååì

‖Y (t)u‖
H̃
6 c1‖X(t)u‖H∗ , u ∈ Dom X0, t ∈ R. (1.2)

Èç îöåíêè (1.2) ïðè t = 0 âûòåêàåò, ÷òî KerX0 ⊂ KerY0, ò.å. Y0P = 0.
Ïóñòü Y2 : H → H̃ � ïëîòíî îïðåäåëåííûé ëèíåéíûé îïåðàòîð òàêîé,

÷òî DomX0 ⊂ DomY2. Íàëîæèì ñëåäóþùåå óñëîâèå.

Óñëîâèå 1.3. Äëÿ ëþáîãî ν > 0 ñóùåñòâóåò C(ν) > 0 òàêîå, ÷òî

‖Y2u‖2H̃ 6 ν‖X(t)u‖2H∗ + C(ν)‖u‖2H, u ∈ DomX0, t ∈ R.

1.3 Îïåðàòîð Q0, ôîðìà q

Ïóñòü Q0 � îãðàíè÷åííûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â ïðî-
ñòðàíñòâå H è ïóñòü q[u, v] � ïëîòíî îïðåäåëåííàÿ ýðìèòîâà ïîëóòîðàëè-
íåéíàÿ ôîðìà â H òàêàÿ, ÷òî DomX0 ⊂ Dom q. Íà ôîðìó q íàêëàäûâàåòñÿ
ñëåäóþùåå óñëîâèå.

Óñëîâèå 1.4. Ñóùåñòâóþò òàêèå ïîñòîÿííûå 0 < κ 6 1, c0 ∈ R, c2 > 0,
c3 > 0, ÷òî ïðè u ∈ Dom X0, t ∈ R, âûïîëíåíà îöåíêà

−(1− κ)‖X(t)u‖2H∗ − c0‖u‖2H 6 q[u, u] 6 c2‖X(t)u‖2H∗ + c3‖u‖2H. (1.3)
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1.4 Îïåðàòîð B(t, ε)

Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

b(t, ε)[u, u] = ‖X(t)u‖2H∗ + 2εRe (Y (t)u, Y2u)
H̃

+ ε2q[u, u] + λε2(Q0u, u)H, u ∈ DomX0,
(1.4)

äåéñòâóþùóþ â H. Íà ïàðàìåòð λ ∈ R íàêëàäûâàåòñÿ îãðàíè÷åíèå

λ > ‖Q−1
0 ‖(c0 + c4), åñëè λ > 0,

λ > ‖Q0‖−1(c0 + c4), åñëè λ < 0 (è c0 + c4 < 0),
(1.5)

ãäå c0 � ïîñòîÿííàÿ èç (1.3), à ïîñòîÿííàÿ c4 îïðåäåëÿåòñÿ ðàâåíñòâîì

c4 := 4κ−1c2
1C(ν) ïðè ν = κ2(16c2

1)−1. (1.6)

Êàê îòìå÷åíî â [Su7, ï. 1.4], èç óñëîâèÿ (1.5) âûòåêàåò îöåíêà

b(t, ε)[u, u] >
κ

2
‖X(t)u‖2H∗ + βε2‖u‖2H, u ∈ DomX0, (1.7)

ãäå β > 0 îïðåäåëåíî ïî ÷èñëó λ ñëåäóþùèì îáðàçîì:

β = λ‖Q−1
0 ‖
−1 − c0 − c4, åñëè λ > 0,

β = λ‖Q0‖ − c0 − c4, åñëè λ < 0 (è c0 + c4 < 0).
(1.8)

Â [Su6, (1.15)] óñòàíîâëåíî, ÷òî ïðè u ∈ DomX0 âûïîëíåíî

b(t, ε)[u, u] 6 (2 + c2
1 + c2)‖X(t)u‖2H∗ + (C(1) + c3 + |λ|‖Q0‖)ε2‖u‖2H. (1.9)

Èç îöåíîê (1.7) è (1.9) ñëåäóåò, ÷òî ôîðìà (1.4) çàìêíóòà è ïîëîæèòåëüíî
îïðåäåëåíà. Îòâå÷àþùèé åé ñàìîñîïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå H
îáîçíà÷èì ÷åðåç B(t, ε). Ôîðìàëüíî ìîæíî çàïèñàòü

B(t, ε) = A(t) + ε(Y ∗2 Y (t) + Y (t)∗Y2) + ε2Q+ λε2Q0. (1.10)

(Çäåñü Q � ôîðìàëüíûé îáúåêò, ñîïîñòàâëÿåìûé â ýòîé çàïèñè ôîðìå q.)

1.5 Ïåðåõîä ê ïàðàìåòðó τ

Ñåìåéñòâî B(t, ε) ïðåäñòàâëÿåò ñîáîé àíàëèòè÷åñêîå îïåðàòîðíîå ñåìåé-
ñòâî îòíîñèòåëüíî ïàðàìåòðîâ t è ε. Ïðè t = ε = 0 îïåðàòîð (1.10) ñîâïà-
äàåò ñ A0 è èìååò èçîëèðîâàííîå ñîáñòâåííîå çíà÷åíèå λ0 = 0 êðàòíîñòè n.
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×òîáû ïðèìåíèòü ìåòîäû àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé, ââåäåì îä-

íîìåðíûé ïàðàìåòð τ = (t2 + ε2)1/2, à òàêæå äîïîëíèòåëüíûå ïàðàìåòðû
ϑ1 = tτ−1, ϑ2 = ετ−1, ϑ = (ϑ1, ϑ2). Òîãäà îïåðàòîð (1.10) ìîæåò áûòü
çàïèñàí êàê B(τ ;ϑ). Ôîðìàëüíî

B(τ ;ϑ) = (X∗0 + τϑ1X
∗
1 )(X0 + τϑ1X1) + τϑ2(Y ∗2 Y0 + Y ∗0 Y2)

+ τ2ϑ1ϑ2(Y ∗2 Y1 + Y ∗1 Y2) + τ2ϑ2
2(Q+ λQ0).

(1.11)

Ñîîòâåòñòâóþùóþ åìó ôîðìó áóäåì îáîçíà÷àòü ÷åðåç b(τ ;ϑ). Îïåðàòîð
B(τ ;ϑ) èçó÷àåòñÿ êàê êâàäðàòè÷íûé îïåðàòîðíûé ïó÷îê ïî ïàðàìåòðó τ
ñ ïîìîùüþ àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Ïðè ýòîì íåîáõîäèìî ñëå-
äèòü çà ðàâíîìåðíîñòüþ ïîñòðîåíèé è îöåíîê ïî ïàðàìåòðó ϑ, ó÷èòûâàÿ,
÷òî ϑ2

1 + ϑ2
2 = 1. Â (1.11) ìîæíî ñ÷èòàòü, ÷òî τ ∈ R.

Îáîçíà÷èì ÷åðåç F (τ ;ϑ; s) ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà (1.11)
äëÿ çàìêíóòîãî ïðîìåæóòêà [0, s]. Ôèêñèðóåì ÷èñëî δ ∈ (0, κd0/13) è ïî-
ëîæèì

τ0 = δ1/2
(
(2 + c2

1 + c2)‖X1‖2 + C(1) + c3 + |λ|‖Q0‖
)−1/2

. (1.12)

Â [Su6, ï. 1.5] äîêàçàíî, ÷òî ïðè |τ | 6 τ0 âûïîëíåíû ñîîòíîøåíèÿ

F (τ ;ϑ; δ) = F (τ ;ϑ; 3δ), rankF (τ ;ϑ; δ) = n, |τ | 6 τ0. (1.13)

Âìåñòî F (τ ;ϑ; δ) áóäåì äëÿ êðàòêîñòè ïèñàòü F (τ ;ϑ).

1.6 Îïåðàòîðû Z è Z̃

Â ýòîì è ñëåäóþùåì ïóíêòàõ ââîäÿòñÿ îïåðàòîðû, íåîáõîäèìûå ïðè ïî-
ñòðîåíèè òåîðèè âîçìóùåíèé. Îáîçíà÷èì D := DomX0 ∩ N⊥. Ïîñêîëü-
êó òî÷êà λ0 = 0 èçîëèðîâàíà â ñïåêòðå îïåðàòîðà A0, ôîðìà (X0φ,X0ζ),
φ, ζ ∈ D, çàäàåò ñêàëÿðíîå ïðîèçâåäåíèå â D, ïðåâðàùàÿ D â ãèëüáåðòîâî
ïðîñòðàíñòâî.

Ïðè äàííîì ω ∈ N ðàññìîòðèì óðàâíåíèåX∗0 (X0ϕ+X1ω) = 0 íà ϕ ∈ D,
êîòîðîå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Èíûìè ñëîâàìè, èùåòñÿ ýëåìåíò
ϕ ∈ D, óäîâëåòâîðÿþùèé òîæäåñòâó

(X0ϕ,X0ζ)H∗ = −(X1ω,X0ζ)H∗ ∀ζ ∈ D. (1.14)

Òàê êàê ïðàâàÿ ÷àñòü (1.14) åñòü àíòèëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë
íàä ζ ∈ D, òî â ñèëó òåîðåìû Ðèññà ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî;

8



îáîçíà÷èì åãî ϕ(ω). Îïðåäåëèì îãðàíè÷åííûé îïåðàòîð Z : H → H ñëåäó-

þùèì îáðàçîì: Zω = ϕ(ω), ω ∈ N; Zx = 0, x ∈ N⊥. Î÷åâèäíî, PZ = 0.
Çàìåòèì, ÷òî ϕ(ω) óäîâëåòâîðÿåò îöåíêå ‖X0ϕ(ω)‖H∗ 6 ‖X1ω‖H∗ , ïîýòîìó

‖X0Z‖H→H∗ 6 ‖X1‖H→H∗ . (1.15)

Àíàëîãè÷íî äëÿ çàäàííîãî ω ∈ N ðàññìîòðèì ðåøåíèå ψ ∈ D óðàâíå-
íèÿ

X∗0X0ψ + Y ∗0 Y2ω = 0, (1.16)

ïîíèìàåìîãî â ñëàáîì ñìûñëå. À èìåííî, ψ ∈ D óäîâëåòâîðÿåò òîæäåñòâó

(X0ψ,X0ζ)H∗ = −(Y2ω, Y0ζ)
H̃
∀ζ ∈ D. (1.17)

Â ñèëó óñëîâèÿ 1.2 ïðàâàÿ ÷àñòü (1.17) � àíòèëèíåéíûé íåïðåðûâíûé
ôóíêöèîíàë íàä ζ ∈ D. Ïîýòîìó èç òåîðåìû Ðèññà ñëåäóåò, ÷òî ðåøå-
íèå ψ(ω) ñóùåñòâóåò è åäèíñòâåííî. Ââåäåì Z̃ � îãðàíè÷åííûé îïåðàòîð

â H, îïðåäåëåííûé ñîîòíîøåíèÿìè Z̃ω = ψ(ω), ω ∈ N; Z̃x = 0, x ∈ N⊥.
Î÷åâèäíî, PZ̃ = 0. Îöåíèì íîðìó îïåðàòîðà X0Z̃. Ðåøåíèå ψ(ω) óäîâëå-
òâîðÿåò îöåíêå ‖X0ψ(ω)‖H∗ 6 c1‖Y2ω‖H̃, ïîýòîìó

‖X0Z̃u‖H∗ = ‖X0Z̃Pu‖H∗ 6 c1‖Y2Pu‖H̃ ∀u ∈ H. (1.18)

Çàìåòèì, ÷òî èç óñëîâèÿ 1.3 ïðè t = 0 âûòåêàåò îöåíêà

‖Y2Pu‖H̃ 6 (C(ν))1/2‖u‖H ∀u ∈ H, ∀ν > 0. (1.19)

Êîìáèíèðóÿ (1.18) è (1.19), íàõîäèì

‖X0Z̃‖H→H∗ 6 c1(C(ν))1/2 ∀ν > 0. (1.20)

1.7 Îïåðàòîðû R è S

Îïðåäåëèì îïåðàòîð R := X0Z|N +X1|N : N→ N∗. Êàê ïîêàçàíî â [BSu1,
(1.1.11)], R = P∗X1|N. Â [BSu1, ï. 1.1.3] áûë îïðåäåëåí îïåðàòîð S = R∗R :
N→ N, íàçûâàåìûé ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ñåìåéñòâà A(t)
ïðè t = 0. Ðîñòîê S ìîæíî çàïèñàòü â âèäå S = PX∗1P∗X1|N, ïîýòîìó
‖S‖ 6 ‖X1‖2.
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1.8 Ñïåêòðàëüíûé ðîñòîê îïåðàòîðà B(τ ;ϑ)

Ñîãëàñíî îáùåé àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé (ñì. [K]), ïðè |τ | 6 τ0

ñóùåñòâóþò âåùåñòâåííî-àíàëèòè÷åñêèå (ïî ïàðàìåòðó τ) ôóíêöèè λl(τ ;ϑ)
(âåòâè ñîáñòâåííûõ çíà÷åíèé) è âåùåñòâåííî-àíàëèòè÷åñêèå H-çíà÷íûå
ôóíêöèè ϕl(τ ;ϑ) (âåòâè ñîáñòâåííûõ âåêòîðîâ) òàêèå, ÷òî

B(τ ;ϑ)ϕl(τ ;ϑ) = λl(τ ;ϑ)ϕl(τ ;ϑ), |τ | 6 τ0, l = 1, . . . , n. (1.21)

Ýëåìåíòû ϕl(τ ;ϑ), l = 1, . . . , n, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ñîá-
ñòâåííîì ïîäïðîñòðàíñòâå F (τ ;ϑ)H. Ñîîòíîøåíèÿ (1.21) ïîíèìàþòñÿ â ñëà-
áîì ñìûñëå: b(τ ;ϑ)[ϕl(τ ;ϑ), ζ] = λl(τ ;ϑ)(ϕl(τ ;ϑ), ζ)H, ζ ∈ DomX0. Ïðè
ýòîì äëÿ äîñòàòî÷íî ìàëîãî τ∗ (τ∗ 6 τ0) ïðè |τ | 6 τ∗ ñïðàâåäëèâû ñõîäÿ-
ùèåñÿ ñòåïåííûå ðàçëîæåíèÿ

λl(τ ;ϑ) = γl(ϑ)τ2 + µl(ϑ)τ3 + . . . , γl(ϑ) > 0, l = 1, . . . , n,

ϕl(τ ;ϑ) = ωl(ϑ) + τϕ
(1)
l (ϑ) + τ2ϕ

(2)
l (ϑ) + . . . , l = 1, . . . , n.

(1.22)

Îïðåäåëåíèå 1.5 [Su6]. Îïåðàòîð S(ϑ) : N→ N, çàäàííûé ðàâåíñòâîì

S(ϑ) = ϑ2
1S − ϑ1ϑ2(X0Z)∗(X0Z̃)|N − ϑ1ϑ2(X0Z̃)∗(X0Z)|N

− ϑ2
2(X0Z̃)∗(X0Z̃)|N + ϑ1ϑ2P (Y ∗2 Y1 + Y ∗1 Y2)|N + ϑ2

2(QN + λQ0N),
(1.23)

íàçûâàåòñÿ ñïåêòðàëüíûì ðîñòêîì îïåðàòîðíîãî ïó÷êà (1.11) ïðè τ = 0.

Çäåñü QN � ñàìîñîïðÿæåííûé îïåðàòîð â N, ïîðîæäåííûé ôîðìîé
q[u, u], u ∈ N, è Q0N = PQ0|N. Çàìåòèì, ÷òî èç óñëîâèÿ 1.4 ïðè t = 0 âû-
òåêàåò îöåíêà ‖QN‖ 6 max{|c0|; c3}. Îòñþäà ñ ó÷åòîì (1.15), (1.19), (1.20)
ïðè ν = 1 è îöåíêè ‖S‖ 6 ‖X1‖2 ïîëó÷àåì

‖S(ϑ)P‖ 6 c5, (1.24)

c5 := (‖X1‖+ c1C(1)1/2)2 + 2C(1)1/2‖Y1‖+ max{|c0|; c3}+ |λ|‖Q0‖. (1.25)

Ñîãëàñíî [Su6, ïðåäëîæåíèå 1.6], ÷èñëà γl(ϑ) è ýëåìåíòû ωl(ϑ) ÿâëÿþò-
ñÿ ñîáñòâåííûìè äëÿ ñàìîñîïðÿæåííîãî îïåðàòîðà S(ϑ):

S(ϑ)ωl(ϑ) = γl(ϑ)ωl(ϑ), l = 1, . . . , n. (1.26)
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1.9 Ïîðîãîâûå àïïðîêñèìàöèè

Â [Su6, òåîðåìà 2.2] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1.6. Ïðè |τ | 6 τ0 ñïðàâåäëèâû îöåíêè

F (τ ;ϑ)− P = Φ(τ ;ϑ), ‖Φ(τ ;ϑ)‖H→H 6 C1|τ |, (1.27)

B(τ ;ϑ)F (τ ;ϑ)− τ2S(ϑ)P = Ψ(τ ;ϑ), ‖Ψ(τ ;ϑ)‖H→H 6 C2|τ |3. (1.28)

Ïîñòîÿííûå C1 è C2 çàâèñÿò îò δ, c1, c2, c3, C(1), κ, |λ|, ‖X1‖, ‖Y1‖, ‖Q0‖.
Ïîñòîÿííûå C1 è C2 ìîæíî âûïèñàòü ÿâíî (ñì. [Su6, �2]). Ïîëîæèì

C
(1)
T = max{2 + c2

1, (‖X1‖2 + C(1))δ−1}, (1.29)

C
(2)
T = max{c2 + 1, (‖X1‖2 + ‖Y1‖2 + C(1) + c3 + |λ|‖Q0‖)δ−1}, (1.30)

CT = C
(1)
T + τ0C

(2)
T , (1.31)

C0
T = 32 · 132κ−1/2(C

(1)
T )2CT + 32 · 13κ−1/2C

(1)
T C

(2)
T + 416κ−1/2C

(2)
T CT .

(1.32)

Òîãäà
C1 = 32(1 + π−1)κ−1/2CT , C2 = 2δ(1 + π−1)C0

T . (1.33)

Ïîìèìî îöåíêè (1.27) íàì ïîíàäîáèòñÿ áîëåå òî÷íàÿ àïïðîêñèìàöèÿ,
ïîëó÷åííàÿ â [Su6, ï. 2.5]:

F (τ ;ϑ)− P = τF1(ϑ) + F2(τ ;ϑ), (1.34)

ãäå îïåðàòîð F2(τ ;ϑ) èìååò ïîðÿäîê O(τ2). Ñîãëàñíî [Su6, (1.48)] îïåðàòîð
F1(ϑ) äîïóñêàåò ïðåäñòàâëåíèå F1(ϑ) = ϑ1(Z + Z∗) + ϑ2(Z̃ + Z̃∗). Îòñþäà
è èç òîæäåñòâ PZ = 0, PZ̃ = 0 âûòåêàåò, ÷òî

F1(ϑ)P = ϑ1Z + ϑ2Z̃. (1.35)

Êîìáèíèðóÿ (1.24) è (1.28), íàõîäèì

‖B(τ ;ϑ)F (τ ;ϑ)‖H→H 6 C3τ
2, |τ | 6 τ0; C3 := c5 + C2τ0. (1.36)

Îòñþäà âûòåêàåò, ÷òî ïðè |τ | 6 τ0 ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà
B(τ ;ϑ) äîïóñêàþò îöåíêó λl(τ ;ϑ) 6 C3τ

2, l = 1, . . . , n. Ñëåäîâàòåëüíî,

‖B(τ ;ϑ)1/2F (τ ;ϑ)‖H→H 6 C
1/2
3 |τ |, |τ | 6 τ0. (1.37)

Íàì òàêæå ïîòðåáóåòñÿ îöåíêà, ïîëó÷åííàÿ â [Su6, ïðåäëîæåíèå 2.7]:

‖B(τ ;ϑ)1/2F2(τ ;ϑ)‖H→H 6 C4δ
1/2(1 + π−1)τ2, |τ | 6 τ0,

C4 :=
√

2(2 + c2
1 + c2)1/2(12κ−1 + 2)1/2(49C

(1)
T CT + 7C

(2)
T ).

(1.38)
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1.10 Îïåðàòîðíîå ñåìåéñòâî A(t) = M∗Â(t)M

Ïóñòü Ĥ � åùå îäíî ãèëüáåðòîâî ïðîñòðàíñòâî, è ïóñòü X̂(t) = X̂0 + tX̂1 :
Ĥ→ H∗ � ñåìåéñòâî âèäà (1.1), óäîâëåòâîðÿþùåå ïðåäïîëîæåíèÿì ï. 1.1.
Ïîä÷åðêíåì, ÷òî ïðè ýòîì H∗ íå èçìåíèëîñü. Âñå îáúåêòû, ñâÿçàííûå ñ

X̂(t), áóäåì ïîìå÷àòü çíà÷êîì ½̂ �. Ïóñòü M : H→ Ĥ � èçîìîðôèçì è

M DomX0 = Dom X̂0, (1.39)

X(t) = X̂(t)M : H → H∗; X0 = X̂0M, X1 = X̂1M . Òîãäà A(t) = M∗Â(t)M ,
ãäå Â(t) = X̂(t)∗X̂(t). Îòìåòèì, ÷òî N̂ = MN, n̂ = n è N̂∗ = N∗, n̂∗ = n∗,
P̂∗ = P∗. Ïîëîæèì

G = (MM∗)−1 : Ĥ→ Ĥ. (1.40)

Ïóñòü G
N̂
� áëîê îïåðàòîðà G â ïîäïðîñòðàíñòâå N̂:

G
N̂

= P̂G|
N̂

: N̂→ N̂. (1.41)

Î÷åâèäíî, G
N̂
� èçîìîðôèçì â N̂. Îêàçûâàåòñÿ (ñì. [Su2, ïðåäëîæåíèå

1.2]), îðòîãîíàëüíûå ïðîåêòîðû P è P̂ ñâÿçàíû ñîîòíîøåíèåì

P = M−1(G
N̂

)−1P̂ (M∗)−1. (1.42)

Ïóñòü Ŝ : N̂ → N̂ � ñïåêòðàëüíûé ðîñòîê îïåðàòîðíîãî ñåìåéñòâà Â(t)
ïðè t = 0. Â ñîîòâåòñòâèè ñ [BSu1, ï. 1.1.5] èìååì

S = PM∗ŜM |N. (1.43)

1.11 Îïåðàòîðíîå ñåìåéñòâî B(t, ε) = M∗B̂(t, ε)M

Ïðåäïîëîæèì, ÷òî îïåðàòîð Ŷ0 : Ĥ → H̃ óäîâëåòâîðÿåò óñëîâèÿì ï. 1.2.
Ïîä÷åðêíåì, ÷òî ïðè ýòîì H̃ íå èçìåíèëîñü. Ïîëîæèì Y0 = Ŷ0M ,
M DomY0 = Dom Ŷ0. Â ñèëó (1.39) è óñëîâèÿ Dom X̂0 ⊂ Dom Ŷ0 ñïðà-
âåäëèâî âêëþ÷åíèå DomX0 ⊂ DomY0. Ïóñòü Ŷ1 : Ĥ → H̃ � îãðàíè-
÷åííûé îïåðàòîð, ïóñòü Y1 = Ŷ1M : H → H̃. Ïîëîæèì Ŷ (t) = Ŷ0 +
tŶ1 : Ĥ → H̃, Dom Ŷ (t) = Dom Ŷ0, ïóñòü Y (t) = Ŷ (t)M = Y0 + tY1 :
H → H̃, DomY (t) = DomY0. Ïóñòü îïåðàòîðû X̂(t) è Ŷ (t) óäîâëåòâîðÿþò
óñëîâèþ 1.2 ñ íåêîòîðîé ïîñòîÿííîé ĉ1. Òîãäà àâòîìàòè÷åñêè âûïîëíåíî
‖Y (t)u‖

H̃
6 c1‖X(t)u‖H∗ , ãäå c1 = ĉ1.

Ïóñòü îïåðàòîð Ŷ2 : Ĥ → H̃ óäîâëåòâîðÿåò óñëîâèÿì ï. 1.2. Ïîëîæèì
Y2 = Ŷ2M : H → H̃, MDomY2 = Dom Ŷ2. Òàê êàê M èçîìîðôèçì, à îïå-
ðàòîð Ŷ2 ïëîòíî îïðåäåëåí, îïåðàòîð Y2 òàêæå ïëîòíî îïðåäåëåí. Â ñèëó
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(1.39) ñïðàâåäëèâî âêëþ÷åíèå DomX0 ⊂ DomY2. Ïðåäïîëîæèì, ÷òî îïå-
ðàòîðû X̂(t) è Ŷ2 óäîâëåòâîðÿþò óñëîâèþ 1.3 ñ íåêîòîðûìè ïîñòîÿííûìè
Ĉ(ν) > 0. Òîãäà àâòîìàòè÷åñêè äëÿ ëþáîãî ν > 0 íàéäåòñÿ ïîñòîÿííàÿ
C(ν) = Ĉ(ν)‖M‖2 > 0 òàêàÿ, ÷òî ïðè u ∈ DomX0, t ∈ R âûïîëíåíà îöåíêà
‖Y2u‖2

H̃
6 ν‖X(t)u‖2H∗ + C(ν)‖u‖2H.

Ïîëîæèì Q0 := M∗M . Òîãäà Q0 � íåïðåðûâíûé ïîëîæèòåëüíî îïðå-
äåëåííûé îïåðàòîð â H. (Ðîëü Q̂0 èãðàåò òîæäåñòâåííûé îïåðàòîð â Ĥ.)

Ïóñòü â ïðîñòðàíñòâå Ĥ çàäàíà ôîðìà q̂, óäîâëåòâîðÿþùàÿ óñëîâèÿì
ï. 1.3. Îïðåäåëèì ôîðìó q, äåéñòâóþùóþ ïî ïðàâèëó q[u, v] = q̂[Mu,Mv],
u, v ∈ Dom q, MDom q = Dom q̂. Ôîðìàëüíî, Q = M∗Q̂M . Ïóñòü îïåðàòîð
X̂(t) è ôîðìà q̂ óäîâëåòâîðÿþò óñëîâèþ 1.4 ñ íåêîòîðûìè ïîñòîÿííûìè
κ, ĉ0, ĉ2 è ĉ3. Ó÷èòûâàÿ (1.39), ëåãêî âèäåòü, ÷òî òîãäà îïåðàòîð X(t) =
X̂(t)M è ôîðìà q òàêæå óäîâëåòâîðÿþò óñëîâèþ 1.4 ñ ïîñòîÿííûìè

c0 = ‖M‖2ĉ0, åñëè ĉ0 > 0, c0 = ‖M−1‖−2ĉ0, åñëè ĉ0 < 0, (1.44)

c2 = ĉ2, c3 = ‖M‖2ĉ3 è òîé æå êîíñòàíòîé κ. Èç (1.6) âèäíî, ÷òî ïîñòîÿííûå
c4 è ĉ4 = 4κ−1ĉ 2

1 Ĉ(ν) ïðè ν = κ2(16ĉ 2
1 )−1 ñâÿçàíû ðàâåíñòâîì

c4 = ‖M‖2ĉ4. (1.45)

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îïåðàòîðíûé ïó÷îê

B̂(t, ε) = Â(t) + ε(Ŷ ∗2 Ŷ (t) + Ŷ (t)∗Ŷ2) + ε2Q̂+ λε2I (1.46)

ñâÿçàí ñ ïó÷êîì (1.10) ñîîòíîøåíèåì B(t, ε) = M∗B̂(t, ε)M . Ïîñòîÿííàÿ λ
âûáèðàåòñÿ èç óñëîâèÿ (1.5) äëÿ îïåðàòîðà (1.10). Èñïîëüçóÿ ñîîòíîøåíèÿ
(1.44), (1.45) è ðàâåíñòâî Q0 = M∗M , íàõîäèì, ÷òî ïðè òàêîì âûáîðå λ
óñëîâèå (1.5) äëÿ îïåðàòîðà (1.46) òàêæå âûïîëíåíî.

Îòìåòèì, ÷òî äëÿ îïåðàòîðà (1.46) ñîîòíîøåíèÿ (1.8) ïðèíèìàþò âèä
β̂ = λ− ĉ0 − ĉ4. Îòñþäà è èç (1.8), (1.44), (1.45) âûòåêàåò îöåíêà

β 6 ‖M−1‖−2β̂. (1.47)

1.12 Câÿçü ñïåêòðàëüíûõ ðîñòêîâ S(ϑ) è Ŝ(ϑ)

Â ýòîì ïóíêòå ìû îáîáùèì ðàâåíñòâî (1.43) íà ñëó÷àé ñïåêòðàëüíûõ ðîñò-
êîâ îïåðàòîðíûõ ñåìåéñòâ (1.46) è (1.10) òàêèõ, ÷òî B(t, ε) = M∗B̂(t, ε)M .

Äëÿ ñåìåéñòâà B̂(t, ε) ââåäåì îïåðàòîðû Ẑ è
̂̃
Z ïî àíàëîãèè ñ ï. 1.6. Óñòà-

íîâèì ñëåäóþùèé ðåçóëüòàò.
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Ëåììà 1.7. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ èìååì

X̂0ẐM |N = X0Z|N, X̂0
̂̃
ZM |N = X0Z̃|N. (1.48)

Äîêàçàòåëüñòâî. Îïåðàòîð R îïðåäåëåí ðàâåíñòâîì R := (X0Z + X1)|N.
Ñ äðóãîé ñòîðîíû, R = P∗X1|N. Ñëåäîâàòåëüíî, X0Z|N = (P∗ − I)X1|N.
Àíàëîãè÷íî X̂0Ẑ|N̂ = (P∗ − I)X̂1|N̂, òàê êàê P̂∗ = P∗. Ñîïîñòàâëÿÿ ýòè

ñîîòíîøåíèÿ è ó÷èòûâàÿ, ÷òî X1 = X̂1M è N̂ = MN, ïîëó÷àåì ïåðâîå èç
ðàâåíñòâ (1.48).

Âòîðîå ñîîòíîøåíèå â (1.48) ðàâíîñèëüíî òîæäåñòâó

((X0Z̃ − X̂0
̂̃
ZM)ω, ζ)H∗ = 0, ω ∈ N, ζ ∈ H∗. (1.49)

Ïîñêîëüêó N∗ = N̂∗, ïðè ζ ∈ N∗ ðàâåíñòâî (1.49) î÷åâèäíî. Ñ ó÷åòîì
ðàçëîæåíèÿ H∗ = RanX0⊕N∗ îñòàåòñÿ ðàññìîòðåòü ζ ∈ RanX0. Òîãäà ζ =
X0ξ ïðè íåêîòîðîì ξ ∈ D. Ïîñêîëüêó ζ = X̂0Mξ = X̂0P̂

⊥Mξ, òðåáóåìîå
ðàâåíñòâî ïåðåïèøåòñÿ â âèäå

(X0Z̃ω,X0ξ)H∗ = (X̂0
̂̃
ZMω, X̂0P̂

⊥Mξ)H∗ . (1.50)

Â ñèëó îïðåäåëåíèÿ îïåðàòîðà Z̃ (ñì. (1.17))

(X0Z̃ω, X0ξ)H∗ = −(Y2ω, Y0ξ)H̃. (1.51)

Àíàëîãè÷íî ñîãëàñíî îïðåäåëåíèþ îïåðàòîðà
̂̃
Z

(X̂0
̂̃
ZMω, X̂0P̂

⊥Mξ)H∗ = −(Ŷ2Mω, Ŷ0P̂
⊥Mξ)

H̃
= −(Y2ω, Y0ξ)H̃. (1.52)

Â ïîñëåäíåì ïåðåõîäå ìû ó÷ëè, ÷òî Ŷ0P̂ = 0, Y0 = Ŷ0M , Y2 = Ŷ2M . Èç
(1.51) è (1.52) ñëåäóåò òîæäåñòâî (1.50).

Âåðíåìñÿ ê îïåðàòîðíûì ïó÷êàì B(t, ε) è B̂(t, ε) è ïåðåéäåì ê ïàðàìåò-
ðàì τ, ϑ. Ðàññìîòðèì ñïåêòðàëüíûé ðîñòîê (1.23) è àíàëîãè÷íûé ðîñòîê
äëÿ ñåìåéñòâà (1.46):

Ŝ(ϑ) = ϑ2
1Ŝ − ϑ1ϑ2(X̂0Ẑ)∗(X̂0

̂̃
Z)|

N̂
− ϑ1ϑ2(X̂0

̂̃
Z)∗(X̂0Ẑ)|

N̂

− ϑ2
2(X̂0

̂̃
Z)∗(X̂0

̂̃
Z)|

N̂
+ ϑ1ϑ2P̂ (Ŷ ∗2 Ŷ1 + Ŷ ∗1 Ŷ2)|

N̂
+ ϑ2

2(Q̂
N̂

+ λI
N̂

).

Çàìåòèì, ÷òî èç ðàâåíñòâà N̂ = MN ñëåäóåò, ÷òî PM∗ = PM∗P̂ . Èñ-
ïîëüçóÿ ýòè ñîîòíîøåíèÿ, à òàêæå (1.43), (1.48) è òîæäåñòâà Y1 = Ŷ1M,
Y2 = Ŷ2M , Q = M∗Q̂M , îáîáùèì ðàâåíñòâî (1.43).
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Ïðåäëîæåíèå 1.8. Cïåêòðàëüíûå ðîñòêè S(ϑ) è Ŝ(ϑ) îïåðàòîðíûõ ñå-

ìåéñòâ (1.46) è (1.10) ñâÿçàíû ñîîòíîøåíèåì

S(ϑ) = PM∗Ŝ(ϑ)M |N. (1.53)

1.13 Îïåðàòîðû ẐG è
̂̃
ZG

Ââåäåì ẐG � îïåðàòîð â Ĥ, ïåðåâîäÿùèé ýëåìåíò û ∈ Ĥ â (åäèíñòâåííîå)
ðåøåíèå φ̂G óðàâíåíèÿ

X̂∗0 (X̂0φ̂G + X̂1ω̂) = 0, Gφ̂G ⊥ N̂, (1.54)

ãäå ω̂ = P̂ û. Óðàâíåíèå (1.54) ïîíèìàåòñÿ â ñëàáîì ñìûñëå (ñð. (1.14)).
Òîãäà, êàê ïîêàçàíî â [BSu2, ëåììà 6.1],

ẐG = MZM−1P̂ . (1.55)

Àíàëîãè÷íî ââåäåì
̂̃
ZG � îïåðàòîð â Ĥ, ñîïîñòàâëÿþùèé ýëåìåíòó û ∈

Ĥ (åäèíñòâåííîå) ðåøåíèå ψ̂G óðàâíåíèÿ

X̂∗0X̂0ψ̂G + Ŷ ∗0 Ŷ2ω̂ = 0, Gψ̂G ⊥ N̂, (1.56)

ãäå ω̂ = P̂ û. Óðàâíåíèå (1.56) ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Ïðîèçâîäÿ
ïåðåñ÷åò â óðàâíåíèè (1.16), ñ ó÷åòîì MN = N̂, (1.39) è (1.40) íàõîäèì

̂̃
ZG = MZ̃M−1P̂ . (1.57)

2 Àïïðîêñèìàöèÿ îïåðàòîðíîé ýêñïîíåíòû

2.1

Ñòàðøèé ÷ëåí àïïðîêñèìàöèè îïåðàòîðà exp(−A(t)s) ïðè áîëüøèõ çíà÷å-
íèÿõ ïàðàìåòðà s > 0 áûë ïîëó÷åí â ðàáîòå [Su2, �2.1]. Àïïðîêñèìàöèÿ ïî
½ýíåðãåòè÷åñêîé� íîðìå îïåðàòîðà exp(−A(t)s) ñ ó÷åòîì êîððåêòîðà ïî-
ñòðîåíà â [Su5, �3.2]. Íàøà öåëü â ýòîì ïàðàãðàôå � àïïðîêñèìèðîâàòü
îïåðàòîð exp(−B(τ ;ϑ)s) ïðè áîëüøèõ çíà÷åíèÿõ s > 0.

Â äîïîëíåíèå ê ïðåäïîëîæåíèÿì ï. 1.1�1.4 íàëîæèì óñëîâèå

A(t) > c∗t
2I, c∗ > 0, |t| 6 τ0. (2.1)
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Îòñþäà è èç (1.7) âûòåêàåò, ÷òî

B(τ ;ϑ) > č∗τ
2I, |τ | 6 τ0, č∗ =

1

2
min{κc∗, 2β}. (2.2)

Ñëåäîâàòåëüíî, ñîáñòâåííûå çíà÷åíèÿ λl(τ ;ϑ) îïåðàòîðà B(τ ;ϑ) óäîâëå-
òâîðÿþò îöåíêàì

λl(τ ;ϑ) > č∗τ
2, l = 1, . . . , n, |τ | 6 τ0. (2.3)

Ñîïîñòàâëÿÿ ýòî ñ (1.22), íàõîäèì, ÷òî γl(ϑ) > č∗, l = 1, . . . , n. Ïîýòîìó â
ñèëó (1.26) èìååì S(ϑ) > č∗IN. Îòñþäà è èç (2.2) âûòåêàåò, ÷òî

‖e−B(τ ;ϑ)s‖H→H 6 e−č∗τ
2s, ‖e−τ2S(ϑ)sP‖H→H 6 e−č∗τ

2s. (2.4)

2.2 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Ïóñòü |τ | 6 τ0. Î÷åâèäíî,

e−B(τ ;ϑ)s = e−B(τ ;ϑ)sF (τ ;ϑ) + e−B(τ ;ϑ)sF (τ ;ϑ)⊥, (2.5)

ãäå F (τ ;ϑ)⊥ � ñïåêòðàëüíûé ïðîåêòîð îïåðàòîðà B(τ ;ϑ) äëÿ èíòåðâàëà
(δ;∞). Ïîýòîìó, èñïîëüçóÿ íåðàâåíñòâî exp(−δs/2) 6 (δs)−1/2, ïîëó÷èì

‖e−B(τ ;ϑ)sF (τ ;ϑ)⊥‖H→H 6 e−δs 6 (δs)−1/2 e−δs/2, s > 0. (2.6)

Äàëåå,

e−B(τ ;ϑ)sF (τ ;ϑ) = Pe−B(τ ;ϑ)sF (τ ;ϑ) + P⊥e−B(τ ;ϑ)sF (τ ;ϑ). (2.7)

Ñ ó÷åòîì (1.27) P⊥F (τ ;ϑ) = (F (τ ;ϑ)− P )F (τ ;ϑ) = Φ(τ ;ϑ)F (τ ;ϑ). Â ñèëó
(1.27) è (2.2) îòñþäà ñëåäóåò, ÷òî

‖P⊥e−B(τ ;ϑ)sF (τ ;ϑ)‖H→H = ‖Φ(τ ;ϑ)e−B(τ ;ϑ)sF (τ ;ϑ)‖H→H 6 C1|τ |e−č∗τ
2s.
(2.8)

Ïîëîæèì

Σ(s) := Pe−B(τ ;ϑ)sF (τ ;ϑ)− Pe−τ2S(ϑ)Ps, (2.9)

E(s) := eτ
2S(ϑ)PsΣ(s) = eτ

2S(ϑ)PsPe−B(τ ;ϑ)sF (τ ;ϑ)− P. (2.10)

Äèôôåðåíöèðóÿ (2.10) ïî s è èñïîëüçóÿ (1.28), íàõîäèì

E ′(s) = eτ
2S(ϑ)PsP

(
τ2S(ϑ)P −B(τ ;ϑ)F (τ ;ϑ)

)
e−B(τ ;ϑ)sF (τ ;ϑ)

= −eτ2S(ϑ)PsPΨ(τ ;ϑ)e−B(τ ;ϑ)sF (τ ;ϑ).
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Ïîñêîëüêó E(s) = E(0) +
∫ s

0 E
′(s̃) ds̃, òî

E(s) = PF (τ ;ϑ)− P −
∫ s

0
eτ

2S(ϑ)P s̃PΨ(τ ;ϑ)e−B(τ ;ϑ)s̃F (τ ;ϑ) ds̃.

Îòñþäà è èç (1.27) äëÿ îïåðàòîðà Σ(s) = e−τ
2S(ϑ)PsE(s) èìååì

Σ(s) = e−τ
2S(ϑ)PsPΦ(τ ;ϑ)−

∫ s

0
e−τ

2S(ϑ)P (s−s̃)PΨ(τ ;ϑ)e−B(τ ;ϑ)s̃F (τ ;ϑ) ds̃.

Îáúåäèíÿÿ ýòî ñ (2.4) è (1.27), (1.28), ïîëó÷èì îöåíêó

‖Σ(s)‖H→H 6 C1|τ |e−č∗τ
2s + C2|τ |3se−č∗τ

2s. (2.11)

Èç ñîîòíîøåíèé (2.7), (2.8), (2.9) è (2.11) âèäíî, ÷òî

‖e−B(τ ;ϑ)sF (τ ;ϑ)− Pe−τ2S(ϑ)Ps‖H→H 6 (2C1|τ |+ C2|τ |3s)e−č∗τ
2s. (2.12)

Ïîëîæèì |τ |
√
s =: α è çàïèøåì (2C1|τ |+C2|τ |3s)e−č∗τ

2s/2 = s−1/2ϕ(α), ãäå
ϕ(α) := (2C1α+ C2α

3)e−č∗α
2/2. Îïðåäåëèì

C5 := max
α>0

ϕ(α) = max
α>0

(2C1α+ C2α
3)e−č∗α

2/2. (2.13)

Òîãäà

‖e−B(τ ;ϑ)sF (τ ;ϑ)− Pe−τ2S(ϑ)Ps‖H→H 6 C5s
−1/2e−č∗τ

2s/2, s > 0. (2.14)

Èñïîëüçóÿ (2.5), (2.6), (2.14), íàõîäèì

‖e−B(τ ;ϑ)s−Pe−τ2S(ϑ)Ps‖H→H 6 C5s
−1/2e−č∗τ

2s/2 + δ−1/2s−1/2e−δs/2. (2.15)

Çàìåòèì, ÷òî ïðè |τ | 6 τ0 âûïîëíåíû îöåíêè

e−δs/2 6 e−τ
2C∗s, e−č∗τ

2s/2 6 e−τ
2C∗s, |τ | 6 τ0, (2.16)

ñ ïîñòîÿííîé

C∗ :=
1

2
min{č∗; δτ−2

0 }. (2.17)

Èç (2.16) è (2.15) ñëåäóåò

‖e−B(τ ;ϑ)s − Pe−τ2S(ϑ)Ps‖H→H 6 (C5 + δ−1/2)s−1/2e−τ
2C∗s. (2.18)
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Êðîìå òîãî, â ñèëó (2.4) è (2.17) ïðè âñåõ s > 0 ëåâàÿ ÷àñòü (2.18) äî-
ïóñêàåò îöåíêó ‖e−B(τ ;ϑ)s − Pe−τ2S(ϑ)Ps‖H→H 6 2e−C∗τ

2s. Ïðè s > 0 èìååì
min{2; (C5 + δ−1/2)s−1/2} 6 C6(1 + s)−1/2, ãäå

C6 :=
√

2 max{2;C5 + δ−1/2}. (2.19)

Òàêèì îáðàçîì, äîêàçàíî, ÷òî

‖e−B(τ ;ϑ)s−Pe−τ2S(ϑ)Ps‖H→H 6 C6(1+s)−1/2e−τ
2C∗s, s > 0, |τ | 6 τ0. (2.20)

Â ñîîòâåòñòâèè ñ [Su6, (3.26)] îïðåäåëèì îïåðàòîð L(t, ε) := τ2S(ϑ):

L(t, ε) = t2S + tε
(
−(X0Z)∗(X0Z̃)|N − (X0Z̃)∗(X0Z)|N

)
+ tεP (Y ∗2 Y1 + Y ∗1 Y2)|N + ε2

(
−(X0Z̃)∗(X0Z̃)|N +QN + λQ0N

)
.

(2.21)

Ñì. (1.23). Çàìåòèì, ÷òî èç îöåíêè S(ϑ) > č∗IN ñëåäóåò, ÷òî

L(t, ε) > č∗(t
2 + ε2)IN. (2.22)

Ñôîðìóëèðóåì ðåçóëüòàò (2.20) â òåðìèíàõ îïåðàòîðà L(t, ε).

Òåîðåìà 2.1. Ïóñòü B(t, ε) � îïåðàòîð, îïðåäåëåííûé â ï. 1.4. Ïóñòü
óñëîâèå (2.1) âûïîëíåíî. Ïóñòü L(t, ε) � îïåðàòîð (2.21). Òîãäà

‖e−B(t,ε)s − e−L(t,ε)sP‖H→H 6 C6(1 + s)−1/2e−τ
2C∗s, s > 0, |τ | 6 τ0.

Ïîñòîÿííàÿ C6 çàâèñèò òîëüêî îò δ, κ, c∗, c0, c1, c2, c3, c4, C(1), λ, ‖X1‖,
‖Y1‖, ‖Q0‖, ‖Q−1

0 ‖. Ïîñòîÿííàÿ C∗ îïðåäåëåíà â (2.17).

2.3 Àïïðîêñèìàöèÿ ñ ó÷åòîì êîððåêòîðà

Ñëåäóþùàÿ òåîðåìà äàåò àïïðîêñèìàöèþ îïåðàòîðà exp(−B(τ ;ϑ)s) ñ ó÷å-
òîì êîððåêòîðà.

Òåîðåìà 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.1. Ïóñòü Z è Z̃ �

îïåðàòîðû, îïðåäåëåííûå â ï. 1.6. Òîãäà ñïðàâåäëèâà îöåíêà

‖B(t, ε)1/2
(
e−B(t,ε)s −

(
I + tZ + εZ̃

)
e−L(t,ε)sP

)
‖H→H

6 C8s
−1e−τ

2C∗s, |τ | 6 τ0, s > 0.
(2.23)

Ïîñòîÿííàÿ C8 îïðåäåëåíà íèæå â (2.32).
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Äîêàçàòåëüñòâî. Ïîëîæèì U(τ ;ϑ; s) := B(τ ;ϑ)1/2e−B(τ ;ϑ)s. Î÷åâèäíî,

U(τ ;ϑ; s) = U(τ ;ϑ; s)F (τ ;ϑ)⊥ + U(τ ;ϑ; s)F (τ ;ϑ)(F (τ ;ϑ)− P )

+ F (τ ;ϑ)U(τ ;ϑ; s)P.
(2.24)

Ñ ïîìîùüþ (1.13), (2.16) è íåðàâåíñòâà e−α 6 α−1, α > 0, ïîëó÷èì

‖U(τ ;ϑ; s)F (τ ;ϑ)⊥‖H→H 6 sup
µ>3δ

µ1/2e−µs 6 2(3δ)−1/2s−1e−3δs/2

6 2(3δ)−1/2s−1e−τ
2C∗s, |τ | 6 τ0.

(2.25)

Äàëåå, èñïîëüçóÿ (2.3) è (2.17), íàõîäèì, ÷òî ïðè s > 0 è |τ | 6 τ0 âûïîëíåíî

‖U(τ ;ϑ; s)F (τ ;ϑ)‖H→H 6 sup
16l6n

(λl(τ ;ϑ))1/2e−λl(τ ;ϑ)s

6 2s−1 sup
16l6n

(λl(τ ;ϑ))−1/2e−λl(τ ;ϑ)s/2 6 2č
−1/2
∗ |τ |−1s−1e−τ

2C∗s.

Êîìáèíèðóÿ ýòî ñ (1.27), ïðè s > 0 è |τ | 6 τ0 èìååì

‖U(τ ;ϑ; s)F (τ ;ϑ)(F (τ ;ϑ)− P )‖H→H 6 2C1č
−1/2
∗ s−1e−τ

2C∗s. (2.26)

Ïîñëåäíèé ÷ëåí â ïðàâîé ÷àñòè (2.24) ïðåäñòàâëÿåòñÿ êàê

F (τ ;ϑ)U(τ ;ϑ; s)P = B(τ ;ϑ)1/2F (τ ;ϑ)e−τ
2S(ϑ)sP

+B(τ ;ϑ)1/2F (τ ;ϑ)
(
e−B(τ ;ϑ)sF (τ ;ϑ)− e−τ2S(ϑ)sP

)
P.

(2.27)

Â ñèëó (1.37), (2.12) è (2.17) ñïðàâåäëèâà îöåíêà

‖B(τ ;ϑ)1/2F (τ ;ϑ)
(
e−B(τ ;ϑ)sF (τ ;ϑ)− e−τ2S(ϑ)sP

)
P‖H→H

6 C
1/2
3 |τ |(2C1|τ |+ C2|τ |3s)e−č∗τ

2s 6 C7s
−1e−τ

2C∗s,
(2.28)

ãäå
C7 := C

1/2
3 sup

α>0
(2C1α+ C2α

2)e−č∗α/2. (2.29)

Îáúåäèíÿÿ (2.24)�(2.28), íàõîäèì

‖B(τ ;ϑ)1/2
(
e−B(τ ;ϑ)s −

(
I + τ(ϑ1Z + ϑ2Z̃)

)
e−τ

2S(ϑ)sP
)
‖H→H

6 (2(3δ)−1/2 + 2C1č
−1/2
∗ + C7)s−1e−τ

2C∗s

+ ‖B(τ ;ϑ)1/2
(
F (τ ;ϑ)P − P − τ(ϑ1Z + ϑ2Z̃)

)
e−τ

2S(ϑ)sP‖H→H.

(2.30)
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Èç (1.34) è (1.35) ñëåäóåò, ÷òî F (τ ;ϑ)P − P − τ(ϑ1Z + ϑ2Z̃) = F2(τ ;ϑ)P .
Èñïîëüçóÿ (1.38), (2.4) è (2.17), îöåíèì ïîñëåäíåå ñëàãàåìîå â (2.30):

‖B(τ ;ϑ)1/2F2(τ ;ϑ)e−τ
2S(ϑ)sP‖H→H 6 C4δ

1/2(1 + π−1)τ2e−τ
2č∗s

6 C4δ
1/2(1 + π−1)2č−1

∗ s−1e−τ
2C∗s, s > 0, |τ | 6 τ0.

(2.31)

Îáúåäèíÿÿ îöåíêè (2.30) è (2.31), ïîëó÷èì (2.23) ñ ïîñòîÿííîé

C8 := 2(3δ)−1/2 + 2C1č
−1/2
∗ + C7 + 2C4δ

1/2(1 + π−1)č−1
∗ . (2.32)

3 Àïïðîêñèìàöèÿ ½îêàéìëåííîé� îïåðàòîðíîé

ýêñïîíåíòû

3.1 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ ï. 1.10 è 1.11, ò.å. B(τ ;ϑ) = M∗B̂(τ ;ϑ)M.
Íàøà öåëü â ýòîì ïàðàãðàôå � íàéòè àïïðîêñèìàöèþ îïåðàòîðàMe−B(τ ;ϑ)sM∗,
äåéñòâóþùåãî â Ĥ. Ñòàðøèé ÷ëåí àïïðîêñèìàöèè Me−A(t)sM∗ áûë ïîëó-
÷åí â [Su2, ï. 2.2], àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà ïîñòðîåíà â [Su5,
òåîðåìà 4.1]. Ìû ïåðåíåñåì ýòè ïîñòðîåíèÿ íà ñëó÷àé ñåìåéñòâà B(τ ;ϑ).

Èñïîëüçóåì îáîçíà÷åíèÿ (1.40), (1.41) è ïîëîæèì

M0 := (G
N̂

)−1/2 : N̂→ N̂. (3.1)

Èç ñîîòíîøåíèÿ (2.20) ñëåäóåò, ÷òî ïðè s > 0 è |τ | 6 τ0 âûïîëíåíî

‖Me−B(τ,ϑ)sM∗ −Me−τ
2S(ϑ)sPM∗‖

Ĥ→Ĥ
6 C6‖M‖2(1 + s)−1/2e−τ

2C∗s.

(3.2)

Ïðåäëîæåíèå 3.1. Îïåðàòîð Λ(τ ;ϑ; s) := Me−τ
2S(ϑ)sPM∗, äåéñòâóþ-

ùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå Ĥ, äîïóñêàåò ïðåäñòàâëåíèå

Λ(τ ;ϑ; s) = M0e
−τ2M0Ŝ(ϑ)M0sM0P̂ . (3.3)

Äîêàçàòåëüñòâî. Ïóñòü η̂ ∈ Ĥ è ïóñòü ξ̂(s) = Λ(τ ;ϑ; s)η̂. Òîãäà
M−1ξ̂(s) ∈ N, ξ̂(s) ∈ N̂, è M−1ξ̂(s) � ðåøåíèå çàäà÷è Êîøè

d

ds
M−1ξ̂(s) = −τ2S(ϑ)M−1ξ̂(s), M−1ξ̂(0) = PM∗η̂. (3.4)
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Â ñèëó (1.53) S(ϑ)M−1ξ̂(s) = PM∗Ŝ(ϑ)ξ̂(s). Äàëåå, èñïîëüçóÿ (1.42), ïîëó-
÷èì, ÷òî PM∗ = M−1(G

N̂
)−1P̂ . Òîãäà èç (3.4) è (3.1) ñëåäóåò, ÷òî

d

ds
ξ̂(s) = −τ2M2

0 Ŝ(ϑ)ξ̂(s), ξ̂(0) = M2
0 P̂ η̂,

èëè, ýêâèâàëåíòíî, d
dsM

−1
0 ξ̂(s) = −τ2M0Ŝ(ϑ)ξ̂(s), M−1

0 ξ̂(0) = M0P̂ η̂. Ñëå-

äîâàòåëüíî, M−1
0 ξ̂(s) = e−τ

2M0Ŝ(ϑ)M0sM0P̂ η̂, ÷òî âëå÷åò (3.3).

Ââåäåì îïåðàòîð L̂(t, ε) := τ2Ŝ(ϑ). Èç (3.2) è (3.3) âûòåêàåò ñëåäóþùèé
ðåçóëüòàò.

Òåîðåìà 3.2. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâà îöåíêà

‖Me−B(t,ε)sM∗ −M0e
−M0L̂(t,ε)M0sM0P̂‖Ĥ→Ĥ

6 C6‖M‖2(1 + s)−1/2e−τ
2C∗s, s > 0, |τ | 6 τ0.

(3.5)

3.2 Àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà

Òåîðåìà 3.3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ ï. 1.10 è 1.11. Ïóñòü ẐG

è
̂̃
ZG � îïåðàòîðû (1.55) è (1.57) ñîîòâåòñòâåííî. Òîãäà

‖B̂(t, ε)1/2

(
Me−B(t,ε)sM∗ − (I + tẐG + ε

̂̃
ZG)M0e

−M0L̂(t,ε)M0sM0P̂

)
‖
Ĥ→Ĥ

6 C8‖M‖s−1e−τ
2C∗s, s > 0, 0 < ε 6 1, |τ | 6 τ0.

Äîêàçàòåëüñòâî. Èñêîìàÿ îöåíêà ïîëó÷àåòñÿ èç (2.23) ïåðåñ÷åòîì. Êîì-
áèíèðóÿ (1.55), (1.57) è ïðåäëîæåíèå 3.1, íàõîäèì

‖B̂(τ ;ϑ)1/2

(
Me−B(τ ;ϑ)sM∗ − (I + τ(ϑ1ẐG + ϑ2

̂̃
ZG))Λ(τ ;ϑ; s)

)
‖
Ĥ→Ĥ

= ‖B̂(τ ;ϑ)1/2M
(
e−B(τ ;ϑ)s − (I + τ(ϑ1Z + ϑ2Z̃))e−τ

2S(ϑ)sP
)
M∗‖

Ĥ→Ĥ

= ‖B(τ ;ϑ)1/2
(
e−B(τ ;ϑ)s − (I + τ(ϑ1Z + ϑ2Z̃))e−τ

2S(ϑ)sP
)
M∗‖

Ĥ→H

6 ‖M‖‖B(τ ;ϑ)1/2
(
e−B(τ ;ϑ)s − (I + τ(ϑ1Z + ϑ2Z̃))e−τ

2S(ϑ)sP
)
‖H→H.

Îòñþäà è èç (2.23) âûòåêàåò óòâåðæäåíèå òåîðåìû.
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Ãëàâà 2

Ïåðèîäè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû

â L2(Rd;Cn)

4 Îñíîâíûå îïðåäåëåíèÿ

4.1 Ðåøåòêè Γ è Γ̃

Ïóñòü Γ � ðåøåòêà â Rd, ïîðîæäåííàÿ áàçèñîì a1, . . . ,ad : Γ = {a ∈ Rd :
a =

∑d
j=1 n

jaj , n
j ∈ Z}. ×åðåç Ω îáîçíà÷èì ýëåìåíòàðíóþ ÿ÷åéêó ðåøåòêè

Γ: Ω = {x ∈ Rd : x =
∑d

j=1 ξ
jaj , 0 < ξj < 1}. Áàçèñ b1, . . . ,bd, äâîéñòâåí-

íûé ê a1, . . . ,ad, îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè 〈bl,aj〉 = 2πδlj . Ýòîò áàçèñ

ïîðîæäàåò ðåøåòêó Γ̃, äâîéñòâåííóþ ê ðåøåòêå Γ. Çà Ω̃ îáîçíà÷èì çîíó

Áðèëëþýíà ðåøåòêè Γ̃: Ω̃ = {k ∈ Rd : |k| < |k − b|, 0 6= b ∈ Γ̃}. Îáëàñòü
Ω̃ ÿâëÿåòñÿ ôóíäàìåíòàëüíîé äëÿ Γ̃. Áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè
|Ω| = mesΩ, |Ω̃| = mes Ω̃. Ïóñòü r0 � ðàäèóñ øàðà, âïèñàííîãî â clos Ω̃, è
ïóñòü 2r1 = diam Ω̃.

4.2 Ôàêòîðèçîâàííûå îïåðàòîðû âòîðîãî ïîðÿäêà

(Ñì. [BSu1].) Ïóñòü b(D) =
∑d

l=1 blDl : L2(Rd;Cn)→ L2(Rd;Cm) � ÄÎ ïåð-
âîãî ïîðÿäêà. Çäåñü bl � ïîñòîÿííûå (m×n)-ìàòðèöû. Ñ÷èòàåì, ÷òî m >
n. Îòíîñèòåëüíî ñèìâîëà b(ξ) =

∑d
l=1 blξl ïðåäïîëîæèì, ÷òî rank b(ξ) =

n, 0 6= ξ ∈ Rd. Òîãäà ïðè íåêîòîðûõ α0, α1 > 0 èìååì

α01n 6 b(θ)∗b(θ) 6 α11n, θ ∈ Sd−1, 0 < α0 6 α1 <∞. (4.1)

Ïóñòü (n × n)-ìàòðèöà-ôóíêöèÿ f(x) è (m × m)-ìàòðèöà-ôóíêöèÿ h(x),
x ∈ Rd, � îãðàíè÷åíû è îãðàíè÷åííî îáðàòèìû:

f, f−1 ∈ L∞(Rd); h, h−1 ∈ L∞(Rd). (4.2)

Ôóíêöèè f è h ïðåäïîëàãàþòñÿ Γ-ïåðèîäè÷åñêèìè. Ðàññìîòðèì ÄÎ

X := hb(D)f : L2(Rd;Cn)→ L2(Rd;Cm), (4.3)

DomX := {u ∈ L2(Rd;Cn) : fu ∈ H1(Rd;Cn)}. (4.4)

Îïåðàòîð (4.3) çàìêíóò íà îáëàñòè îïðåäåëåíèÿ (4.4). Ðàññìîòðèì ñàìî-
ñîïðÿæåííûé â L2(Rd;Cn) îïåðàòîð A := X ∗X , îòâå÷àþùèé êâàäðàòè÷-
íîé ôîðìå a[u,u] = ‖Xu‖2L2

, u ∈ DomX . Ôîðìàëüíî ìîæíî çàïèñàòü
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A = f∗b(D)∗gb(D)f , ãäå g = h∗h. Èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå è (4.1),
(4.2), ëåãêî ïðîâåðèòü, ÷òî ïðè u ∈ DomX ñïðàâåäëèâû îöåíêè

α0‖g−1‖−1
L∞
‖D(fu)‖2L2(Rd) 6 a[u,u] 6 α1‖g‖L∞‖D(fu)‖2L2(Rd). (4.5)

4.3 Îïåðàòîðû Y è Y2

Ïåðåéäåì ê îïèñàíèþ ìëàäøèõ ÷ëåíîâ. Ââåäåì îïåðàòîð Y : L2(Rd;Cn)→
L2(Rd;Cdn), äåéñòâóþùèé ïî ïðàâèëó

Yu = D(fu) = col {D1(fu), . . . , Dd(fu)}, DomY = DomX .

Íèæíÿÿ îöåíêà (4.5) îçíà÷àåò, ÷òî

‖Yu‖L2(Rd) 6 c1‖Xu‖L2(Rd), u ∈ DomX , (4.6)

c1 = α
−1/2
0 ‖g−1‖1/2L∞

. (4.7)

Ïóñòü â Rd çàäàíû Γ-ïåðèîäè÷åñêèå (n × n)-ìàòðèöû-ôóíêöèè aj(x),
j = 1, . . . , d, òàêèå, ÷òî

aj ∈ L%(Ω), % = 2 ïðè d = 1, % > d ïðè d > 2; j = 1, . . . , d. (4.8)

Ïóñòü îïåðàòîð Y2 : L2(Rd;Cn) → L2(Rd;Cdn) äåéñòâóåò íà îáëàñòè îïðå-
äåëåíèÿ DomY2 = DomX ïî ïðàâèëó Y2u = col {a∗1fu, . . . , a∗dfu}. Ôîð-
ìàëüíî, (Y∗2Y + Y∗Y2)u =

∑d
j=1

(
f∗ajDj(fu) + f∗Dj(a

∗
jfu)

)
.

Èñïîëüçóÿ íåðàâåíñòâî Ã¼ëüäåðà, óñëîâèÿ (4.2), (4.8) è êîìïàêòíîñòü
âëîæåíèÿ H1(Ω) ⊂ Lp(Ω) ïðè p = 2%(% − 2)−1, ìîæíî ïîêàçàòü (ñð. [Su6,
ï. 5.2]), ÷òî äëÿ ëþáîãî ν > 0 ñóùåñòâóåò ïîñòîÿííàÿ C(ν) > 0 òàêàÿ, ÷òî

‖Y2u‖2L2(Rd) 6 ν‖Xu‖2L2(Rd) + C(ν)‖u‖2L2(Rd), u ∈ DomX . (4.9)

Ïðè ôèêñèðîâàííîì ν ïîñòîÿííàÿ C(ν) çàâèñèò îò íîðì ‖aj‖L%(Ω), j =
1, . . . , d, îò ‖f‖L∞ , ‖g−1‖L∞ , α0, d, % è îò ïàðàìåòðîâ ðåøåòêè Γ.

Èñïîëüçóÿ (4.6), (4.9), íåñëîæíî äîêàçàòü íåðàâåíñòâî

2ε|Re(Yu,Y2u)L2 | 6
κ

2
‖Xu‖2L2

+ c4ε
2‖u‖2L2

, u ∈ DomX , (4.10)

c4 := 4κ−1c2
1C(ν) ïðè ν = κ2(16c2

1)−1. (4.11)
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4.4 Îïåðàòîð Q0, ôîðìà q[u,u]

Ïóñòü Q0 � îïåðàòîð â L2(Rd;Cn), äåéñòâóþùèé êàê óìíîæåíèå íà Γ-
ïåðèîäè÷åñêóþ ïîëîæèòåëüíî îïðåäåëåííóþ îãðàíè÷åííóþ ìàòðèöó-ôóíê-
öèþ Q0(x) := f(x)∗f(x).

Ïóñòü â Rd çàäàíà Γ-ïåðèîäè÷åñêàÿ áîðåëåâñêàÿ σ-êîíå÷íàÿ ìåðà
dµ(x) = {dµjl(x)}, j, l = 1, . . . , n, ñî çíà÷åíèÿìè â êëàññå ýðìèòîâûõ
(n×n)-ìàòðèö. Èíà÷å ãîâîðÿ, dµjl(x) � êîìïëåêñíàÿ Γ-ïåðèîäè÷åñêàÿ ìå-
ðà â Rd è dµjl = dµ∗lj . Ïðåäïîëîæèì, ÷òî ìåðà dµ òàêîâà, ÷òî ôóíêöèÿ

|v(x)|2 ñóììèðóåìà ïî êàæäîé ìåðå dµjl äëÿ ëþáîé ôóíêöèè v ∈ H1(Rd).
Â L2(Rd;Cn) ðàññìîòðèì ôîðìó q[u,u] =

∫
Rd〈dµ(x)fu, fu〉, u ∈ DomX .

Íàëîæèì íà ìåðó dµ ñëåäóþùåå îãðàíè÷åíèå.

Óñëîâèå 4.1. Äëÿ ëþáîé ôóíêöèè v ∈ H1(Ω;Cn) ñïðàâåäëèâû îöåíêè

−c̃‖Dv‖2L2(Ω) − ĉ0‖v‖2L2(Ω) 6
∫

Ω
〈dµ(x)v,v〉 6 c̃2‖Dv‖2L2(Ω) + ĉ3‖v‖2L2(Ω),

ãäå ĉ0 ∈ R, c̃2 > 0, ĉ3 > 0 è âûïîëíåíî îãðàíè÷åíèå 0 6 c̃ < α0‖g−1‖−1
L∞

.

Çàìåòèì, ÷òî èç óñëîâèÿ 4.1 âûòåêàåò îöåíêà

− c̃‖D(fu)‖2L2(Ω) − c0‖u‖2L2(Ω)

6
∫

Ω
〈dµ(x)fu, fu〉 6 c̃2‖D(fu)‖2L2(Ω) + c3‖u‖2L2(Ω)

(4.12)

ñ ïîñòîÿííûìè

c0 = ĉ0‖f‖2L∞ , åñëè ĉ0 > 0, c0 = ĉ0‖f−1‖−2
L∞
, åñëè ĉ0 < 0; (4.13)

c3 = ‖f‖2L∞ ĉ3. (4.14)

Ïðè u ∈ DomX çàïèøåì íåðàâåíñòâî (4.12) ïî ñäâèíóòûì ÿ÷åéêàì
Ω + a, a ∈ Γ, è ïðîñóììèðóåì. Ïîëó÷èì

−c̃‖D(fu)‖2L2(Rd) − c0‖u‖2L2(Rd) 6 q[u,u] 6 c̃2‖D(fu)‖2L2(Rd) + c3‖u‖2L2(Rd).

Ñ ó÷åòîì (4.5) îòñþäà ñëåäóåò

− (1− κ)‖Xu‖2L2(Rd) − c0‖u‖2L2(Rd)

6 q[u,u] 6 c2‖Xu‖2L2(Rd) + c3‖u‖2L2(Rd), u ∈ DomX ,
(4.15)

ãäå

c2 = c̃2α
−1
0 ‖g

−1‖L∞ , κ = 1− c̃α−1
0 ‖g

−1‖L∞ , 0 < κ 6 1. (4.16)
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4.5 Îïåðàòîð B(ε)

Â L2(Rd;Cn) ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

b(ε)[u,u] = a[u,u] + 2εRe (Yu,Y2u)L2(Rd) + ε2q[u,u]

+ λε2(Q0u,u)L2(Rd), u ∈ DomX ,
(4.17)

ãäå 0 < ε 6 1, è ïàðàìåòð λ ∈ R óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:

λ > ‖Q−1
0 ‖L∞(c0 + c4), åñëè λ > 0,

λ > ‖Q0‖−1
L∞

(c0 + c4), åñëè λ < 0 (è c0 + c4 < 0).
(4.18)

Îöåíèì ôîðìó (4.17) ñíèçó. Ïóñòü β > 0 îïðåäåëåíî ðàâåíñòâîì

β = λ‖Q−1
0 ‖
−1
L∞
− c0 − c4, åñëè λ > 0,

β = λ‖Q0‖L∞ − c0 − c4, åñëè λ < 0 (è c0 + c4 < 0).
(4.19)

Êîìáèíèðóÿ (4.10), íèæíþþ îöåíêó (4.15), (4.18) è (4.19), èìååì

b(ε)[u,u] >
κ

2
a[u,u] + βε2‖u‖2L2

, u ∈ DomX , 0 < ε 6 1. (4.20)

Òàêèì îáðàçîì, ôîðìà b(ε) ïîëîæèòåëüíî îïðåäåëåíà. Îáúåäèíÿÿ (4.6),
(4.9) ïðè ν = 1 è âåðõíþþ îöåíêó (4.15), ïîëó÷èì îöåíêó ñâåðõó

b(ε)[u,u] 6 (2 + c2
1 + c2)a[u,u] + (C(1) + c3 + |λ|‖Q0‖L∞)ε2‖u‖2L2

,

u ∈ DomX .
(4.21)

Èç îöåíîê (4.20), (4.21) ñëåäóåò, ÷òî ôîðìà b(ε) çàìêíóòà. Îòâå÷àþùèé åé
ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â ïðîñòðàíñòâå L2(Rd;Cn)
îáîçíà÷èì ÷åðåç B(ε). Ôîðìàëüíî ìîæíî çàïèñàòü

B(ε) = A+ ε(Y∗2Y + Y∗Y2) + ε2f∗Qf + ε2λQ0

= f∗b(D)∗gb(D)f + ε
d∑
j=1

f∗
(
ajDj +Dja

∗
j

)
f + ε2f∗Qf + ε2λQ0,

(4.22)

ãäå Q ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåíöèàë,
ïîðîæäåííûé ìåðîé dµ.
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Äëÿ äàëüíåéøèõ ññûëîê íàçîâåì ½èñõîäíûìè äàííûìè� âåëè÷èíû

d, m, n, %; α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , ‖f‖L∞ , ‖f−1‖L∞ , ‖aj‖L%(Ω),

j = 1, . . . , d; c̃, ĉ0, c̃2, ĉ3 èç óñëîâèÿ 4.1;λ.
(4.23)

Ìû áóäåì ñëåäèòü çà çàâèñèìîñòüþ ïîñòîÿííûõ â îöåíêàõ îò ýòèõ èñõîä-
íûõ äàííûõ è îò ïàðàìåòðîâ ðåøåòêè. Ïîñòîÿííûå c1, C(1), κ, c2, c3, c4,
c0, β ïîëíîñòüþ îïðåäåëÿþòñÿ èñõîäíûìè äàííûìè è ðåøåòêîé.

5 Ðàçëîæåíèå îïåðàòîðà B(ε) â ïðÿìîé èíòåãðàë

5.1 Ïðåîáðàçîâàíèå Ãåëüôàíäà

Ïðåîáðàçîâàíèå Ãåëüôàíäà U ïåðâîíà÷àëüíî çàäàåòñÿ íà ôóíêöèÿõ êëàññà
Øâàðöà v ∈ S(Rd;Cn) ôîðìóëîé

ṽ(k,x) = (Uv)(k,x) = |Ω̃|−1/2
∑
a∈Γ

exp(−i〈k,x+a〉)v(x+a), x ∈ Ω, k ∈ Ω̃.

Ïðè ýòîì
∫

Ω̃

∫
Ω |ṽ(k,x)|2 dx dk =

∫
Rd |v(x)|2 dx, è U ïðîäîëæàåòñÿ ïî íåïðå-

ðûâíîñòè äî óíèòàðíîãî îòîáðàæåíèÿ

U : L2(Rd;Cn)→
∫

Ω̃
⊕L2(Ω;Cn) dk =: H. (5.1)

×åðåç H̃1(Ω;Cn) îáîçíà÷èì ïîäïðîñòðàíñòâî òåõ ôóíêöèé èç H1(Ω;Cn),
Γ-ïåðèîäè÷åñêîå ïðîäîëæåíèå êîòîðûõ íà Rd ïðèíàäëåæèò êëàññó

H1
loc(Rd;Cn). Âêëþ÷åíèå v ∈ H1(Rd;Cn) ðàâíîñèëüíî òîìó, ÷òî

ṽ(k, ·) ∈ H̃1(Ω;Cn) ïðè ï.â. k ∈ Ω̃ è∫
Ω̃

∫
Ω

(
|(D+ k)ṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk <∞.

Îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ ïåðèîäè÷åñêóþ ìàòðèöó-ôóíêöèþ
â L2(Rd;Cn) ïîä äåéñòâèåì U ïåðåõîäèò â óìíîæåíèå íà òó æå ôóíêöèþ â
ñëîÿõ ïðÿìîãî èíòåãðàëà H. Äåéñòâèå îïåðàòîðà b(D) íà v ∈ H1(Rd;Cn)
ïåðåõîäèò â ïîñëîéíîå äåéñòâèå îïåðàòîðà b(D+k) íà ṽ(k, ·) ∈ H̃1(Ω;Cn).

5.2 Îïåðàòîðû A(k)

(Ñì. [BSu1, ï. 2.2.1].) Ïîëîæèì

H = L2(Ω;Cn), H∗ = L2(Ω;Cm), H̃ = L2(Ω;Cdn) (5.2)
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è ðàññìîòðèì çàìêíóòûé îïåðàòîð X (k) : H → H∗, k ∈ Rd, çàäàâàåìûé
ñîîòíîøåíèÿìè

X (k) = hb(D+ k)f, k ∈ Rd, (5.3)

d := DomX (k) = {u ∈ H : fu ∈ H̃1(Ω;Cn)}. (5.4)

Ñàìîñîïðÿæåííûé îïåðàòîð A(k) := X (k)∗X (k) : H→ H, k ∈ Rd, ïîðîæ-
äàåòñÿ çàìêíóòîé êâàäðàòè÷íîé ôîðìîé a(k)[u,u] := ‖X (k)u‖2H∗ , u ∈ d,

k ∈ Rd. Èç (4.1) è (4.2) âûòåêàþò îöåíêè

α0‖g−1‖−1
L∞
‖(D+ k)v‖2L2(Ω) 6 a(k)[u,u] 6 α1‖g‖L∞‖(D+ k)v‖2L2(Ω),

v = fu ∈ H̃1(Ω;Cn).
(5.5)

Èç (5.5) è êîìïàêòíîñòè âëîæåíèÿ H̃1(Ω; Cn) â H ñëåäóåò, ÷òî ñïåêòð A(k)
äèñêðåòåí. Ïîëîæèì N := KerA(0) = KerX (0). Èç íåðàâåíñòâà (5.5) ïðè
k = 0 âûòåêàåò, ÷òî

N = KerA(0) = {u ∈ L2(Ω;Cn) : fu = c ∈ Cn}, dimN = n. (5.6)

Êàê ïîêàçàíî â [BSu1, (2.2.11), (2.2.12)], ñïðàâåäëèâà îöåíêà

A(k) > c∗|k|2I, k ∈ clos Ω̃, c∗ = α0‖f−1‖−2
L∞
‖g−1‖−1

L∞
. (5.7)

Â ñîîòâåòñòâèè ñ [BSu1, (2.2.14)] ðàññòîÿíèå d0 îò òî÷êè λ0 = 0 äî îñòàëü-
íîãî ñïåêòðà îïåðàòîðà A(0) äîïóñêàåò îöåíêó

d0 > 4c∗r
2
0. (5.8)

5.3 Îïåðàòîðû Y(k) è Y2

Ðàññìîòðèì îïåðàòîð Y(k) : H→ H̃, äåéñòâóþùèé íà îáëàñòè îïðåäåëåíèÿ
DomY(k) = d ïî ïðàâèëó

Y(k)u = (D+ k)fu = col {(D1 + k1)fu, . . . , (Dd + kd)fu}, u ∈ d. (5.9)

Èç íèæíåé îöåíêè (5.5) âûòåêàåò, ÷òî

‖Y(k)u‖H 6 c1‖X (k)u‖H∗ , u ∈ d, (5.10)

ãäå ïîñòîÿííàÿ c1 îïðåäåëåíà â (4.7).
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Ðàññìîòðèì îïåðàòîð Y2 : H→ H̃, çàäàííûé ñîîòíîøåíèåì

Y2u = col {a∗1fu, . . . , a∗dfu}, DomY2 = d. (5.11)

Êàê ïîêàçàíî â [Su6, ï. 5.7], äëÿ ëþáîãî ν > 0 íàéäóòñÿ ïîñòîÿííûå
Cj(ν) > 0, j = 1, . . . , d, òàêèå, ÷òî ïðè k ∈ Rd ñïðàâåäëèâû íåðàâåíñòâà

‖a∗jv‖2L2(Ω) 6 ν‖(D+k)v‖2L2(Ω) +Cj(ν)‖v‖2L2(Ω), v ∈ H̃
1(Ω;Cn), j = 1, . . . , d.

Ïóñòü v = fu, u ∈ d. Òîãäà, ñóììèðóÿ óêàçàííûå íåðàâåíñòâà ïî j è ó÷è-
òûâàÿ (4.2), (5.5), ïîëó÷àåì, ÷òî äëÿ ëþáîãî ν > 0 ñóùåñòâóåò ïîñòîÿííàÿ
C(ν) > 0 (òà æå, ÷òî è â (4.9)) òàêàÿ, ÷òî

‖Y2u‖2H̃ 6 ν‖X (k)u‖2H∗ + C(ν)‖u‖2H, u ∈ d, k ∈ Rd. (5.12)

5.4 Îïåðàòîð Q0, ôîðìà qΩ[u,u]

Ïóñòü Q0 � îãðàíè÷åííûé îïåðàòîð â H, äåéñòâóþùèé êàê óìíîæåíèå íà
ìàòðèöó-ôóíêöèþ Q0(x) = f(x)∗f(x).

Â L2(Ω;Cn) ðàññìîòðèì ôîðìó qΩ[u,u] =
∫

Ω〈dµ(x)fu, fu〉, u ∈ d. Çàìå-
íÿÿ â (4.12) f(x)u(x) íà f(x)u(x) exp(i〈k,x〉) (ýòè ôóíêöèè ïðèíàäëåæàò
H1(Ω;Cn) îäíîâðåìåííî) è èñïîëüçóÿ (5.5), ïîëó÷àåì, ÷òî

−(1− κ)‖X (k)u‖2H∗ − c0‖u‖2H 6 qΩ[u,u] 6 c2‖X (k)u‖2H∗ + c3‖u‖2H,
u ∈ d, k ∈ Rd.

(5.13)

Çäåñü ïîñòîÿííûå κ, c0, c2, c3 òå æå, ÷òî è â (4.15).

5.5 Îïåðàòîðíûé ïó÷îê B(k, ε)

Â ïðîñòðàíñòâå H ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

b(k, ε)[u,u] = a(k)[u,u] + 2εRe (Y(k)u, Y2u)
H̃

+ ε2qΩ[u,u] + λε2(Q0u,u)H, u ∈ d.

Èç (4.18), (4.19), (5.10), (5.12) è (5.13) âûòåêàåò îöåíêà

b(k, ε)[u,u] >
κ

2
a(k)[u,u] + βε2‖u‖2H, u ∈ d. (5.14)

Äàëåå, èç (5.10), (5.12) ïðè ν = 1 è âåðõíåé îöåíêè (5.13) ïîëó÷àåì

b(k, ε)[u,u] 6 (2+c2
1+c2)a(k)[u,u]+(C(1)+c3+|λ|‖Q0‖L∞)ε2‖u‖2H, u ∈ d.

(5.15)
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Íåðàâåíñòâà (5.14), (5.15) ïîêàçûâàþò, ÷òî ôîðìà b(k, ε) çàìêíóòà íà îá-
ëàñòè îïðåäåëåíèÿ (5.4) è ïîëîæèòåëüíî îïðåäåëåíà. Ïîðîæäåííûé ýòîé
ôîðìîé ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â ïðî-
ñòðàíñòâå H îáîçíà÷èì ÷åðåç B(k, ε). Ôîðìàëüíî ìîæíî çàïèñàòü

B(k, ε) = A(k) + ε(Y ∗2 Y(k) + Y(k)∗Y2) + ε2f∗Qf + λε2Q0

= f∗b(D+ k)∗gb(D+ k)f

+ ε

d∑
j=1

f∗
(
aj(Dj + kj) + (Dj + kj)a

∗
j

)
f + ε2f∗Qf + λε2f∗f.

(5.16)

5.6 Ðàçëîæåíèå â ïðÿìîé èíòåãðàë äëÿ îïåðàòîðà B(ε)

Ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà U îïåðàòîð (4.22), äåéñòâóþ-
ùèé â ïðîñòðàíñòâå L2(Rd;Cn), ðàñêëàäûâàåòñÿ â ïðÿìîé èíòåãðàë îïåðà-
òîðîâ
(5.16), äåéñòâóþùèõ â L2(Ω;Cn):

UB(ε)U−1 =

∫
Ω̃
⊕B(k, ε) dk.

Ñêàçàííîå îçíà÷àåò ñëåäóþùåå. Ïóñòü ũ = Uu, ãäå u ∈ Dom b(ε). Òîãäà

ũ(k, ·) ∈ d ïðè ï.â. k ∈ Ω̃, (5.17)

b(ε)[u,u] =

∫
Ω̃
b(k, ε)[ũ(k, ·), ũ(k, ·)] dk. (5.18)

Îáðàòíî, åñëè äëÿ ũ ∈ H âûïîëíåíî (5.17) è èíòåãðàë â (5.18) êîíå÷åí, òî
u ∈ Dom b(ε) è âûïîëíåíî (5.18).

6 Âêëþ÷åíèå îïåðàòîðîâ B(k, ε) â àáñòðàêòíóþ
ñõåìó

6.1

Ïðè d > 1 îïåðàòîðû B(k, ε) çàâèñÿò îò ìíîãîìåðíîãî ïàðàìåòðà k. Ñëåäóÿ
[BSu1, ãë. 2], âûäåëèì îäíîìåðíûé ïàðàìåòð t, ïîëàãàÿ k = tθ, t = |k|,
θ ∈ Sd−1. Áóäåì ïðèìåíÿòü ñõåìó ãë. 1. Ïðè ýòîì âîçíèêàþùèå îáúåêòû
áóäóò çàâèñåòü îò äîïîëíèòåëüíîãî ïàðàìåòðà θ, è íåîáõîäèìî ñëåäèòü çà
ðàâíîìåðíîñòüþ ïîñòðîåíèé è îöåíîê ïî ïàðàìåòðó θ. Ïðîñòðàíñòâà H, H∗
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è H̃ îïðåäåëåíû â (5.2). Ïîëîæèì X(t) = X(t;θ) := X (tθ). Â ñîîòâåòñòâèè
ñ (5.3) X(t;θ) = X0 + tX1(θ), ãäå X0 = X (0) = h(x)b(D)f(x), DomX0 = d,
è X1(θ) � îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ìàòðèöó h(x)b(θ)f(x).
Äàëåå, ïîëîæèì A(t) = A(t;θ) := A(tθ). Â ñîîòâåòñòâèè ñ (5.6) ÿäðî N =
KerX0 = KerA(0) n-ìåðíî. Óñëîâèå 1.1 âûïîëíåíî. Âåëè÷èíà d0 äîïóñêàåò
îöåíêó (5.8). Êàê ïîêàçàíî â [BSu1, ãë. 2, �3], óñëîâèå n 6 n∗ = dimKerX∗0
òàêæå âûïîëíåíî.

Äàëåå, ðîëü Y (t) èãðàåò îïåðàòîð Y (t;θ) := Y(tθ). Ïðè ýòîì ñîãëàñíî
(5.9) Y (t;θ) = Y0 + tY1(θ), ãäå

Y0u = D(fu) = col {D1fu, . . . , Ddfu}, DomY0 = d;

Y1(θ)u = col {θ1fu, . . . , θdfu}.
(6.1)

Óñëîâèå 1.2 âûïîëíåíî çà ñ÷åò îöåíêè (5.10). Îïåðàòîð Y2 îïðåäåëåí â
(5.11). Óñëîâèå 1.3 âûïîëíåíî â ñèëó (5.12). Ðîëü ôîðìû q èç ï. 1.3 èãðà-
åò ôîðìà qΩ. Óñëîâèå 1.4 âûïîëíåíî â ñèëó (5.13). Ðîëü îïåðàòîðà Q0 èç
ï. 1.3 èãðàåò îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ Q0(x). Îãðàíè-
÷åíèå (1.5) íà ïàðàìåòð λ âûïîëíåíî â ñèëó (4.18). Îöåíêè (5.14), (5.15)
ñîîòâåòñòâóþò íåðàâåíñòâàì (1.7), (1.9).

Íàêîíåö, â êà÷åñòâå îïåðàòîðíîãî ïó÷êà B(t, ε) (ñì. (1.10)) âûñòóïàåò
îïåðàòîðíîå ñåìåéñòâî (5.16): B(t, ε;θ) := B(tθ, ε).

Òàêèì îáðàçîì, âñå ïðåäïîëîæåíèÿ àáñòðàêòíîé ñõåìû âûïîëíåíû.

6.2

Â ñîîòâåòñòâèè ñ ï. 1.5 íàäëåæèò ôèêñèðîâàòü ïîëîæèòåëüíîå ÷èñëî δ
òàêîå, ÷òî δ < κd0/13. Ó÷èòûâàÿ (5.7), (5.8), ïîëîæèì

δ =
1

4
κc∗r

2
0 =

1

4
κα0‖f−1‖−2

L∞
‖g−1‖−1

L∞
r2

0. (6.2)

Çàìåòèì, ÷òî èç (4.1), (4.2) è (6.1) âûòåêàåò

‖X1(θ)‖ 6 α
1/2
1 ‖g‖

1/2
L∞
‖f‖L∞ , ‖Y1(θ)‖ = ‖f‖L∞ , θ ∈ Sd−1. (6.3)

Âìåñòî òî÷íîãî çíà÷åíèÿ ïîñòîÿííîé (1.12), çàâèñÿùåãî îò θ è ðàâíîãî
δ1/2((2 + c2

1 + c2)‖X1(θ)‖2 + C(1) + c3 + |λ|‖f‖2L∞)−1/2, ïðèìåì ñëåäóþùåå

çàíèæåííîå çíà÷åíèå, ïîäõîäÿùåå ïðè âñåõ θ ∈ Sd−1:

τ0 = δ1/2((2 + c2
1 + c2)α1‖g‖L∞‖f‖2L∞ + C(1) + c3 + |λ|‖f‖2L∞)−1/2. (6.4)
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Óñëîâèå (2.1) âûïîëíåíî â ñèëó (5.7). Òîãäà ñ ó÷åòîì (5.14) äëÿ îïåðà-
òîðà B(t, ε;θ) âûïîëíåíî óñëîâèå âèäà (2.2):

B(t, ε;θ) > č∗(t
2 + ε2)I, k = tθ ∈ Ω̃, 0 < ε 6 1, (6.5)

č∗ =
1

2
min{κc∗, 2β}. (6.6)

6.3 Ýôôåêòèâíûå õàðàêòåðèñòèêè

Ýôôåêòèâíûå õàðàêòåðèñòèêè äëÿ ñëó÷àÿ f = 1n ïîñòðîåíû â [Su6, ï. 6.3,
6.4, 7.1]. Â ýòîì ïóíêòå áóäóò ñôîðìóëèðîâàíû íåîáõîäèìûå ðåçóëüòàòû.

Âñå îáúåêòû, îòíîñÿùèåñÿ ê ñëó÷àþ f = 1n, äàëåå ïîìå÷àþòñÿ âåðõ-

íèì çíà÷êîì ½ ̂ �. Èìååì Ĥ = H = L2(Ω;Cn). Â ñîîòâåòñòâèè ñ ï. 6.1
X̂(t;θ) = X̂0 + tX̂1(θ), X̂0 = h(x)b(D), Dom X̂0 = H̃1(Ω;Cn), è X̂1(θ) �
îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ìàòðèöó h(x)b(θ). Ôîðìàëüíî
Â(t;θ) = X̂(t;θ)∗X̂(t;θ). Â ñëó÷àå f = 1n ÿäðî (5.6) ñîâïàäàåò ñ ïîä-
ïðîñòðàíñòâîì êîíñòàíò N̂ = {u ∈ H : u = c ∈ Cn}. Îðòîãîíàëüíûé
ïðîåêòîð P̂ ïðîñòðàíñòâà H = L2(Ω;Cn) íà ïîäïðîñòðàíñòâî N̂ = Cn �
îïåðàòîð óñðåäíåíèÿ ïî ÿ÷åéêå Ω: P̂u = |Ω|−1

∫
Ω u(x) dx.

Äàëåå, Ŷ (t;θ) = Ŷ0+tŶ1(θ) : H→ H̃, ãäå Ŷ0u = Du = col {D1u, . . . , Ddu},
Dom Ŷ0 = H̃1(Ω;Cn), è Ŷ1(θ)u = col {θ1u, . . . , θdu}. Îïåðàòîð Ŷ2 : H → H̃
äåéñòâóåò íà îáëàñòè îïðåäåëåíèÿ Dom Ŷ2 = H̃1(Ω;Cn) ïî ïðàâèëó Ŷ2u =
col {a∗1u, . . . , a∗du}. Ðîëü ôîðìû q̂[u,u] èãðàåò ôîðìà

∫
Ω〈dµ(x)u,u〉, â ðîëè

îïåðàòîðà Q̂0 âûñòóïàåò òîæäåñòâåííûé îïåðàòîð I.
Îïåðàòîðíûé ïó÷îê B̂(t, ε;θ) ôîðìàëüíî äàåòñÿ âûðàæåíèåì

B̂(t, ε;θ) = Â(t;θ) + ε(Ŷ ∗2 Ŷ (t;θ) + Ŷ (t;θ)∗Ŷ2) + ε2Q+ λε2I.

Â ñîîòâåòñòâèè ñ ï. 1.6 ââåäåì îïåðàòîðû Ẑ,
̂̃
Z. Îïåðàòîð Ẑ ñåé÷àñ

çàâèñèò îò θ. Êàê ïîêàçàíî â [BSu3, (4.2)], Ẑ(θ) = Λb(θ)P̂ , ãäå Λ(x) �
Γ-ïåðèîäè÷åñêàÿ (n×m)-ìàòðèöà-ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óðàâíåíèþ

b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0. (6.7)

Â ñîîòâåòñòâèè ñ [Su6, ï. 6.3]
̂̃
Z = Λ̃P̂ , ãäå Λ̃(x) � Γ-ïåðèîäè÷åñêàÿ

(n× n)-ìàòðèöà-ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óðàâíåíèþ

b(D)∗g(x)b(D)Λ̃(x) +

d∑
j=1

Djaj(x)∗ = 0,

∫
Ω

Λ̃(x) dx = 0. (6.8)
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Ñïåêòðàëüíûé ðîñòîê Ŝ, ââåäåííûé â ï. 1.7, òåïåðü çàâèñèò îò θ. Ñî-
ãëàñíî [BSu1, ãë. 3, �1] îïåðàòîð Ŝ(θ) : N̂ → N̂ äåéñòâóåò êàê îïåðà-
òîð óìíîæåíèÿ íà ìàòðèöó b(θ)∗g0b(θ), θ ∈ Sd−1. Çäåñü g0 � ïîñòîÿííàÿ
(m ×m)-ìàòðèöà, íàçûâàåìàÿ ýôôåêòèâíîé ìàòðèöåé è çàäàííàÿ âûðà-
æåíèåì

g0 = |Ω|−1

∫
Ω
g(x)(b(D)Λ(x) + 1m) dx. (6.9)

Â ñîîòâåòñòâèè ñ [Su6, (7.2), (7.3)] îïðåäåëèì ïîñòîÿííûå ìàòðèöû

V := |Ω|−1

∫
Ω

(b(D)Λ(x))∗g(x)b(D)Λ̃(x) dx, (6.10)

W := |Ω|−1

∫
Ω

(b(D)Λ̃(x))∗g(x)b(D)Λ̃(x) dx. (6.11)

Îïåðàòîð L̂(t, ε), ââåäåííûé â (2.21), òåïåðü çàâèñèò îò θ. Âåðíåìñÿ
ê ïàðàìåòðó k = tθ: L̂(t, ε;θ) = L̂(k, ε). Îêàçûâàåòñÿ (ñì. [Su6, (7.8)]),
ñïðàâåäëèâî ïðåäñòàâëåíèå

L̂(k, ε) = b(k)∗g0b(k) + ε(−b(k)∗V − V ∗b(k)) + ε
d∑
j=1

(aj + a∗j )kj

+ ε2(−W +Q+ λI),

(6.12)

ãäå (aj + a∗j ) := |Ω|−1
∫

Ω(aj(x) + aj(x)∗) dx è

Q := |Ω|−1

∫
Ω
dµ(x). (6.13)

Ïîëîæèì

Â0(k) = b(D+ k)∗g0b(D+ k), Ŷ0(k) = −b(D+ k)∗V +

d∑
j=1

aj(Dj + kj),

B̂0(k, ε) = Â0(k) + ε(Ŷ0(k) + Ŷ0(k)∗) + ε2(Q−W + λI).

Òîãäà
L̂(k, ε)P̂ = B̂0(k, ε)P̂ . (6.14)
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6.4 Ñëó÷àé f 6= 1n

Âîçâðàùàåìñÿ ê ðàññìîòðåíèþ îïåðàòîðîâ B(ε) îáùåãî âèäà (4.22) è ñîîò-
âåòñòâóþùèõ ñåìåéñòâ B(t, ε;θ), îïèñàííûõ â ï. 6.1. Âåðõíèé çíà÷îê ½̂�
óäåðæèâàåòñÿ äëÿ îáîçíà÷åíèÿ îáúåêòîâ, îòâå÷àþùèõ f = 1n ïðè ñîõðà-
íåíèè òåõ æå b, g, aj , j = 1, . . . , d, λ, Q.

Âîñïîëüçóåìñÿ ñõåìîé ï. 1.10�1.12. Ñåé÷àñ Ĥ = H = L2(Ω;Cn), à ðîëü
èçîìîðôèçìàM èãðàåò îïåðàòîð óìíîæåíèÿ íà ìàòðèöó-ôóíêöèþ f . Â êà-
÷åñòâå îïåðàòîðà G èç ï. 1.10 (ñì. (1.40)) âûñòóïàåò ρ � îïåðàòîð óìíîæå-
íèÿ íà ìàòðèöó-ôóíêöèþ ρ(x) := (f(x)f(x)∗)−1. Áëîê ρ â ÿäðå N̂ = Cn �
îïåðàòîð óìíîæåíèÿ íà ïîñòîÿííóþ ìàòðèöó ρ = |Ω|−1

∫
Ω(f(x)f(x)∗)−1 dx.

Ðîëü îïåðàòîðà M0 (ñì. (3.1)) èãðàåò îïåðàòîð óìíîæåíèÿ íà ïîñòîÿííóþ
ìàòðèöó f0 := (ρ)−1/2. Çàìåòèì, ÷òî

|f0| 6 ‖f‖L∞ , |f−1
0 | 6 ‖f

−1‖L∞ . (6.15)

Â ñîîòâåòñòâèè ñ (5.7) âûïîëíåíî íåðàâåíñòâî Â(k) > ĉ∗|k|2I, k ∈ Ω̃,
ãäå ĉ∗ = α0‖g−1‖−1

L∞
. Îòìåòèì, ÷òî ïîñòîÿííûå c∗ è ĉ∗ ñâÿçàíû ðàâåíñòâîì

c∗ = ‖f−1‖−2
L∞
ĉ∗. Ñîãëàñíî (1.47) β 6 ‖f−1‖−2

L∞
β̂. Â ñèëó (6.6) èìååì č∗ =

1
2 min{κc∗, 2β}, ̂̌c∗ = 1

2 min{κĉ∗, 2β̂}. Ñëåäîâàòåëüíî, č∗ 6 ‖f−1‖−2
L∞
̂̌c∗. Â

ñîîòâåòñòâèè ñ (2.22) L̂(k, ε) > ̂̌c∗(|k|2 + ε2)1n. Ñ ó÷åòîì (6.15) îòñþäà
âûòåêàåò îöåíêà

f0L̂(k, ε)f0 > č∗(|k|2 + ε2)1n, k ∈ Rd. (6.16)

7 Àïïðîêñèìàöèÿ îïåðàòîðà f exp(−B(k, ε)s)f ∗

7.1 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Ñòàðøèé ÷ëåí àïïðîêñèìàöèè îïåðàòîðà f exp(−A(k)s)f∗ áûë ïîëó÷åí â
[Su2, ï. 6.2], àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà � â [Su5, �8]. Ðàññìîò-
ðèì òåïåðü ýêñïîíåíòó îïåðàòîðà

B(k, ε) = f∗B̂(k, ε)f. (7.1)

Áóäåì ïðèìåíÿòü òåîðåìó 3.2 ê îïåðàòîðó (7.1). Äëÿ ýòîãî íóæíî ðåà-
ëèçîâàòü çíà÷åíèÿ ïîñòîÿííûõ. Ïîñòîÿííûå c1, C(ν), κ, c0, c2, c3, c4 îïðå-
äåëåíû â �4 (ñì. (4.7), (4.9), (4.11), (4.13), (4.14), (4.16)). Ïîñòîÿííàÿ λ
ïîä÷èíåíà óñëîâèþ (4.18), β îïðåäåëåíî â (4.19), à c∗ è č∗ îïðåäåëåíû â
(5.7), (6.6). Ïîñòîÿííûå δ è τ0 îïðåäåëÿþòñÿ â ñîîòâåòñòâèè ñ (6.2) è (6.4).
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Ñîãëàñíî (1.29), (1.30) ââåäåì ïîñòîÿííûå C
(1)
T è C

(2)
T , êîòîðûå òåïåðü

çàâèñÿò îò äîïîëíèòåëüíîãî ïàðàìåòðà θ ∈ Sd−1. Ó÷èòûâàÿ (4.7) è (6.3),
ïðèìåì ñëåäóþùèå çàâûøåííûå çíà÷åíèÿ, ïîäõîäÿùèå ïðè âñåõ θ ∈ Sd−1:

C
(1)
T = max{2 + α−1

0 ‖g
−1‖L∞ , (α1‖g‖L∞‖f‖2L∞ + C(1))δ−1},

C
(2)
T = max{c2 + 1, (α1‖g‖L∞‖f‖2L∞ + ‖f‖2L∞ + C(1) + c3 + |λ|‖f‖2L∞)δ−1}.

Èñïîëüçóÿ ýòè çíà÷åíèÿ C
(1)
T è C

(2)
T , îïðåäåëÿåì ïîñòîÿííûå CT , C

0
T , C1,

C2, C5, C6 ïî ôîðìóëàì (1.31), (1.32), (1.33), (2.13) è (2.19); òîãäà âñå ýòè
ïîñòîÿííûå íå áóäóò çàâèñåòü îò θ. Ñîãëàñíî (2.17) ïîëàãàåì

C∗ =
1

2
min{č∗; δτ−2

0 }. (7.2)

Ââåäåì îáîçíà÷åíèå E0(k, ε, s) := f0e
−f0B̂0(k,ε)f0sf0 è âîñïîëüçóåìñÿ òåî-

ðåìîé 3.2. Ñ ó÷åòîì (6.14) èç (3.5) âûòåêàåò, ÷òî

‖fe−B(k,ε)sf∗ − E0(k, ε, s)P̂‖H→H

6 C6‖f‖2L∞(1 + s)−1/2e−(|k|2+ε2)C∗s, s > 0, |k|2 + ε2 6 τ2
0 .

(7.3)

Òåïåðü ïðîâåäåì îöåíêè â ñëó÷àå |k|2 + ε2 > τ2
0 . Èç (6.5) ñëåäóåò, ÷òî

‖fe−B(k,ε)sf∗‖H→H 6 ‖f‖2L∞e
−č∗(|k|2+ε2)s. (7.4)

Â ñèëó (6.14), (6.15) è (6.16) èìååì

‖E0(k, ε, s)P̂‖H→H 6 |f0|2e−č∗(|k|
2+ε2)s 6 ‖f‖2L∞e

−č∗(|k|2+ε2)s. (7.5)

Îáúåäèíÿÿ (7.4), (7.5) è èñïîëüçóÿ (7.2) è íåðàâåíñòâî e−α 6 (1 + α)−1/2,
α > 0, íàõîäèì, ÷òî ïðè s > 0 è |k|2 + ε2 > τ2

0 âûïîëíåíî

‖fe−B(k,ε)sf∗ − E0(k, ε, s)P̂‖H→H

6 2‖f‖2L∞ max{1;
√

2č
−1/2
∗ τ−1

0 }(1 + s)−1/2e−(|k|2+ε2)C∗s.
(7.6)

Íà îñíîâàíèè îöåíîê (7.3) è (7.6) çàêëþ÷àåì, ÷òî

‖fe−B(k,ε)sf∗ − E0(k, ε, s)P̂‖H→H

6 ‖f‖2L∞ max{C6; 2
√

2č
−1/2
∗ τ−1

0 }(1 + s)−1/2e−(|k|2+ε2)C∗s, k ∈ Ω̃.
(7.7)
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Ïîêàæåì, ÷òî â (7.7) îïåðàòîð P̂ ìîæåò áûòü çàìåíåí íà I. Òàê êàê
E0(k, ε, s) � îïåðàòîð ñ ñèìâîëîì f0 exp(−f0L̂(b+k, ε)f0s)f0, â ñèëó (6.16),
(6.15) è (7.2) èìååì

‖E0(k, ε, s)(I − P̂ )‖H→H 6 ‖f‖2L∞ sup
06=b∈Γ̃

e−č∗(|k+b|2+ε2)s

6 ‖f‖2L∞ max{1;
√

2č
−1/2
∗ r−1

0 }(1 + s)−1/2e−(|k|2+ε2)C∗s, k ∈ Ω̃.

(7.8)

Êîìáèíèðóÿ (7.7) è (7.8), ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 7.1. Ïðè s > 0, k ∈ clos Ω̃ è 0 < ε 6 1 ñïðàâåäëèâà îöåíêà

‖fe−B(k,ε)sf∗ − E0(k, ε, s)‖H→H 6 C1(1 + s)−1/2e−(|k|2+ε2)C∗s.

Çäåñü C1 := ‖f‖2L∞ max{C6; 2
√

2č
−1/2
∗ τ−1

0 }+ ‖f‖2L∞ max{1;
√

2č
−1/2
∗ r−1

0 }.

7.2 Àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà

Áóäåì ïðèìåíÿòü òåîðåìó 3.3 ê îïåðàòîðíîìó ñåìåéñòâó B(k, ε). Äëÿ ýòîãî
íóæíî ðåàëèçîâàòü çíà÷åíèÿ îöåíî÷íûõ ïîñòîÿííûõ. Ïîñòîÿííûå CT , C1,
C2 îïðåäåëåíû â ï. 7.1. Ñîãëàñíî (1.25) è ó÷èòûâàÿ (6.3), ïðèìåì ñëåäóþ-
ùåå çàâûøåííîå çíà÷åíèå ïîñòîÿííîé c5:

c5 :=
(
α

1/2
1 ‖g‖

1/2
L∞
‖f‖L∞ + c1C(1)1/2

)2
+ 2C(1)1/2‖f‖L∞

+ max{|c0|; c3}+ |λ|‖f‖2L∞ .

Ïðè òàêîì çíà÷åíèè c5 îïðåäåëèì ïîñòîÿííûå C3, C4, C7, C8 â ñîîòâåò-
ñòâèè ñ (1.36), (1.38), (2.29) è (2.32); òîãäà îíè íå çàâèñÿò îò θ.

Òåïåðü ââåäåì îïåðàòîðû Ẑρ(θ) è
̂̃
Zρ, äåéñòâóþùèå â H, ïî ðåöåïòó

èç ï. 1.13. Îïðåäåëèì Γ-ïåðèîäè÷åñêóþ (n×m)-ìàòðèöó-ôóíêöèþ Λρ(x),
óäîâëåòâîðÿþùóþ óðàâíåíèþ

b(D)∗g(x) (b(D)Λρ(x) + 1m) = 0,

∫
Ω
ρ(x)Λρ(x) dx = 0,

êîòîðîå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Ñð. [BSu3, �5]. Î÷åâèäíî, Λρ(x) îò-
ëè÷àåòñÿ îò ðåøåíèÿ Λ(x) çàäà÷è (6.7) íà ïîñòîÿííîå ñëàãàåìîå:

Λρ(x) = Λ(x) + Λ0
ρ, Λ0

ρ = − (ρ)−1 (ρΛ
)
. (7.9)
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Â [BSu3, ï. 7.3] óñòàíîâëåíà ñëåäóþùàÿ îöåíêà:

|Λ0
ρ| 6 Cρ := m1/2(2r0)−1α

−1/2
0 ‖g‖1/2L∞

‖g−1‖1/2L∞
‖f‖2L∞‖f

−1‖2L∞ . (7.10)

Ñîãëàñíî [BSu3, �5] ðîëü îïåðàòîðà ẐG èç ï. 1.13 èãðàåò îïåðàòîð
Ẑρ(θ) = Λρb(θ)P̂ . C ó÷åòîì b(D)P̂ = 0 èìååì tẐρ(θ) = Λρb(D + k)P̂ ,
k ∈ Rd.

Â ñîîòâåòñòâèè ñ (1.56) îïðåäåëèì â H îïåðàòîð
̂̃
Zρ, ñîïîñòàâëÿþùèé

ýëåìåíòó û ∈ H ðåøåíèå w(ρ) ∈ H̃1(Ω;Cn) çàäà÷è

b(D)∗g(x)b(D)w(ρ) +

d∑
j=1

Djaj(x)∗c = 0,

∫
Ω
ρ(x)w(ρ)(x) dx = 0, c = P̂ û.

Ââåäåì Γ-ïåðèîäè÷åñêóþ (n × n)-ìàòðèöó-ôóíêöèþ Λ̃ρ(x), ðåøàþùóþ
óðàâíåíèå

b(D)∗g(x)b(D)Λ̃ρ(x) +
d∑
j=1

Djaj(x)∗ = 0,

∫
Ω
ρ(x)Λ̃ρ(x) dx = 0.

Ýòî óðàâíåíèå ïîíèìàåòñÿ â ñëàáîì ñìûñëå. Çàìåòèì, ÷òî

Λ̃ρ(x) = Λ̃(x) + Λ̃0
ρ, Λ̃0

ρ = − (ρ)−1
(
ρΛ̃
)
, (7.11)

ãäå Λ̃ � Γ-ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (6.8). Êàê ïîêàçàíî â [Su6, (7.52)],

‖Λ̃‖L2(Ω) 6 (2r0)−1Can
1/2α−1

0 ‖g
−1‖L∞ ,

ãäå ïîñòîÿííàÿ Ca îïðåäåëåíà íèæå â (7.24). Îòñþäà ñëåäóåò, ÷òî

|ρΛ̃| 6 ‖f−1‖2L∞ |Ω|
−1/2‖Λ̃‖L2(Ω)

6 (2r0)−1Can
1/2α−1

0 ‖g
−1‖L∞‖f−1‖2L∞ |Ω|

−1/2.

Ñëåäîâàòåëüíî, äëÿ Λ̃0
ρ âåðíà îöåíêà

|Λ̃0
ρ| 6 C̃ρ := (2r0)−1Can

1/2α−1
0 ‖g

−1‖L∞‖f‖2L∞‖f
−1‖2L∞ |Ω|

−1/2. (7.12)

Èç îïðåäåëåíèé
̂̃
Zρ è Λ̃ρ âûòåêàåò òîæäåñòâî

̂̃
Zρ = Λ̃ρP̂ .
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Ñ ó÷åòîì ðàâåíñòâ tẐρ(θ) = Λρb(D + k)P̂ ,
̂̃
Zρ = Λ̃ρP̂ èç òåîðåìû 3.3

ñëåäóåò îöåíêà

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λρb(D+ k) + εΛ̃ρ

)
E0(k, ε, s)P̂

)
‖H→H

6 C8‖f‖L∞s−1e−(|k|2+ε2)C∗s, s > 0, 0 < ε 6 1, |k|2 + ε2 6 τ2
0 .

(7.13)

Èñïîëüçóÿ (7.9), (7.11), ïîêàæåì, ÷òî â (7.13) Λρ è Λ̃ρ ìîãóò áûòü çàìå-

íåíû íà Λ è Λ̃ ñîîòâåòñòâåííî. Èñïîëüçóÿ (5.15) â ñëó÷àå f = 1n, íåñëîæíî
óáåäèòüñÿ (ñì. [Su6, (7.32)]), ÷òî ñïðàâåäëèâà îöåíêà

‖B̂(k, ε)1/2P̂‖H→H 6 CP (|k|2 + ε2)1/2, k ∈ Ω̃, (7.14)

ñ ïîñòîÿííîé CP = max{(2 + c2
1 + c2)1/2α

1/2
1 ‖g‖

1/2
L∞

; (Ĉ(1) + ĉ3 + |λ|)1/2}.
Êîìáèíèðóÿ (4.1), (7.5), (7.10), (7.12), (7.14), ñ ó÷åòîì b(D)P̂ = 0 è (7.2)
íàõîäèì

‖B̂(k, ε)1/2
(

Λ0
ρb(D+ k) + εΛ̃0

ρ

)
E0(k, ε, s)P̂‖H→H

6 ‖B̂(k, ε)1/2P̂‖(α1/2
1 |Λ

0
ρ||k|+ |Λ̃0

ρ|ε)‖f‖2L∞e
−č∗(|k|2+ε2)s

6 2CP č
−1
∗ ‖f‖2L∞(α

1/2
1 Cρ + C̃ρ)s

−1e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃.

(7.15)

Îáúåäèíÿÿ îöåíêè (7.13) è (7.15) è ïðèíèìàÿ âî âíèìàíèå (7.9), ïîëó÷èì

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D+ k) + εΛ̃

)
E0(k, ε, s)P̂

)
‖H→H

6 C9s
−1e−(|k|2+ε2)C∗s, s > 0, 0 < ε 6 1, |k|2 + ε2 6 τ2

0 ,
(7.16)

ãäå C9 = C8‖f‖L∞ + 2CP č
−1
∗ ‖f‖2L∞(α

1/2
1 Cρ + C̃ρ).

7.3 Îöåíêè â ñëó÷àå |k|2 + ε2 > τ 2
0

Êàæäûé ÷ëåí ïîä çíàêîì íîðìû â (7.16) áóäåì îöåíèâàòü ïî îòäåëüíîñòè.
Èç (7.1) âûòåêàåò, ÷òî

‖B̂(k, ε)1/2fe−B(k,ε)sf∗u‖2H = (B̂(k, ε)fe−B(k,ε)sf∗u, fe−B(k,ε)sf∗u)H

= ‖B(k, ε)1/2e−B(k,ε)sf∗u‖2H 6 ‖B(k, ε)1/2e−B(k,ε)s‖2H→H‖f‖2L∞‖u‖
2
H.

(7.17)
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Â ñèëó (6.5) è (7.2) èìååì

‖B(k, ε)1/2e−B(k,ε)s‖H→H 6 sup
α>č∗(|k|2+ε2)

2α−1/2s−1e−αs/2

6 2č
−1/2
∗ τ−1

0 s−1e−(|k|2+ε2)C∗s, s > 0, |k|2 + ε2 > τ2
0 .

Îòñþäà è èç (7.17) ïðè s > 0 è |k|2 + ε2 > τ2
0 âûòåêàåò îöåíêà

‖B̂(k, ε)1/2fe−B(k,ε)sf∗‖H→H 6 2‖f‖L∞ č
−1/2
∗ τ−1

0 s−1e−(|k|2+ε2)C∗s. (7.18)

Èç (7.2), (7.5) è (7.14) ñëåäóåò, ÷òî ïðè s > 0 è |k|2 + ε2 > τ2
0

‖B̂(k, ε)1/2E0(k, ε, s)P̂‖H→H 6 2‖f‖2L∞CP č
−1
∗ τ−1

0 s−1e−(|k|2+ε2)C∗s. (7.19)

Îöåíèì òåïåðü íîðìó êîððåêòîðà. Èìååì

‖B̂(k, ε)1/2
(

Λb(D+ k) + εΛ̃
)
E0(k, ε, s)P̂‖H→H

6 ‖B̂(k, ε)1/2ΛP̂m‖H→H‖b(D+ k)E0(k, ε, s)P̂‖H→H

+ ε‖B̂(k, ε)1/2Λ̃P̂‖H→H‖E0(k, ε, s)P̂‖H→H.

(7.20)

Îöåíèì íîðìó îïåðàòîðà b(D+ k)E0(k, ε, s)P̂ . Êîìáèíèðóÿ (4.1), (7.2),
(7.5) è òîæäåñòâî b(D)P̂ = 0, íàõîäèì

‖b(D+ k)E0(k, ε, s)P̂‖H→H 6 α
1/2
1 |k|‖f‖

2
L∞e

−č∗(|k|2+ε2)s

6 2α
1/2
1 č−1

∗ ‖f‖2L∞ |k|(|k|
2 + ε2)−1s−1e−(|k|2+ε2)C∗s, k ∈ Ω̃.

(7.21)

Îïåðàòîðû B̂(k, ε)1/2ΛP̂m, B̂(k, ε)1/2Λ̃P̂ îöåíèâàëèñü â [Su6, ëåììû 7.2
è 7.3]. Ñôîðìóëèðóåì ðåçóëüòàòû.

Ëåììà 7.2. Ïðè k ∈ Ω̃, 0 < ε 6 1 ñïðàâåäëèâû îöåíêè

‖B̂(k, ε)1/2ΛP̂m‖H→H 6 CΛ(k, ε), (7.22)

‖B̂(k, ε)1/2Λ̃P̂‖H→H 6 C
Λ̃

(k, ε), (7.23)

ãäå âåëè÷èíû CΛ(k, ε), C
Λ̃

(k, ε) îïðåäåëÿþòñÿ ðàâåíñòâàìè

CΛ(k, ε)2 = (2 + c2
1 + c2)m(‖g‖1/2L∞

+ c(1)|k|)2 + c(2)ε2,

C
Λ̃

(k, ε)2 = (2 + c2
1 + c2)n|Ω|−1(c(3) + c(4)|k|)2 + c(5)ε2.
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Çäåñü

C2
a =

d∑
j=1

∫
Ω
|aj(x)|2 dx, (7.24)

c(1) = (2r0)−1α
1/2
1 α

−1/2
0 ‖g−1‖1/2L∞

‖g‖L∞ ,

c(2) = (Ĉ(1) + ĉ3 + |λ|)m(2r0)−2α−1
0 ‖g

−1‖L∞‖g‖L∞ ,

c(3) = Caα
−1/2
0 ‖g−1‖1/2L∞

, c(4) = (2r0)−1Caα
−1
0 α

1/2
1 ‖g‖

1/2
L∞
‖g−1‖L∞ ,

c(5) = (Ĉ(1) + ĉ3 + |λ|)(2r0)−2C2
anα

−2
0 ‖g

−1‖2L∞ |Ω|
−1.

Ñëåäñòâèå 7.3. Ïðè k ∈ Ω̃, 0 < ε 6 1 ñïðàâåäëèâû îöåíêè

‖B̂(k, ε)1/2ΛP̂m‖H→H 6 CΛ(r1, 1), ‖B̂(k, ε)1/2Λ̃P̂‖H→H 6 C
Λ̃

(r1, 1). (7.25)

Çàìåòèì, ÷òî èç (7.21) è (7.22) âûòåêàåò îöåíêà

‖B̂(k, ε)1/2ΛP̂m‖H→H‖b(D+ k)E0(k, ε, s)P̂‖H→H

6 CΛ(k, ε)α
1/2
1 2č−1

∗ ‖f‖2L∞ |k|(|k|
2 + ε2)−1s−1e−(|k|2+ε2)C∗s

6 č−1
∗ CΛ‖f‖2L∞s

−1e−(|k|2+ε2)C∗s, |k|2 + ε2 > τ2
0 ,

(7.26)

ãäå

C2
Λ = 4α1(2 + c2

1 + c2)m
(
‖g‖1/2L∞

τ−1
0 + c(1)

)2
+ α1c

(2).

Àíàëîãè÷íî èç (7.2), (7.5) è (7.23) ñëåäóåò, ÷òî ïðè |k|2 + ε2 > τ2
0 èìååì

ε‖B̂(k, ε)1/2Λ̃P̂‖H→H‖E0(k, ε, s)P̂‖H→H 6 č−1
∗ C

Λ̃
‖f‖2L∞s

−1e−(|k|2+ε2)C∗s,
(7.27)

ãäå
C2

Λ̃
= (2 + c2

1 + c2)n|Ω|−1(2c(3)τ−1
0 + c(4))2 + 4c(5).

Ïîäûòîæèì ðåçóëüòàòû. Èç (7.20), (7.26) è (7.27) âûòåêàåò îöåíêà

‖B̂(k, ε)1/2
(

Λb(D+ k) + εΛ̃
)
E0(k, ε, s)P̂‖H→H

6 č−1
∗ ‖f‖2L∞(CΛ + C

Λ̃
)s−1e−(|k|2+ε2)C∗s, s > 0, |k|2 + ε2 > τ2

0 .
(7.28)

Êîìáèíèðóÿ (7.18), (7.19) è (7.28), íàõîäèì

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D+ k) + εΛ̃

)
E0(k, ε, s)P̂

)
‖H→H

6 C10s
−1e−(|k|2+ε2)C∗s, s > 0, |k|2 + ε2 > τ2

0 ,
(7.29)

ãäå C10 = 2‖f‖L∞ č
−1/2
∗ τ−1

0 + 2‖f‖2L∞CP č
−1
∗ τ−1

0 + č−1
∗ ‖f‖2L∞(CΛ + C

Λ̃
) .
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7.4

Îáúåäèíÿÿ (7.16) è (7.29), ïðèõîäèì ê îöåíêå

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D+ k) + εΛ̃

)
E0(k, ε, s)P̂

)
‖H→H

6 max{C9;C10}s−1e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃.
(7.30)

Ïîêàæåì, ÷òî â ñòàðøåì ÷ëåíå àïïðîêñèìàöèè îïåðàòîð P̂ ìîæåò áûòü
çàìåíåí íà I. Äëÿ ýòîãî îöåíèì íîðìó îïåðàòîðà B̂(k, ε)1/2E0(k, ε, s)P̂⊥. Â
ñèëó îöåíêè (5.15) äëÿ ñëó÷àÿ f = 1n èìååì

‖B̂(k, ε)1/2E0(k, ε, s)P̂⊥u‖2H 6 (2 + c2
1 + c2)‖Â(k)1/2E0(k, ε, s)P̂⊥u‖2H

+
(
Ĉ(1) + ĉ3 + |λ|

)
ε2‖E0(k, ε, s)P̂⊥u‖2H, u ∈ H.

(7.31)

Òàê êàê E0(k, ε, s) � îïåðàòîð ñ ñèìâîëîì f0 exp(−f0L̂(b+k, ε)f0s)f0, â ñè-
ëó (4.1), (6.15), (6.16), (7.2) è îöåíêè |b + k| > r0 ïðè k ∈ Ω̃, 0 6= b ∈ Γ̃,
èìååì

‖Â(k)1/2E0(k, ε, s)P̂⊥‖H→H

6 ‖g‖1/2L∞
‖f‖2L∞α

1/2
1 sup

0 6=b∈Γ̃

|b+ k|e−č∗(|b+k|2+ε2)s

6 2‖g‖1/2L∞
‖f‖2L∞α

1/2
1 č−1

∗ r−1
0 s−1e−(|k|2+ε2)C∗s, s > 0.

(7.32)

Àíàëîãè÷íî, ó÷èòûâàÿ (6.16) è (7.2), ïîëó÷èì

ε‖E0(k, ε, s)P̂⊥‖H→H 6 ‖f‖2L∞ č
−1
∗ r−1

0 s−1e−(|k|2+ε2)C∗s, s > 0. (7.33)

Ïîäñòàâëÿÿ (7.32) è (7.33) â (7.31), ïðèõîäèì ê îöåíêå

‖B̂(k, ε)1/2E0(k, ε, s)P̂⊥‖H→H 6 C11s
−1e−(|k|2+ε2)C∗s, s > 0, (7.34)

ãäå C11 = r−1
0 č−1
∗ ‖f‖2L∞(4‖g‖L∞α1(2 + c2

1 + c2) + Ĉ(1) + ĉ3 + |λ|)1/2.
Îáúåäèíÿÿ (7.30) è (7.34), ïîëó÷èì îöåíêó

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D+ k)P̂ + εΛ̃P̂

)
E0(k, ε, s)

)
‖H→H

6 C2s
−1e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃,

(7.35)

ñ ïîñòîÿííîé C2 = max{C9;C10}+ C11.
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7.5 Îöåíêè ïðè 0 < s < 1

Ïîêàæåì òåïåðü, ÷òî ïðè s > 0 ëåâàÿ ÷àñòü (7.35) ìîæåò áûòü òàêæå îöå-
íåíà ÷åðåç C3s

−1/2 exp(−(|k|2 + ε2)C∗s) ñ íåêîòîðîé ïîñòîÿííîé C3. Ïðè
0 < s < 1 ýòà îöåíêà ïðåäïî÷òèòåëüíåå, ÷åì (7.35), íî ïðè s > 1 ïðåäïî-
÷òèòåëüíåå îöåíêà (7.35). Ñåé÷àñ êàæäûé ÷ëåí ïîä çíàêîì íîðìû â (7.35)
áóäåì îöåíèâàòü íåçàâèñèìî.

Èñïîëüçóÿ (6.5), (7.2), (7.17) è íåðàâåíñòâî e−α/2 6 α−1/2, α > 0, çà-
êëþ÷àåì, ÷òî ïðè s > 0, k ∈ Ω̃ ñïðàâåäëèâà îöåíêà

‖B̂(k, ε)1/2fe−B(k,ε)sf∗‖H→H 6 ‖f‖L∞s−1/2e−(|k|2+ε2)C∗s. (7.36)

Â ñèëó (5.15) äëÿ ñëó÷àÿ f = 1n

‖B̂(k, ε)1/2E0(k, ε, s)‖2H→H 6 (2 + c2
1 + c2)‖Â(k)1/2E0(k, ε, s)‖2H→H

+
(
Ĉ(1) + ĉ3 + |λ|

)
ε2‖E0(k, ε, s)‖2H→H.

(7.37)

Òàê êàê E0(k, ε, s) � îïåðàòîð ñ ñèìâîëîì f0 exp(−f0L̂(b+k, ε)f0s)f0, ñ ó÷å-
òîì (4.1), (6.15), (6.16), (7.2) è íåðàâåíñòâà e−α/2 6 α−1/2 èìååì

‖Â(k)1/2E0(k, ε, s)‖H→H 6 ‖g‖1/2L∞
‖f‖2L∞α

1/2
1 sup

b∈Γ̃

|b+ k|e−č∗(|b+k|2+ε2)s

6 ‖g‖1/2L∞
‖f‖2L∞α

1/2
1 č

−1/2
∗ s−1/2e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃.

(7.38)

Àíàëîãè÷íî

ε‖E0(k, ε, s)‖H→H 6 ‖f‖2L∞ č
−1/2
∗ s−1/2e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃. (7.39)

Èç (7.37), (7.38) è (7.39) âûòåêàåò îöåíêà

‖B̂(k, ε)1/2E0(k, ε, s)‖H→H 6 C12s
−1/2e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃, (7.40)

ãäå C12 = č
−1/2
∗ ‖f‖2L∞(‖g‖L∞α1(2 + c2

1 + c2) + Ĉ(1) + ĉ3 + |λ|)1/2.
Îöåíèì íîðìó êîððåêòîðà. Ïîäñòàâëÿÿ îöåíêè (7.25) â (7.20) è ó÷èòû-

âàÿ (4.1), (7.2), (7.5), ïðè s > 0 è k ∈ Ω̃ èìååì

‖B̂(k, ε)1/2
(

Λb(D+ k) + εΛ̃
)
E0(k, ε, s)P̂‖H→H

6 ‖f‖2L∞ č
−1/2
∗ (α

1/2
1 CΛ(r1, 1) + C

Λ̃
(r1, 1))s−1/2e−(|k|2+ε2)C∗s.

(7.41)
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Îáúåäèíÿÿ (7.36), (7.40) è (7.41), ïðèõîäèì ê íåðàâåíñòâó

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D+ k)P̂ + εΛ̃P̂

)
E0(k, ε, s)

)
‖H→H

6 C3s
−1/2e−(|k|2+ε2)C∗s, s > 0, k ∈ Ω̃,

(7.42)

ãäå C3 = ‖f‖L∞ + C12 + ‖f‖2L∞ č
−1/2
∗ (α

1/2
1 CΛ(r1, 1) + C

Λ̃
(r1, 1)).

Èñïîëüçóÿ îöåíêè (7.42) ïðè 0 < s < 1, (7.35) ïðè s > 1, ïîëó÷èì
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 7.4. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâà îöåíêà

‖B̂(k, ε)1/2
(
fe−B(k,ε)sf∗ −

(
I + Λb(D + k)P̂ + εΛ̃P̂

)
E0(k, ε, s)

)
‖H→H

6 Φ1(k, s, ε), s > 0, k ∈ clos Ω̃, 0 < ε 6 1,

(7.43)

ãäå

Φ1(k, s, ε) =

{
C2s
−1e−(|k|2+ε2)C∗s, s > 1,

C3s
−1/2e−(|k|2+ε2)C∗s, 0 < s < 1.

8 Àïïðîêñèìàöèÿ îïåðàòîðà f exp(−B(ε)s)f ∗

8.1 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Âåðíåìñÿ ê èçó÷åíèþ îïåðàòîðà B(ε), äåéñòâóþùåãî â L2(Rd;Cn). Ðàñ-
ñìîòðèì òàêæå îïåðàòîð B̂(ε), îòâå÷àþùèé ñëó÷àþ f = 1n. Îïåðàòîð B̂(ε)
ñîîòâåòñòâóåò êâàäðàòè÷íîé ôîðìå b̂(ε), ïîëó÷àþùåéñÿ èç ôîðìû (4.17)
ïðè f = 1n.

Ñîãëàñíî [BSu1, ãë. 3, �1] îïåðàòîð

Â0 = b(D)∗g0b(D) (8.1)

íàçûâàåòñÿ ýôôåêòèâíûì îïåðàòîðîì äëÿ Â = b(D)∗g(x)b(D). Ýôôåê-
òèâíàÿ ìàòðèöà g0 îïðåäåëåíà â (6.9). Äàëåå, ïîëîæèì

Ŷ0 = −b(D)∗V +

d∑
j=1

ajDj , (8.2)
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ãäå ìàòðèöà V îïðåäåëåíà â (6.10). Ðàññìîòðèì îïåðàòîð

B̂0(ε) = Â0 + ε(Ŷ0 + (Ŷ0)∗) + ε2(Q−W + λI).

Çäåñü W � ìàòðèöà (6.11). Îïåðàòîð B̂0(ε) � ÄÎ âòîðîãî ïîðÿäêà ñ ïî-
ñòîÿííûìè êîýôôèöèåíòàìè. Ñèìâîë îïåðàòîðà B̂0(ε) � ìàòðèöà (6.12).

Îáîçíà÷èì E0(ε, s) := f0e
−f0B̂0(ε)f0sf0. Ñ ïîìîùüþ ðàçëîæåíèé îïåðà-

òîðîâ B(ε) è B̂0(ε) â ïðÿìîé èíòåãðàë (ñì. �5) èç òåîðåìû 7.1 ïîëó÷àåì
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 8.1. Ïóñòü îïåðàòîð B(ε) óäîâëåòâîðÿåò óñëîâèÿì ï. 4.5. Òîãäà
ïðè s > 0, 0 < ε 6 1, ñïðàâåäëèâà îöåíêà

‖fe−B(ε)sf∗ − E0(ε, s)‖L2(Rd;Cn)→L2(Rd;Cn) 6 C1(1 + s)−1/2e−ε
2C∗s.

8.2 Àïïðîêñèìàöèÿ ïðè ó÷åòå êîððåêòîðà

Ïîëüçóÿñü òåîðåìîé 7.4, ïîëó÷èì áîëåå òî÷íóþ àïïðîêñèìàöèþ äëÿ îïå-
ðàòîðà fe−B(ε)sf∗. Îòìåòèì, ÷òî îïåðàòîð b(D) ðàñêëàäûâàåòñÿ â ïðÿ-
ìîé èíòåãðàë ïî îïåðàòîðàì b(D + k), à îïåðàòîðû óìíîæåíèÿ íà Γ-
ïåðèîäè÷åñêèå ìàòðèöû-ôóíêöèè Λ è Λ̃ ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ
Ãåëüôàíäà ïåðåõîäÿò â îïåðàòîðû óìíîæåíèÿ íà òå æå ìàòðèöû-ôóíêöèè
Λ è Λ̃. Äàëåå, ïîëîæèì Π = U−1[P̂ ]U , ãäå [P̂ ] � îïåðàòîð â H (ñì. (5.1)),
äåéñòâóþùèé ïîñëîéíî êàê îïåðàòîð P̂ óñðåäíåíèÿ ïî ÿ÷åéêå. Â [BSu3, ï.
6.1] ïîêàçàíî, ÷òî Π � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð (ÏÄÎ)
â L2(Rd;Cn) ñ ñèìâîëîì χ

Ω̃
(ξ). Çäåñü χ

Ω̃
(ξ) � õàðàêòåðèñòè÷åñêàÿ ôóíê-

öèÿ ìíîæåñòâà Ω̃. Òî åñòü

(Πu)(x) = (2π)−d/2
∫

Ω̃
ei〈x,ξ〉(Fu)(ξ) dξ,

ãäå F � ïðåîáðàçîâàíèå Ôóðüå.
Òàêèì îáðàçîì, îïåðàòîð

B̂(ε)1/2
(
fe−B(ε)sf∗ −

(
I + Λb(D)Π + εΛ̃Π

)
E0(ε, s)

)
ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ãåëüôàíäà ðàñêëàäûâàåòñÿ â ïðÿìîé èí-
òåãðàë ïî îïåðàòîðàì, ñòîÿùèì ïîä çíàêîì íîðìû â (7.43). Îòñþäà è èç
(7.43) âûòåêàåò ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 8.2. Âûïîëíåíà îöåíêà

‖B̂(ε)1/2
(
fe−B(ε)sf∗ −

(
I + Λb(D)Π + εΛ̃Π

)
E0(ε, s)

)
‖L2(Rd)→L2(Rd)

6 Φ2(s, ε), s > 0, 0 < ε 6 1,
(8.3)

ãäå

Φ2(s, ε) =

{
C2s
−1e−ε

2C∗s, s > 1,

C3s
−1/2e−ε

2C∗s, 0 < s < 1.
(8.4)

8.3 Óñòðàíåíèå îïåðàòîðà Π â êîððåêòîðå ïðè s > 1

Ïðîàíàëèçèðóåì âîçìîæíîñòü çàìåíû îïåðàòîðà Π íà òîæäåñòâåííûé îïå-
ðàòîð I â êîððåêòîðå. Äëÿ ýòîãî òðåáóåòñÿ îöåíèòü ïî íîðìå îïåðàòîð

B̂(ε)1/2
(

Λb(D) + εΛ̃
)
E0(ε, s)(I −Π).

Ïðåäëîæåíèå 8.3. Ïóñòü Ξ(ε, s) = E0(ε, s)(I − Π). Òîãäà ïðè âñåõ l > 0
îïåðàòîðû b(D)Ξ(ε, s) è εΞ(ε, s) îãðàíè÷åíû èç L2(Rd;Cn) â H l(Rd;Cn), è

‖b(D)Ξ(ε, s)‖L2(Rd)→Hl(Rd) 6 α
1/2
1 Cls

−(l+1)/2e−ε
2C∗s, s > 0, (8.5)

ε‖Ξ(ε, s)‖L2(Rd)→Hl(Rd) 6 Cls−(l+1)/2e−ε
2C∗s, s > 0. (8.6)

Äîêàçàòåëüñòâî. Òàê êàê Ξ(ε, s) � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ

ñèìâîëîì f0e
−f0L̂(ξ,ε)f0sf0(1− χ

Ω̃
(ξ)), â ñèëó (4.1), (6.15) è (6.16) èìååì

‖b(D)Ξ(ε, s)‖L2→Hl 6 α
1/2
1 ‖f‖

2
L∞ sup
|ξ|>r0

|ξ|(1 + |ξ|2)l/2e−č∗(|ξ|
2+ε2)s,

ε‖Ξ(ε, s)‖L2→Hl 6 ‖f‖2L∞ sup
|ξ|>r0

ε(1 + |ξ|2)l/2e−č∗(|ξ|
2+ε2)s.

(8.7)

Çäåñü ó÷òåíî, ÷òî 1 − χ
Ω̃

(ξ) = 0 ïðè |ξ| 6 r0. Èç (7.2) è (8.7) âûòå-

êàþò îöåíêè (8.5), (8.6), ãäå Cl = ‖f‖2L∞ č
−(l+1)/2
∗ (r−2

0 + 1)l/2γl, à γl =

supα>0 α
(l+1)/2e−α/2 = (l + 1)(l+1)/2e−(l+1)/2.

Ïðåäëîæåíèå 8.4. Ïóñòü l = 1 ïðè d = 1, l > 1 ïðè d = 2, è l = d/2
ïðè d > 3. Ïóñòü [Λ] è [Λ̃] � îïåðàòîðû óìíîæåíèÿ íà ìàòðè÷íîçíà÷-

íûå ôóíêöèè Λ(x) è Λ̃(x) ñîîòâåòñòâåííî. Òîãäà îïåðàòîðû g1/2b(D)[Λ] :
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H l(Rd;Cm) → L2(Rd;Cn) è g1/2b(D)[Λ̃] : H l(Rd;Cn) → L2(Rd;Cn) íåïðå-

ðûâíû, ïðè÷åì

‖g1/2b(D)[Λ]‖Hl(Rd)→L2(Rd) 6 Cd, (8.8)

‖g1/2b(D)[Λ̃]‖Hl(Rd)→L2(Rd) 6 C̃d. (8.9)

Ïîñòîÿííûå Cd è C̃d çàâèñÿò òîëüêî îò l, äàííûõ çàäà÷è (4.23) è ïàðà-

ìåòðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Îöåíêà (8.8) óñòàíîâëåíà â [Su5, ïðåäëîæåíèå 9.3]. Ïî-
ñòîÿííóþ Cd ìîæíî âûïèñàòü ÿâíî (ñì. [Su5, ï. 9.2]).

Äîêàæåì (8.9). Ïóñòü vi(x), i = 1, . . . , n, � ñòîëáöû ìàòðèöû Λ̃(x).
Òîãäà vi ∈ H̃1(Ω;Cn) ÿâëÿåòñÿ ñëàáûì Γ-ïåðèîäè÷åñêèì ðåøåíèåì çàäà÷è

b(D)∗g(x)b(D)vi +
d∑
j=1

Djaj(x)∗ei = 0,

∫
Ω
vi(x) dx = 0. (8.10)

Çäåñü {ei}i=1,...,n � ñòàíäàðòíûé îðòîíîðìèðîâàííûé áàçèñ â Cn. Òàê êàê
vi � Γ-ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ íóëåâûì ñðåäíèì çíà÷åíèåì, ñïðàâåäëè-
âà îöåíêà ‖vi‖L2(Ω) 6 (2r0)−1‖Dvi‖L2(Ω). Ó÷èòûâàÿ ýòî è èñïîëüçóÿ ½ýíåð-
ãåòè÷åñêîå� íåðàâåíñòâî, íåñëîæíî ïîêàçàòü, ÷òî (ñì. [Su6, (7.51), (7.52)])

‖vi‖H1(Ω) 6 (1 + (2r0)−2)1/2Caα
−1
0 ‖g

−1‖L∞ , (8.11)

ãäå Ca � ïîñòîÿííàÿ (7.24).

Íàïîìíèì, ÷òî b(D) =
∑d

k=1 bkDk, ïðè÷åì |bk| 6 α
1/2
1 â ñèëó (4.1).

Ïóñòü u ∈ H l(Rd). Ñïðàâåäëèâî ðàâåíñòâî

g1/2b(D)(viu) = g1/2(b(D)vi)u+
d∑

k=1

g1/2bk(Dku)vi. (8.12)

Îöåíèì âòîðîé ÷ëåí ïðàâîé ÷àñòè (8.12):∥∥∥∥ d∑
k=1

g1/2bk(Dku)vi

∥∥∥∥
L2(Rd)

6 ‖g‖1/2L∞
α

1/2
1 d1/2

(∫
Rd

|Du|2|vi|2 dx
)1/2

. (8.13)

Äàëåå, ∫
Rd

|Du|2|vi|2 dx =
∑
a∈Γ

∫
Ω+a
|Du|2|vi|2 dx. (8.14)
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Áóäåì èñïîëüçîâàòü âëîæåíèåH1(Ω;Cn) ⊂ Lq(Ω;Cn), ãäå q =∞ ïðè d = 1,
q <∞ ïðè d = 2 è q = 2d/(d−2) ïðè d > 3. Ïðè d = 2 âûáåðåì q = 2/(l−1).
Ïóñòü C(d, n) � íîðìà ðàññìàòðèâàåìîãî îïåðàòîðà âëîæåíèÿ. Òîãäà

‖vi‖Lq(Ω) 6 C(d, n)‖vi‖H1(Ω). (8.15)

Ñ ïîìîùüþ íåðàâåíñòâà Ã¼ëüäåðà ïîëó÷èì∫
Ω
|vi|2|Du|2 dx 6 ‖vi‖2Lq(Ω)‖Du‖

2
Lp(Ω), (8.16)

ãäå p = 2 ïðè d = 1, p = 2q/(q − 2) = 2/(2− l) ïðè d = 2, p = d ïðè d > 3.
Òåïåðü èñïîëüçóåì âëîæåíèå H l−1(Ω;Cd) ⊂ Lp(Ω;Cd), ãäå l = 1 è p = 2

ïðè d = 1, 1 < l < 2 è p = 2/(2 − l) ïðè d = 2, l = d/2 è p = d ïðè d > 3.
Ïóñòü c̃d � íîðìà ðàññìàòðèâàåìîãî îïåðàòîðà âëîæåíèÿ. Òîãäà

‖Du‖Lp(Ω) 6 c̃d‖u‖Hl(Ω). (8.17)

Ïîäñòàâëÿÿ (8.15), (8.17) â (8.16), ïîëó÷èì∫
Ω
|vi|2|Du|2 dx 6 C(d, n)2c̃ 2

d ‖vi‖2H1(Ω)‖u‖
2
Hl(Ω).

Â ñèëó (8.14) è ïåðèîäè÷íîñòè vi îòñþäà ñëåäóåò∫
Rd

|Du|2|vi|2 dx 6 C(d, n)2c̃ 2
d ‖vi‖2H1(Ω)‖u‖

2
Hl(Rd). (8.18)

C ó÷åòîì (8.13) íåðàâåíñòâî (8.18) âëå÷åò îöåíêó∥∥∥∥ d∑
k=1

g1/2bk(Dku)vi

∥∥∥∥
L2(Rd)

6 ‖g‖1/2L∞
α

1/2
1 d1/2C(d, n)c̃d‖vi‖H1(Ω)‖u‖Hl(Rd).

(8.19)
Äàëåå, èç (8.10) âûòåêàåò òîæäåñòâî∫

Rd

〈g(x)b(D)vi, b(D)w〉 dx+

∫
Rd

d∑
j=1

〈aj(x)∗ei, Djw〉 dx = 0 (8.20)

ïðè ëþáîì w ∈ H1(Rd;Cn) òàêîì, ÷òî w(x) = 0 ïðè |x| > R (ñ êàêèì-
ëèáî R > 0).
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Ïóñòü u ∈ C∞0 (Rd). Ïîëîæèì w(x) = |u(x)|2vi. Ïîäñòàâèâ ýòî â âûðà-
æåíèå (8.20), ïîëó÷èì (ñð. [Su6, (8.36)]), ÷òî

J0 :=

∫
Rd

|g1/2b(D)vi|2|u|2 dx = J1 + J2, (8.21)

J1 = −
∫
Rd

〈
g1/2b(D)vi,

d∑
k=1

g1/2bk((Dku)u+ u(Dku))vi

〉
dx,

J2 = −
∫
Rd

d∑
j=1

〈a∗jei, Dj(|u|2vi)〉 dx

= −
∫
Rd

d∑
j=1

〈a∗jei, (Dj(uvi))u+ viu(Dju)〉 dx.

Ñëåäóÿ [Su6], îöåíèì ÷ëåí J1:

|J1| 6
1

2

∫
Rd

|g1/2b(D)vi|2|u|2 dx+ 2‖g‖L∞α1d

∫
Rd

|Du|2|vi|2 dx.

Îòñþäà ñ ó÷åòîì (8.18) ïîëó÷àåì, ÷òî

|J1| 6
1

2
J0 + 2‖g‖L∞α1dC(d, n)2c̃ 2

d ‖vi‖2H1(Ω)‖u‖
2
Hl(Rd). (8.22)

Ïåðåéäåì ê îöåíêå ÷ëåíà J2. Â ñèëó óñëîâèÿ (4.8) íà êîýôôèöèåíòû aj è
óñëîâèÿ íà l âûïîëíåíî íåðàâåíñòâî∫

Rd

|aj(x)|2|u|2 dx 6 C2
Ω,l,%‖aj‖2L%(Ω)‖u‖

2
Hl(Rd). (8.23)

Çäåñü CΩ,l,% � êîíñòàíòà âëîæåíèÿ H l(Ω) ⊂ L2%/(%−2)(Ω). Èìååì (ñð. [Su6])

|J2| 6
d∑
j=1

∫
Rd

(|Dj(viu)||aj ||u|+ |vi||Dju||aj ||u|) dx

6 µ

∫
Rd

|D(viu)|2 dx+

∫
Rd

|vi|2|Du|2 dx+
( 1

4µ
+

1

4

) d∑
j=1

∫
Rd

|aj |2|u|2 dx

ïðè ëþáîì µ > 0. Îòñþäà â ñèëó (8.18), (8.23) âûòåêàåò îöåíêà

|J2| 6 µ

∫
Rd

|D(viu)|2 dx+ C(d, n)2c̃ 2
d ‖vi‖2H1(Ω)‖u‖

2
Hl(Rd)

+
(1

4
+

1

4µ

)
C2

Ω,l,%

d∑
j=1

‖aj‖2L%(Ω)‖u‖
2
Hl(Rd).

(8.24)
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Îáúåäèíÿÿ (8.21), (8.22), (8.24), ïîëó÷èì

1

2
J0 6 µ

∫
Rd

|D(viu)|2 dx+ (2‖g‖L∞α1d+ 1)C(d, n)2c̃ 2
d ‖vi‖2H1(Ω)‖u‖

2
Hl(Rd)

+
(1

4
+

1

4µ

)
C2

Ω,l,%

d∑
j=1

‖aj‖2L%(Ω)‖u‖
2
Hl(Rd).

(8.25)

Ñîïîñòàâëÿÿ (8.12), (8.19) è (8.25), ïðèõîäèì ê îöåíêå

‖g1/2b(D)(viu)‖2L2(Rd) 6 2J0 + 2

∥∥∥∥ d∑
k=1

g1/2bk(Dku)vi

∥∥∥∥2

L2(Rd)

6 (10‖g‖L∞α1d+ 4)C(d, n)2c̃ 2
d ‖vi‖2H1(Ω)‖u‖

2
Hl(Rd)

+ (1 + µ−1)C2
Ω,l,%

d∑
j=1

‖aj‖2L%(Ω)‖u‖
2
Hl(Rd) + 4µ

∫
Rd

|D(viu)|2 dx.

(8.26)

Â ñèëó íèæíåé îöåíêè (4.5) äëÿ ñëó÷àÿ f = 1n èìååì

4µ

∫
Rd

|D(viu)|2 dx 6
1

2
‖g1/2b(D)(viu)‖2L2(Rd) ïðè µ =

1

8
α0‖g−1‖−1

L∞
.

Îòñþäà è èç (8.26) ñ ó÷åòîì (8.11) âûòåêàåò îöåíêà ‖g1/2b(D)(viu)‖L2(Rd) 6
Cv‖u‖Hl(Rd), ãäå

C2
v = (20‖g‖L∞α1d+ 8)C(d, n)2c̃ 2

d (1 + (2r0)−2)C2
aα
−2
0 ‖g

−1‖2L∞

+ (2 + 16α−1
0 ‖g

−1‖L∞)C2
Ω,l,%

d∑
j=1

‖aj‖2L%(Ω).

Òàêèì îáðàçîì, ‖g1/2b(D)[vi]‖Hl(Rd)→L2(Rd) 6 Cv, i = 1, . . . , n, à òîãäà âû-

ïîëíåíà îöåíêà (8.9) ñ ïîñòîÿííîé C̃d = n1/2Cv.

Ïðåäëîæåíèå 8.5. Ïóñòü r = 0 ïðè d = 1, r > 0 ïðè d = 2, r = d/2 − 1
ïðè d > 3. Òîãäà [Λ] : Hr(Rd;Cm) → L2(Rd;Cn), è [Λ̃] : Hr(Rd;Cn) →
L2(Rd;Cn) � íåïðåðûâíûå îïåðàòîðû, è âûïîëíåíû îöåíêè

‖[Λ]‖Hr(Rd)→L2(Rd) 6 CΛ, (8.27)

‖[Λ̃]‖Hr(Rd)→L2(Rd) 6 C
Λ̃
. (8.28)

Ïîñòîÿííûå CΛ è C
Λ̃
çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è ïàðà-

ìåòðîâ ðåøåòêè Γ; â ñëó÷àå d = 2 îíè çàâèñÿò òàêæå îò r.
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Äîêàçàòåëüñòâî. Îöåíêà (8.27) óñòàíîâëåíà â [Su5, ïðåäëîæåíèå 11.3].
Ïîñòîÿííóþ CΛ ìîæíî âûïèñàòü ÿâíî (ñì. [Su5, ï. 11.2]).

Äîêàæåì (8.28). Ïðåäïîëîæèì, ÷òî 0 < r < 1 â ñëó÷àå d = 2. Àíàëî-
ãè÷íî (8.14)�(8.18) ñ çàìåíîé l − 1 íà r ïîëó÷àåì∫

Rd

|vi(x)|2|u|2 dx 6 C(d, n)2č2
d‖vi‖2H1(Ω)‖u‖

2
Hr(Rd).

Çäåñü čd � êîíñòàíòà âëîæåíèÿ Hr(Ω) ⊂ Lp(Ω), ãäå r = 0 è p = 2 ïðè d = 1;
0 < r < 1 è p = 2/(1− r) ïðè d = 2; r = d/2− 1 è p = d ïðè d > 3. Îòñþäà
è èç (8.11) âûòåêàåò îöåíêà (8.28) ñ ïîñòîÿííîé C

Λ̃
= n1/2C(d, n)čd(1 +

(2r0)−2)1/2Caα
−1
0 ‖g−1‖L∞ .

Íà îñíîâàíèè ïðåäëîæåíèé 8.4 è 8.5 óñòàíîâèì ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 8.6. Ïóñòü l = 1 ïðè d = 1, l > 1 ïðè d = 2 è l = d/2
ïðè d > 3. Ïóñòü 0 < ε 6 1. Òîãäà B̂(ε)1/2[Λ] : H l(Rd;Cm) → L2(Rd;Cn) è
B̂(ε)1/2[Λ̃] : H l(Rd;Cn)→ L2(Rd;Cn) � íåïðåðûâíûå îïåðàòîðû, è

‖B̂(ε)1/2[Λ]‖Hl(Rd)→L2(Rd) 6 CB, ‖B̂(ε)1/2[Λ̃]‖Hl(Rd)→L2(Rd) 6 C̃B. (8.29)

Ïîñòîÿííûå CB è C̃B çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è ïàðà-

ìåòðîâ ðåøåòêè Γ; â ñëó÷àå d = 2 îíè çàâèñÿò òàêæå îò l.

Äîêàçàòåëüñòâî. Ïóñòü u ∈ H l(Rd;Cm). Â ñèëó (4.21) äëÿ ñëó÷àÿ f = 1n

‖B̂(ε)1/2Λu‖2L2
6 (2 + c2

1 + c2)‖Â1/2Λu‖2L2
+
(
Ĉ(1) + ĉ3 + |λ|

)
ε2‖Λu‖2L2

.

(8.30)
Î÷åâèäíî, r := l−1 óäîâëåòâîðÿåò óñëîâèÿì ïðåäëîæåíèÿ 8.5, ïîýòîìó

èç (8.27) ñëåäóåò, ÷òî

‖Λu‖2L2(Rd) 6 (CΛ)2 ‖u‖2Hl−1(Rd) 6 (CΛ)2 ‖u‖2Hl(Rd). (8.31)

Ñîãëàñíî (8.8) ñïðàâåäëèâà îöåíêà ‖Â1/2Λu‖2
L2(Rd)

6 C2
d‖u‖2Hl(Rd)

. Îòñþäà

è èç (8.30), (8.31) âûòåêàåò ïåðâàÿ èç îöåíîê (8.29) ñ ïîñòîÿííîé C2
B =

(2 + c2
1 + c2)C2

d +
(
Ĉ(1) + ĉ3 + |λ|

)
C2

Λ.
Íà îñíîâàíèè (8.9), (8.28) àíàëîãè÷íî äîêàçûâàåòñÿ âòîðàÿ èç îöåíîê

(8.29) ñ ïîñòîÿííîé C̃2
B = (2 + c2

1 + c2)C̃2
d +

(
Ĉ(1) + ĉ3 + |λ|

)
C2

Λ̃
.
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Îáúåäèíÿÿ (8.5), (8.6) è (8.29), ïîëó÷èì, ÷òî

‖B̂(ε)1/2
(

Λb(D) + εΛ̃
)
E0(ε, s)(I −Π)‖L2(Rd)→L2(Rd)

6
(
CBα

1/2
1 Cl + C̃BCl

)
s−(l+1)/2e−ε

2C∗s, s > 0, 0 < ε 6 1,

ãäå l = 1 ïðè d = 1, l > 1 ïðè d = 2, è l = d/2 ïðè d > 3. Åñëè s > 1, òî
s−(l+1)/2 6 s−1. Â ñëó÷àå d = 2 ôèêñèðóåì l (íàïðèìåð, l = 3/2). Âìåñòå
ñ òåîðåìîé 8.2 ýòî âëå÷åò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 8.7. Ñïðàâåäëèâà îöåíêà

‖B̂(ε)1/2
(
fe−B(ε)sf∗ −

(
I + Λb(D) + εΛ̃

)
E0(ε, s)

)
‖L2(Rd)→L2(Rd)

6 C′2s−1e−ε
2C∗s, s > 1, 0 < ε 6 1,

ãäå C′2 = C2 + CBα
1/2
1 Cl + C̃BCl.

Ãëàâà 3

Óñðåäíåíèå ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ

îïåðàòîðîâ

9 Àïïðîêñèìàöèÿ îïåðàòîðà f ε exp(−Bεs)(f ε)∗

9.1 Îïåðàòîðû B̂ε è Bε
Äëÿ ëþáîé Γ-ïåðèîäè÷åñêîé ôóíêöèè φ(x), x ∈ Rd, îáîçíà÷èì φε(x) :=
φ(ε−1x). Â L2(Rd;Cn) ðàññìîòðèì îïåðàòîð Âε = b(D)∗gεb(D), ïîðîæäåí-
íûé çàìêíóòîé êâàäðàòè÷íîé ôîðìîé âε[u,u] = (gεb(D)u, b(D)u)L2(Rd),

u ∈ H1(Rd;Cn). Äëÿ ôîðìû âε ñïðàâåäëèâû îöåíêè, àíàëîãè÷íûå (4.5):

α0‖g−1‖−1
L∞
‖Du‖2L2

6 âε[u,u] 6 α1‖g‖L∞‖Du‖2L2
, u ∈ H1(Rd;Cn). (9.1)

Äàëåå, ïóñòü Ŷ : L2(Rd;Cn) → L2(Rd;Cdn) � îïåðàòîð, äåéñòâóþùèé
ïî ôîðìóëå Ŷu = col {D1u, . . . , Ddu}, ãäå u ∈ H1(Rd;Cn). Ïóñòü Ŷ2,ε :

L2(Rd;Cn) → L2(Rd;Cdn) � îïåðàòîð, çàäàííûé ñîîòíîøåíèåì Ŷ2,εu =
col {(aε1(x))∗u, . . . , (aεd(x))∗u}, u ∈ H1(Rd;Cn).

Ïóñòü dµ(x) � ìàòðè÷íîçíà÷íàÿ ìåðà â Rd, îïðåäåëåííàÿ â ï. 4.4. Îïðå-
äåëèì ìåðó dµε(x) ñëåäóþùèì îáðàçîì. Äëÿ ëþáîãî áîðåëåâñêîãî ìíîæå-
ñòâà ∆ ⊂ Rd ðàññìîòðèì ìíîæåñòâî ε−1∆ := {y = ε−1x : x ∈ ∆} è
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ïîëîæèì µε(∆) := εdµ(ε−1∆). Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó q̂ε, îïðå-
äåëåííóþ ðàâåíñòâîì q̂ε[u,u] =

∫
Rd〈dµε(x)u,u〉, u ∈ H1(Rd;Cn).

Âñå óñëîâèÿ èç ï. 4.1�4.5 ïðåäïîëàãàþòñÿ âûïîëíåííûìè. Ðàññìîòðèì
â L2(Rd;Cn) êâàäðàòè÷íóþ ôîðìó

b̂ε[u,u] = âε[u,u] + 2Re (Ŷu, Ŷ2,εu)L2 + q̂ε[u,u] + λ‖u‖2L2
, u ∈ H1(Rd).

Ïóñòü Tε � óíèòàðíûé â L2(Rd;Cn) îïåðàòîð ìàñøòàáíîãî ïðåîáðà-

çîâàíèÿ, äåéñòâóþùèé ïî ïðàâèëó (Tεu)(y) = εd/2u(εy). Ïðè ëþáîì u ∈
H1(Rd;Cn) ñïðàâåäëèâû òîæäåñòâà

âε[u,u] = ε−2â[Tεu, Tεu], b̂ε[u,u] = ε−2b̂(ε)[Tεu, Tεu], (9.2)

ãäå â � ôîðìà èç ï. 4.2 â ñëó÷àå f = 1n, b̂(ε) � ôîðìà (4.17) â ñëó÷àå
f = 1n. Â ñèëó (9.2) è îöåíîê (4.20), (4.21) âûïîëíåíû íåðàâåíñòâà

b̂ε[u,u] >
κ

2
âε[u,u] + β̂‖u‖2L2

, u ∈ H1(Rd;Cn),

b̂ε[u,u] 6 (2 + c2
1 + c2)âε[u,u] + (Ĉ(1) + ĉ3 + |λ|)‖u‖2L2

, u ∈ H1(Rd;Cn).

(9.3)

Òàêèì îáðàçîì, ôîðìà b̂ε çàìêíóòà è ïîëîæèòåëüíî îïðåäåëåíà. Ñàìîñî-
ïðÿæåííûé îïåðàòîð â ïðîñòðàíñòâå L2(Rd;Cn), ïîðîæäåííûé ôîðìîé b̂ε,
áóäåì îáîçíà÷àòü ÷åðåç B̂ε. Ôîðìàëüíî ìîæíî çàïèñàòü

B̂ε = b(D)∗gεb(D) +
d∑
j=1

(aεjDj +Dj(a
ε
j)
∗) +Qε + λI,

ãäå Qε ñëåäóåò èíòåðïðåòèðîâàòü êàê îáîáùåííûé ìàòðè÷íûé ïîòåíöèàë,
ïîðîæäåííûé ìåðîé dµε.

Äàëåå, â L2(Rd;Cn) ðàññìîòðèì ñàìîñîïðÿæåííûé ïîëîæèòåëüíî îïðå-
äåëåííûé îïåðàòîð Bε = (f ε)∗B̂εf ε, ïîðîæäåííûé êâàäðàòè÷íîé ôîðìîé

bε[u,u] := b̂ε[f
εu, fεu], Dom bε = {u ∈ L2(Rd;Cn) : f εu ∈ H1(Rd;Cn)}.

9.2 Ýôôåêòèâíûé îïåðàòîð äëÿ B̂ε
Ïóñòü îïåðàòîð Â0 îïðåäåëåí â (8.1), Ŷ0 � â (8.2), Q � â (6.13), W � â
(6.11). Îïåðàòîð

B̂0 = Â0 + Ŷ0 + (Ŷ0)∗ +Q−W + λI (9.4)
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íàçîâåì ýôôåêòèâíûì îïåðàòîðîì äëÿ B̂ε. Èíûìè ñëîâàìè,

B̂0 = b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +
d∑
j=1

(aj + a∗j )Dj +Q−W + λI.

9.3 Ñòàðøèé ÷ëåí àïïðîêñèìàöèè

Îáîçíà÷èì
E0(s) := f0e

−f0B̂0f0sf0. (9.5)

Çàìåòèì, ÷òî

f εe−Bεs(f ε)∗ = T ∗ε fe
−B(ε)s̃f∗Tε, E0(s) = T ∗ε E0(ε, s̃)Tε, (9.6)

ãäå B(ε) � îïåðàòîð (4.22), s̃ = ε−2s. Ïîýòîìó, âîñïîëüçîâàâøèñü ìàñøòàá-
íûì ïðåîáðàçîâàíèåì, èç òåîðåìû 8.1 âûâåäåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 9.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ ï. 4.1�4.5. Ïóñòü Bε �
îïåðàòîð, îïðåäåëåííûé â ï. 9.1, ïóñòü E0(s) � îïåðàòîð (9.5). Òîãäà

‖f εe−Bεs(f ε)∗ − E0(s)‖L2(Rd;Cn)→L2(Rd;Cn)

6 C1ε(ε
2 + s)−1/2e−C∗s, 0 < ε 6 1, s > 0.

(9.7)

Ïîñòîÿííûå C∗ è C1 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è îò ïàðà-

ìåòðîâ ðåøåòêè Γ.

9.4 Àïïðîêñèìàöèÿ ïî (L2 → H1)-íîðìå

Ñïåðâà ïîñòðîèì àïïðîêñèìàöèþ c êîððåêòîðîì íà îñíîâàíèè òåîðåìû
8.2.

Îáîçíà÷èì ÷åðåç Πε ÏÄÎ ñ ñèìâîëîì χ
Ω̃/ε

(ξ), äåéñòâóþùèé â L2(Rd;Cn):

(Πεf)(x) = (2π)−d/2
∫

Ω̃/ε
ei〈x,ξ〉(Ff)(ξ) dξ. (9.8)

Ñïðàâåäëèâû òîæäåñòâà (9.6), à òàêæå òîæäåñòâà [Λ̃ε] = T ∗ε [Λ̃]Tε, Λεb(D) =
ε−1T ∗ε Λb(D)Tε, Πε = T ∗ε ΠTε. Ñëåäîâàòåëüíî,

B̂1/2
ε

(
f εe−Bεs(f ε)∗ − (I + εΛεb(D)Πε + εΛ̃εΠε)E0(s)

)
= ε−1T ∗ε B̂(ε)1/2

(
fe−B(ε)s̃f∗ − (I + Λb(D)Π + εΛ̃Π)E0(ε, s̃)

)
Tε,
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ãäå s̃ = ε−2s. Çàìåíÿÿ s íà s̃ â íåðàâåíñòâå (8.3) è ó÷èòûâàÿ óíèòàðíîñòü
Tε, ïîëó÷èì îòñþäà ñëåäóþùóþ îöåíêó:

‖B̂1/2
ε

(
f εe−Bεs(f ε)∗ − (I + ε(Λεb(D) + Λ̃ε)Πε)E0(s)

)
‖L2(Rd)→L2(Rd)

6 ε−1Φ2(s̃, ε), 0 < ε 6 1, s > 0.
(9.9)

Ïîñòðîèì òåïåðü àïïðîêñèìàöèþ îïåðàòîðà f εe−Bεs(f ε)∗ ïî îïåðàòîð-
íîé íîðìå èç L2(Rd;Cn) â H1(Rd;Cn) íà îñíîâàíèè îöåíêè (9.9).

Òåîðåìà 9.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 9.1. Ïóñòü ìàòðèöà-

ôóíêöèÿ Λ(x) � ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (6.7), à ìàòðèöà-ôóíêöèÿ
Λ̃(x) � ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è (6.8). Ïîëîæèì Λε(x) = Λ(ε−1x),
Λ̃ε(x) = Λ̃(ε−1x). Ïóñòü Πε � îïåðàòîð (9.8). Òîãäà

‖f εe−Bεs(f ε)∗ − (I + ε(Λεb(D) + Λ̃ε)Πε)E0(s)‖L2(Rd)→H1(Rd)

6 Ψ(s, ε), 0 < ε 6 1, s > 0.
(9.10)

Âåëè÷èíà Ψ(s, ε) îïðåäåëåíà ðàâåíñòâîì

Ψ(s, ε) =

{
C4εs

−1e−C∗s, s > 0, 0 < ε 6 s1/2,

C5s
−1/2e−C∗s, s > 0, ε > s1/2.

(9.11)

Çäåñü C4 = C2c, C5 = C3c è c = max{
√

2κ−1/2α
−1/2
0 ‖g−1‖1/2L∞

; β̂ −1/2}. Ïîñòî-
ÿííûå C4, C5, C∗ çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è îò ïàðàìåò-

ðîâ ðåøåòêè Γ.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

Υ(ε, s) := f εe−Bεs(f ε)∗ − (I + ε(Λεb(D) + Λ̃ε)Πε)E0(s).

Â ñèëó (9.3) è (9.9) âûïîëíåíà îöåíêà

κ

2
‖(gε)1/2b(D)Υ(ε, s)η‖2L2(Rd) + β̂‖Υ(ε, s)η‖2L2(Rd) 6 ‖B̂

1/2
ε Υ(ε, s)η‖2L2(Rd)

6 ε−2Φ2(s̃, ε)2‖η‖2L2(Rd), η ∈ L2(Rd;Cn), s > 0.

Îòñþäà â ñèëó íèæíåé îöåíêè (9.1) ïîëó÷àåì

κ

2
α0‖g−1‖−1

L∞
‖DΥ(ε, s)η‖2L2(Rd) + β̂‖Υ(ε, s)η‖2L2(Rd)

6 ε−2Φ2(s̃, ε)2‖η‖2L2(Rd), η ∈ L2(Rd;Cn), s > 0.
(9.12)
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Î÷åâèäíî,

‖Υ(ε, s)η‖2H1(Rd) 6 max{2κ−1α−1
0 ‖g

−1‖L∞ ; β̂ −1}

×
(κ

2
α0‖g−1‖−1

L∞
‖DΥ(ε, s)η‖2L2(Rd) + β̂‖Υ(ε, s)η‖2L2(Rd)

)
.

(9.13)

Èç (9.12) è (9.13) ñ ó÷åòîì (8.4) âûòåêàåò îöåíêà (9.10).

9.5 Àïïðîêñèìàöèÿ ïðè ε 6 s1/2

Àíàëîãè÷íûì îáðàçîì èç òåîðåìû 8.7 âûâîäèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 9.3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ òåîðåìû 9.2. Òîãäà

‖f εe−Bεs(f ε)∗ − (I + ε(Λεb(D) + Λ̃ε))E0(s)‖L2(Rd)→H1(Rd)

6 εC′4s−1e−C∗s, 0 < ε 6 s1/2, 0 < ε 6 1.
(9.14)

Ïîñòîÿííûå C′4 := C′2c, C∗ çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è îò

ïàðàìåòðîâ ðåøåòêè Γ.

10 Ïðèìåíåíèå ê óñðåäíåíèþ ïàðàáîëè÷åñêîé

çàäà÷è Êîøè

10.1 Çàäà÷à Êîøè

Ïóñòü ρ(x) � èçìåðèìàÿ Γ-ïåðèîäè÷åñêàÿ (n× n)-ìàòðèöà-ôóíêöèÿ â Rd,
îãðàíè÷åííàÿ è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåëåííàÿ. Ïóñòü 0 < T 6
∞. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè:

ρ(ε−1x)
∂uε(x, s)

∂s
= −B̂εuε(x, s) + F(x, s), ρ(ε−1x)uε(x, 0) = φ(x), (10.1)

x ∈ Rd, s ∈ (0, T ), ãäå φ ∈ L2(Rd;Cn) è F ∈ Hp(T ) := Lp((0, T );L2(Rd;Cn))
ïðè íåêîòîðîì 1 < p 6∞. Ôàêòîðèçóåì ìàòðèöó ρ(x) ñëåäóþùèì îáðàçîì
ρ(x)−1 = f(x)f(x)∗. Òîãäà vε := (f ε)−1uε � ðåøåíèå çàäà÷è

∂vε(x, s)

∂s
= −(f ε(x))∗B̂εf ε(x)vε(x, s) + (f ε(x))∗F(x, s),

vε(x, 0) = (f ε(x))∗φ(x).
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Ïîñêîëüêó Bε = (f ε(x))∗B̂εf ε(x), èìååì

vε = exp(−Bεs)(f ε)∗φ +

∫ s

0
exp(−Bε(s− s̃))(f ε)∗F(·, s̃) ds̃,

uε = f εexp(−Bεs)(f ε)∗φ +

∫ s

0
f εexp(−Bε(s− s̃))(f ε)∗F(·, s̃) ds̃. (10.2)

Ïóñòü u0(x, s) � ðåøåíèå ½óñðåäíåííîé� çàäà÷è:

ρ
∂u0(x, s)

∂s
= −B̂0u0(x, s) + F(x, s), ρu0(x, 0) = φ(x), (10.3)

ãäå ρ = |Ω|−1
∫

Ω ρ(x) dx. Çàìåòèì, ÷òî ρ = f−2
0 . Àíàëîãè÷íî (10.2) ïîëó÷èì

u0 = f0 exp (−f0B̂0f0s)f0φ +

∫ s

0
f0 exp (−f0B̂0f0(s− s̃))f0F(·, s̃) ds̃. (10.4)

10.2 Ñõîäèìîñòü ðåøåíèé â L2(Rd;Cn)

Â ñèëó (9.7) èìååì

‖uε(·, s)− u0(·, s)‖L2(Rd) 6 C1ε(ε
2 + s)−1/2e−C∗s‖φ‖L2(Rd)

+ C1ε

∫ s

0
(ε2 + s− s̃)−1/2e−C∗(s−s̃)‖F(·, s̃)‖L2(Rd) ds̃.

(10.5)

Ïðè 1 < p 6 ∞ îöåíèì èíòåãðàë â ïðàâîé ÷àñòè (10.5) ñ ïîìîùüþ íåðà-
âåíñòâà Ã¼ëüäåðà (p−1 + (p′)−1 = 1):∫ s

0
(ε2 + s− s̃)−1/2e−C∗(s−s̃)‖F(·, s̃)‖L2(Rd) ds̃

6 ‖F‖Hp(s)

(∫ s

0
(ε2 + s− s̃)−p′/2e−C∗p′(s−s̃) ds̃

)1/p′

.

(10.6)

Â ñëó÷àå 2 < p 6 ∞ (1 6 p′ < 2) ïðàâàÿ ÷àñòü (10.6) îöåíèòñÿ ÷åðåç

‖F‖Hp(s) (C∗p
′)1/2−1/p′ (Γ(1− p′/2))1/p′ . Ïðè 1 < p < 2 îöåíèì èíòåãðàë,

èñïîëüçóÿ íåðàâåíñòâî e−C∗p
′(s−s̃) 6 1:∫ s

0
(ε2 + s− s̃)−p′/2e−C∗p′(s−s̃) ds̃ 6 ε2−p′(p′/2− 1)−1. (10.7)
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Â ñëó÷àå p = 2 ñäåëàåì çàìåíó ïåðåìåííîé ζ = s − s̃ è ðàçîáúåì ïðî-
ìåæóòîê èíòåãðèðîâàíèÿ:∫ s

0
(ε2 + s− s̃)−1e−2C∗(s−s̃)ds̃ 6

∫ 1

0
(ε2 + ζ)−1dζ +

∫ s

1
e−2C∗ζdζ

6 ln 2 + 2| ln ε|+ (2C∗)
−1, 0 < ε 6 1.

(10.8)

Êîìáèíèðóÿ îöåíêè (10.5)�(10.8), ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 10.1. Ïóñòü F ∈ Hp(T ) ïðè íåêîòîðîì 1 < p 6 ∞. Òîãäà ïðè

ëþáîì s ∈ (0, T ) ðåøåíèÿ uε(·, s) ñõîäÿòñÿ ê u0(·, s) ïî íîðìå â L2(Rd;Cn).
Ïðè 0 < ε 6 1 ñïðàâåäëèâà îöåíêà

‖uε(·, s)− u0(·, s)‖L2(Rd) 6 C1ε(ε
2 + s)−1/2e−C∗s‖φ‖L2(Rd) + θ1(ε, p)‖F‖Hp(s).

Âåëè÷èíà θ1(ε, p) èìååò âèä

θ1(ε, p) =


ε2−2/pC1(p′/2− 1)−1/p′ , 1 < p < 2,

εC1

(
ln 2 + 2|ln ε|+ (2C∗)

−1
)1/2

, p = 2,

εC1 (C∗p
′)−1/2+1/p (Γ(1− p′/2))1/p′ , 2 < p 6∞,

ãäå p−1 + (p′)−1 = 1.

10.3 Àïïðîêñèìàöèÿ â H1(Rd;Cn) ðåøåíèé îäíîðîäíîé

çàäà÷è Êîøè

Ðàññìîòðèì òåïåðü îäíîðîäíóþ çàäà÷ó Êîøè

ρ(ε−1x)
∂uε(x, s)

∂s
= −B̂εuε(x, s), ρ(ε−1x)uε(x, 0) = φ(x), (10.9)

ãäå φ ∈ L2(Rd;Cn). Ñîîòâåòñòâóþùàÿ ½óñðåäíåííàÿ� çàäà÷à èìååò âèä

ρ
∂u0(x, s)

∂s
= −B̂0u0(x, s), ρu0(x, 0) = φ(x). (10.10)

Èç (9.14) íåïîñðåäñòâåííî âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 10.2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ ï. 4.1�4.4. Ïóñòü uε �
ðåøåíèå çàäà÷è (10.9) è u0 � ðåøåíèå çàäà÷è (10.10). Òîãäà

‖uε(·, s)− u0(·, s)− ε(Λεb(D) + Λ̃ε)u0(·, s)‖H1(Rd)

6 C′4εs−1e−C∗s‖φ‖L2(Rd), 0 < ε 6 1, 0 < ε 6 s1/2.

Ïîñòîÿííûå C′4, C∗ çàâèñÿò òîëüêî îò äàííûõ çàäà÷è (4.23) è îò ïàðà-

ìåòðîâ ðåøåòêè Γ.
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10.4 Àïïðîêñèìàöèÿ â H1(Rd;Cn) ðåøåíèé íåîäíîðîäíîé

çàäà÷è Êîøè

Âåðíåìñÿ ê ðàññìîòðåíèþ çàäà÷è (10.1).

Òåîðåìà 10.3. Ïóñòü uε � ðåøåíèå çàäà÷è (10.1), ãäå φ ∈ L2(Rd;Cn) è
F ∈ Hp(T ), 2 < p 6 ∞. Ïóñòü u0 � ðåøåíèå çàäà÷è (10.3). Ïóñòü Πε �

îïåðàòîð (9.8). Ïóñòü 0 < ε 6 1. Òîãäà ïðè 0 < s 6 T è 0 < ε 6 s1/2

èìååì

‖uε(·, s)− u0(·, s)− ε(Λεb(D) + Λ̃ε)Πεu0(·, s)‖H1(Rd)

6 C4εs
−1e−C∗s‖φ‖L2(Rd) + θ2(ε, p)‖F‖Hp(s),

(10.11)

ãäå

θ2(ε, p) =

{
ε1−2/p

(
C4(p′ − 1)−1/p′ + C5(1− p′/2)−1/p′

)
, 2 < p <∞,

2C4ε| ln ε|+ C4εC
−1
∗ e−C∗ + 2C5ε, p =∞.

Çäåñü p−1 + (p′)−1 = 1.

Äîêàçàòåëüñòâî. Ïóñòü 0 < s 6 T è 0 < ε 6 min{s1/2, 1}. Èç (9.10) è
(10.2), (10.4) ñëåäóåò, ÷òî

‖uε(·, s)− u0(·, s)− ε
(

Λεb(D) + Λ̃ε
)

Πεu0(·, s)‖H1(Rd)

6 C4εs
−1e−C∗s‖φ‖L2(Rd) +

∫ s

0
Ψ(s− s̃, ε)‖F(·, s̃)‖L2(Rd) ds̃,

(10.12)

ãäå âåëè÷èíà Ψ(s, ε) îïðåäåëåíà â (9.11). Îáîçíà÷èì

I :=

∫ s

0
Ψ(s− s̃, ε)‖F(·, s̃)‖L2(Rd) ds̃. (10.13)

Èíòåãðàë I ìîæåò áûòü çàïèñàí êàê

I = C4ε

∫ s−ε2

0
(s− s̃)−1e−C∗(s−s̃)‖F(·, s̃)‖L2(Rd) ds̃

+ C5

∫ s

s−ε2
(s− s̃)−1/2e−C∗(s−s̃)‖F(·, s̃)‖L2(Rd) ds̃.

(10.14)

Ïðè 2 < p < ∞ âîñïîëüçóåìñÿ îöåíêîé e−C∗(s−s̃) 6 1 è íåðàâåíñòâîì
Ã¼ëüäåðà (p−1 + (p′)−1 = 1). Ïîëó÷èì

I 6 ‖F‖Hp(s)ε
1−2/p

(
C4(p′ − 1)−1/p′ + C5(1− p′/2)−1/p′

)
. (10.15)
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Ïðè p =∞ ðàâåíñòâî (10.14) âëå÷åò îöåíêó

I 6 ‖F‖H∞(s)

(
C4ε

∫ s−ε2

0
(s− s̃)−1e−C∗(s−s̃) ds̃+ C5

∫ s

s−ε2
(s− s̃)−1/2 ds̃

)
.

(10.16)

Çàìåòèì, ÷òî ∫ s−ε2

0
(s− s̃)−1e−C∗(s−s̃) ds̃ 6 2| ln ε|+ C−1

∗ e−C∗ . (10.17)

Êîìáèíèðóÿ (10.16) è (10.17), íàõîäèì

I 6 ε‖F‖H∞(s)

(
2C4| ln ε|+ C4C

−1
∗ e−C∗ + 2C5

)
. (10.18)

Îáúåäèíÿÿ (10.12), (10.13), (10.15) è (10.18), ïîëó÷èì îöåíêó (10.11).
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