THE CLASSIFICATION OF CERTAIN LINKED 3-MANIFOLDS IN 6-SPACE

S. AVVAKUMOV

ABSTRACT. We work entirely in the smooth category. An embedding f : (S% x S*) U S% — RS
is Brunnian, if the restriction of f to each component is isotopic to the standard embedding.
For each triple of integers k, m,n such that m = n (mod 2), we explicitly construct a Brunnian
embedding fx m.n : (5% x S') U S? — RY such that the following theorem holds.

Theorem. Any Brunnian embedding f : (5% x S') U S* — RS is isotopic to fimn for some
integers k,m,n such that m =n (mod 2). Two embeddings fim.n and fi m: s are isotopic if
and only if k =k, m=m’' (mod 2k) and n =n' (mod 2k).

We use Haefliger’s classification of embeddings S2 L1 S® — R® in our proof. The following
corollary shows that the relation between the embeddings (52 x S1)LS3 — RS and S31S3 — RS
is not trivial.

Corollary. There exist embeddings f : (S? x S1)US? — RS and g,9" : S31US3 — RS such that
the componentwise embedded connected sum f#g is isotopic to f#g' but g is not isotopic to g'.

1. INTRODUCTION.

Statement of the main result.
We work entirely in the smooth category.

An embedding®? f : S% x S'U S® — S% is Brunnian, if restriction of f to each component is
isotopic to the standard embedding. The standard embedding S? x S — S is defined later in
this section.

For each integer k, we explicitly construct a Brunnian embedding fy. 00 : 5% x S'1US? — S6.
The construction is given later in this section.

An embedding g : S® U S® — S% is Brunnian, if the restriction of g to each component is
isotopic to the standard embedding. For each pair m,n of integers such that m = n (mod 2)
we recall an explicit construction of a Brunnian embedding g,,,, : S* LU S® — S later in this
section.

We define the embedded connected sum later in this section. The (componentwise) embedded
connected sum is denoted by #.

For each triple of integers k, m,n such that m = n (mod 2), let fimn = fr0.0#Gmn. Each
embedding fj ;. is Brunnian since both fj 00 and g, , are Brunnian.

Theorem 1. Any Brunnian embedding f : S* x ST U S? — SY is isotopic to frmn for some
integers k,m,n such that m = n (mod 2). Two embeddings fxmn and fi m o are isotopic if
and only if k =k, m =m’ (mod 2k) and n =n’ (mod 2k).

The invariants necessary for the proof of Theorem 1 are defined in Section 2.

'Here and below S% x S1 1153 means (5% x S*) LU S3.
2For m > n + 2 classifications of embeddings of n-manifolds into S™ and into R™ are the same (see [Atl1,
1.1 Sphere and Euclidean space]). It is more convenient to us to consider embeddings into S% instead of RS.
1
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The classification of Brunnian embeddings S® L S? — S% is given by the following Haefliger
Theorem proved in [Ha66].

Theorem 2 (Haefliger). Any Brunnian embedding g : S* U S® — S is isotopic to g, for
some integers m,n such that m = n (mod 2). Two embeddings Gm., and gy s are isotopic if
and only if m =m/' and n =n'.

Theorem 1 together with Theorem 2 implies the following Corollary 1.

Corollary 1. There exist embeddings f : S? x S11US? — S® and g, ¢’ : S S3 — SO such that
f+#tg is isotopic to f#¢g' but g is not isotopic to ¢ .

Corollary 1 is deduced from the theorems above at the end of this section.

Discussion of the main result.
A lot of interesting results on links were obtained during the rapid advancement of topology
in 20th century. However, it was soon realized that the complete isotopy classification of links
is unachievable even for the links with unknotted components. The same is true for the high-
dimensional links in codimension 2.

The isotopy classification of high dimensional linked spheres in codimension greater than
2 was obtained by A. Haefliger. The solution is given in homotopy theoretic terms. Due
to the complexity of the corresponding homotopy theoretic problems in the general case, the
classification is a reduction rather than a complete solution. However, in many important
special cases the corresponding problems are solvable. For instance, when

"> an + 4’
-2
the generalized linking numbers (for instance see [Atl2, definition of \is]) constitute a complete
system of invariants of linked n-spheres in R™. In this case any two embeddings of the n-sphere
in R™ are isotopic.

A. Haefliger also obtained the isotopy classification of linked n-spheres in R™ in the case
n+3 < m =3 The smallest pair (m,n) of numbers satisfying this condition is (6, 3).

A. Haefliger proved also that the generalized linking numbers and the isotopy classes of the
restrictions to the components constitute a complete system of invariants of linked n-manifolds
in R™ for m > %. Ifm> 3”2—+4, then the isotopy classes of the restrictions to the components
are classified by the Haefliger-Wu invariant [Sk08, §5].

For some m < 3”—;3 the simpler problem of the link homotopy classification of linked n-
manifolds in R” was solved by A. Skopenkov [Sk00]. However, Theorem 1 is the first result on
the isotopy classification of some linked n-manifolds (different from the homology spheres) in
R™ for m < 3”2—+3

To prove Theorem 1, we define three isotopy invariants sz, pu, and v which constitute a
complete system of invariants for our problem (see Section 2). The definition of the last two
invariants p and v is rather similar, albeit more complicated, to the definition of the Haefliger’s
invariants of embeddings S% LU .S3 — S6. It is harder to prove, however, that p and v are well
defined. The first invariant s is very simple but has no analogue in the case of embeddings
S3 L83 — 86,

We partly reduce the injectivity of our invariants to the Haefliger Theorem (Theorem 2).

Another important part of the proof of the injectivity involves explicit construction of isotopies
of embeddings S? x S LJ.S* — S° (see Section 7, Lemmas 20 and 23).
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Finally, the surjectivity of the invariants is proved by a rather simple explicit construction
of the embeddings fi m, and Lemma 6.

Embedded connected sum.
Let M and N be compact oriented connected manifolds, dimM = dimN = m. Let r: D™ —
D™ be a mirror symmetry. Define the connected sum M#N as

Mo Usngy=sm-1x0 S™ " X I Ugm-1x1-r(anv0) Nos

where My and Ny are complements of M and N to embedded m-disks, respectively.

Let f: M — S* and g : N — S* be embeddings with disjoint images. Take an embedding
[: D™ x I — S* such that | pmyo = Flanag, and 1 pmyi = g|a\n, © 7; moreover, the image of [
does not intersect elsewhere the union of f(M) and g(N).

The embedded connected sum of the embeddings f and g is the embedding f#g : M#N — S*,
defined by f#g|m, = f, f#9|n, = 9, and f#g|gm-1x; = | (compare with [Ha62, §2] and [Ha66,
§3]). We may choose [ so that the map f#g¢ is smooth.

The isotopy class of f#g¢ is well defined if k —m > 3, i.e., it does not depend on the choice
of [. Tt is not true, however, if k —m < 3.

Definition of standard embeddings. Let z1,z,, ..., x,, be the coordinates in R™.
Denote by SP~! and DP the unit sphere and the unit disk in RP, respectively. For p < m
identify R? with the hyperplane of R™ given by the equations x,11 = Tpi2 = ... = 2, = 0.

Thus SP~! and DP are identified with subsets of S™! and D™, respectively. The obtained
inclusions are called the standard embeddings SP~! — S™ ! and DP — D™.
The standard embedding D? x S' — S* is given by the formula

<X7 (y17 y2)) = (Xv yl\/2 - XQ’y2\/2 - XQ)/\/§ S S47

where x denotes (z1,z9,x3) € D3. The image of the embedding is the tubular neighborhood
{af + a3+ 23 < 1 2] + a2 > 5} C S* of the circle® {z} + 22 = 1} C S*.

The standard embedding i : D3 x S* — S% is the composition of standard embeddings
D3 x St — S§* and S* — S°.

The standard embedding S? x S* — S is the restriction i|g2 1. The image of the embedding
is {a+a3+af =12 +a2 =3} SO

Construction of the embeddings f; oo and g,,,. Proof of Corollary 1.

Construction of the embeddings fi.00. Take any embedding ¢ : S* — S% isotopic to the standard
embedding and such that ¢(S?) lies in a 6-disk disjoint from i(S?x S'). Let fo o0 : S?xSTUS? —
S¢ be the embedding such that fo0ls2xs1 = i|s2xs1 and fo 0|z = .

For % > ¢ > 0 define the embeddings 23, : S — S% and Z3.c 53 — S% by the formulae:

Z3,e(x1a 1'271‘371'4) - (Ea 07 07 (xla X2, £E3,ZE4) V 1-— 62)

Z3.c(x1, X2, 23, 24) = (€,0,0, (21, T2, T3, —24)V1 — €2)
Spheres z3 (5?) and z3 .(S®) are isotopic to the standard 3-sphere and are linked with i(S%x-).
The respective linking numbers are 1 and —1.
For an integer k > 0 let firo0: 9% x ST LU.S* — S% be the embedding such that

fk,0,0’53 = Zg,ﬁ#zg,ﬁ# E #Zg,ﬁ and fk,0,0’52><51 = i[g2x st

3From the equation 23 4+ 22 = 1 it follows that z; = x5 = x5 = 0. To shorten the notation, we do not include
the equation 1 = x5 = x3 = 0 in the formula of the circle. The same goes for rest of the text.
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For an integer k < 0 let fro0: S x ST 1LU.S* — S% be the embedding such that

froolss = 53,%‘“#33,%#---#53,1‘%"“ and  fro0ls2xs1 = 5251

The embedding fj 00 is Brunnian for each k.

Construction of the embeddings gmn. Let goo : S LU S® — S® be some Brunnian embedding
such that the image of the first component lies in an open 6-ball disjoint from the image of the
second component. We call g a trivial link.

The Zeeman map 7 : 73(S%) — Emb®(S® U S%) is defined in [Atl2]. Let i : S® — S? be the
Hopf map.

The Whitehead link w : S% U .S® — S° is also defined in [At12].

Both embeddings 7(n),w : S® U S* — S¢ are Brunnian®. For m = n (mod 2) let g, =

mT(n)#Lﬁw. Here both 07(n) and Ow are trivial links.

Proof of Corollary 1. Consider the trivial link goo : S® LU S* — S and the Whitehead link
Jop=w:SLUS? — S°.

By Theorem 1, the embeddings fi00#g0,0 and fio0#w are isotopic, because fi0#go,0 is
isotopic to f10,0 and fi0#w = f1,02. However, by the Haeifliger Theorem, the Whitehead link
go,2 = w is not trivial, i.e., is not isotopic to gg . 0

2. PLAN OF THE PROOF OF THE MAIN RESULT.

In this section we prove Theorem 1 modulo Lemmas 1 through 8. Proofs of all the Lemmas
depend on this section. Lemmas 2 and 3 are proved in this section. Lemmas 4 and 5 are
proved in Section 3, their proofs depend on Section 2. Lemma 7 is proved in Section 4, its
proof depends on Section 2. Lemma 1 is proved in Section 6, its proof depends on Section 2
and Section 5 (which uses Lemma 7). Lemma 8 is proved is Section 8, its proof depends on
Sections 2, 4, 5, and 7. Finally, Lemma 6 is proved is Section 9, its proof depends on Sections
2,5, and 7.

Denote by Emb%(S? x S* LUS?) the set of isotopy classes of Brunnian embeddings S? x S* LI
S3 — SS. For each m denote by 1 the point (1,0,...,0) € S™.

Definition of ». Define a map
s Emb$(S? x S*U S?) — Z by the formula  s([f]) := Ik(f(S?), f(S* x 1)) € Z.

Here Ik(f(S?), f(S%x 1)) is the algebraic number of points of intersection® f(S*)Nq(D?), where
q: D? — S%is a general position w.r.t. f(S?®) map such that g|s: = f|s2x1. Clearly, s is well
defined.

To shorten the notation, we shall write s(f) instead of s([f]).
In this text framing means normal framing.

4The image of 7(n) is as follows. Let S% x D3 c S be the standard tubular neighborhood of the standard
sphere S® C S°. Then the image of 7(n) is the union of the standard sphere S* C S° and the graph of the Hopf
map 7 : S — S? in the boundary S3 x §? C S6 of §3 x D3 C S°.

"We define the algebraic number of points of intersection in the usual way. Let M™, N™ C S™+" be oriented
submanifolds intersecting transversally. Let A be a point of M N N. Let uy,us,...,uy, and vi,vs,...,v, be
positive tangent frames of M and N at A, respectively. The point A is a positive point of the intersection
M NN if the frame uy, U, . .., Um, V1, V2, . . ., Uy is & positive tangent frame of S™+" at A. Note that according
to this definiton the algebraic number of points of intersection M3 N N3 C S¢ equals negative algebraic number
of points of intersection N3 N M3,
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Definition of a framed intersection. Let M, N C S* be transversal submanifolds. Assume that
N is framed. At each point P € M N N the framing of the submanifold M N N of M is the
projection of the framing of N at P onto the tangent space of M at P.

In this text any intersection of a submanifold and a framed submanifold is assumed to be
framed.

Definition of a framed preimage. Let f : M — N be an embedding and let L C N be a framed
submanifold. Then the preimage f~!(L) is a framed submanifold of M whose framing is the
df-preimage of the framing of L.

In this text any preimage of a framed submanifold is assumed to be framed.

Definition of standard framings. Denote by e, the vector (0,...,0,1,0,...,0) € R™ where 1 is
at the k-th position.

The standard framing of the standard SP~! C S™ ! at any point is (€,41,€py2,- .., €m). The
standard framing of i(D?x S') C S° is the restriction of the standard framing of S* D i(D?*x S?).

Notation for framed submanifolds. By Meil,eiZ,m,eik we denote the framed submanifold M C S™
with the framing e;,, e;,, . . ., €;, . E.g., i(D>*XS")¢4.e, denotes the standardly framed i(D?x S*) C
S6.
An embedding f : S? x ST S? — SO is called simple if
f is Brunnian and  f|s2x 51 = i|g2xs1-

Definition of Cy and f . Denote by C} the closure of the complement to a small tubular
neighborhood of i(S? x S') in S®. For a simple embedding f : 5% x S 1S3 — 56 denote by

f:8% = Cy the abbreviation® of f.

Definition of p and =. For integers a and ¢ such that c|a, let p,. : Z, — Z. be reduction
modulo ¢ 7. Let b be an integer such that c|b. Then for any = € Z, and y € Z,

r=vy (mod c¢) indicates that p, () = ppc(y).

Notation for the Hopf invariant. Given a map ¢ : S — S? denote by h(¢) € Z its Hopf
invariant. Given a framed 1-submanifold a C S®, denote by h(a) € Z its Hopf invariant .

Definition of U and v. Let f: S x ST 1183 — S° be a simple embedding such that i(D? x S*)
and f(S%) are in general position. Let 7(f) € Z be the value of the Hopf invariant of the framed
l-submanifold f~1(i(D? x S1),,.,) of S. Le.,

D(f) = hf ' (D X §Y)eye,) € Z.

Let
V([f]) = po2ur) (V([)) € Zoasy).

Lemma 1. The map v : s~ (k) — Zoy, is well defined for each k.

6If Ac X and B C Y, then for every f: X — Y we have amap g : A — B, g(z) = f(x), which is called the
abbreviation of f. Here we follow the definition of the abbreviation given in [Vi, Chapter II, Submaps, p.58].

"Here Z, denotes Z/aZ. Thus Z is Z.

8Slightly shift a along the first vector of its framing. Denote by o’ the obtained 1-submanifold of S3. The
Hopf invariant of a is the linking number lk(a,a’). Equivalently, the Hopf invariant of a is the Hopf invariant
of the map S — S? obtained from a by the Pontryagin-Thom construction.
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Denote
Di :={ye Sy, >0} and D?:={ye Sy <0}
An embedding f: S% x S S? — SO is called strictly simple if
f issimple and f(S®) C IntDS.

Lemma 2. Let f be a simple embedding. Then there exists an isotopy fized on S? x S between
f and some strictly ssimple embedding.

Proof. Denote by A? the 2-disk {z; < —\/Li,l'g =13 =2 = v7 = 0} in S®. Then A% C D¢,
ItA? N{(S? x S) =0 and 0A% =i((—1,0,0) x ST).

By general position, we may assume that f(S3) is disjoint from A2 Denote by B a small
tubular neighborhood of A? disjoint from f(S3). Consider the framing es, e3 of 6A32?e3 C
i(S? x S'). This framing extends to a framing of A7, = C S°® since the vectors ey, es are
orthogonal to A? at each point of AZ.

Hence there is an isotopy H : Cy; x I — Cy; x I mapping B® N Cy; to A® Ny, and Cy; — BE
to A% N Cy. Let f: 5% x S'US* — S¢ be the simple embedding such that f''= Hyf. Then
f! is as required. !

Lemma 3. Let f : 5% — S% be an embedding isotopic to the standard embedding and such that
f(S?) C Int(DY). Then there exists an embedded disk A C Int(DS) such that OA = f(S?).

Proof. Since f is isotopic to the standard embedding, there exists an embedded disk A C S°
such that A = f(S?). Disk D® is a tubular neighborhood of a point. Therefore, by general
position, we may assume that D% and A are disjoint. Hence A is as required. O

Definition of 6 : IntD% x S — S®. The embedding 6 : IntD? x S* — S? is given by the
formula:

0((551, T, ZL'g), (yh y?)) = (CEQ, X3, Y1 \/2 - x% - x?{v ?/2\/2 - I% - $§)/\/§

The image of ¢ is the open tubular neighborhood {27 + 23 < 3} C S* of the circle
{z2+22=1} C S5
Definition of 1. Let f be a strictly simple embedding. Lemma 3 asserts that there is a 4-disk
A C IntDS such that OA = f(S?). Frame A arbitrarily. We may assume that A is in general
position w.r.t. i(S? x S1).

Note that the framed intersection i(S* x S') N A lies in i(IntD3 x S'). Therefore, we have
i s2xs1(A) C IntD? x S and 0i g2y 51 (A) C S3. Define

ﬁ(f) = h91_1|52><51 (A) - Z

Lemma 4. The number [i(f) is well defined, i.e., does not depend on the choice of A.

Definition of . Consider an isotopy class from Emb%(S? x S 1U.S?). By Lemma 2, this class
contains a strictly simple embedding f. Let

1([f1) = poser) (H(S)) € Zasp)-
Lemma 5. The map p : » (k) — Zoy is well defined for each k.

To shorten the notation, we shall write v(f) and u(f) instead of v([f]) and u([f]), respectively.
It is important to remember, however, that v(f) and u(f) depend only on the isotopy class of
f while 7(f) and p(f) depend also on the choice of the map f.
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Lemma 6. For any integers k, m, n such that m =n (mod 2):

. %(fk,m,n) =k
o 1(frmn) =m (mod 2k)
® U(frmn) =n (mod 2k)

Lemma 7. Let f: 5% x S'US% — S¢ be a simple embedding. Then u(f) = v(f) (mod 2).
»x

Lemma 8. Let f,g: 5% x S'US? — S® be Brunnian embeddings. Suppose that »(f) = s(g),
w(f)=ulg) and v(f) = v(g). Then f is isotopic to g.

Proof of Theorem 1. Let f : S? x St U S® — S% be a Brunnian embedding. Let m and n be
integers such that poo.p(m) = u(f) and poa.p(n) = v(f). Lemma 7 asserts that m = n
(mod 2). By Lemma 6 embeddings f and f.(s)m,» have the same s, y and v invariants. Hence
 is isotopic to fi(f),m,» by Lemma 8.

By Lemma 6, the embeddings frmn, fem+2kn, and fimnior have the same 2z, p and v
invariants. Hence they are isotopic to each other by Lemma 8.

Suppose that the embeddings fimn and fi . are isotopic. Then they have the same s,
i, and v invariants. Hence by Lemma 6 it follows that k = k', m = m’ (mod 2k) and n = n’
(mod 2k). O

Notation for isotopies. Let H : M x I — N x I be an isotopy. For any ¢ € I let pry,, :
M xt — M and pry, : N xt — N be the projections on the first factor. Denote by H, the

map prN7toH|Mxtopr;417t:M—>N.

A relative framed cobordism and the relative Pontryagin-Thom isomorphism.

Let M™ be a compact orientable manifold with boundary. Let Ny, Ny C M be properly
embedded framed submanifolds. Framed submanifolds Ny and N; are relative framed cobordant
if there exists a properly embedded framed submanifold W C M x I such that WN(M x0) = Ny,
W N (M x 1) = Ny and the framings of Ny and N are the restrictions of the framing of W.
Framed submanifold W C M x [ is called a relative framed cobordism between Ny and Nj.

The relative Pontryagin-Thom isomorphism is a bijection between the homotopy classes of
maps M"™ — S™ and the relative framed cobordism classes of the properly embedded framed
(m — n)-submanifolds of M™. The bijection is given by the relative Pontryagin-Thom contruc-
tion analogous to the absolute Pontryagin-Thom construction for closed manifolds.

Let N* C M be a properly embedded framed submanifold. We may use the relative
Pontryagin-Thom construction to produce a map f : M — S™" such that N is the framed
preimage of a regular point of f. We shall say that under the relative Pontryagin-Thom iso-
morphism, the framed submanifold N corresponds to the map f.

Clearly, the existence of the relative Pontryagin-Thom isomorphism implies that relative
framed cobordant framed submanifolds correspond to homotopic maps and vice versa.

3. PROOF OF LEMMAS 4 AND 5 (THAT /i AND /i ARE WELL-DEFINED).

Lemma 9. Let f: S* — S® be an embedding. Denote by C; the closure of the complement to
a small tubular neighborhood of f(S®) in S®. Let A C S and A’ C S® be framed 4-disks such
that A = OA' = f(S3).

Then the framed submanifolds AN Cy and A" N Cy are relative framed cobordant in Cj.
Proof. Under the relative Pontryagin-Thom isomorphism, the framed submanifolds ANC' and

A’ N C} of Cy correspond to some maps ¢ : Cy — S? and §' : Cp — S?, respectively. To prove
the Lemma, it suffices to prove that 0 is homotopic to ¢'.
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Let G : D> — S® be an embedding such that the disk G(D?) intersects f(S®) transver-
sally and the intersection f(S%) N G(D?) is a single positive point. Let g : S* — C} be the
abbreviation of G|g2. Clearly, Ik(f(S?), g(S?)) = 1.

By Alexander duality, [g(5?)] is a generator of Ho(Cy;Z) = Z and the rest of the homology
groups of Cy are trivial. The space Uy is simply connected. Hence by the Hurewicz and
Whitehead Theorems, g : S* — C} is a homotopy equivalence. Therefore, g, : [C}, S?] —
[S%,5?] is a bijection.

By the definiton of g, the algebraic number of points of g(S?)NAis1,s0dog:S5? — S%?isa
degree one map. Likewise, 6’ o g : S? — S? is also a degree one map. Hence ¢ o g is homotopic
to ¢’ o g. Since g. : [C}, S?] — [S?,5?] is a bijection, it follows that d is homotopic to §’. O

Proof of Lemma 4. Let A C IntD$ and A’ C IntDS be framed 4-disks such that 9A = A’ =
fo (S?). Denote by C ; the closure of the complement to a small tubular neighborhood of f (S3)
in S°.

Lemma 9 asserts that ANC 7 and AN C'; are relative framed cobordant in C. Disk DS isa
tubular neighborhood of a point. Hence, by general position, we may assume that ANC 7 and
A'NC} are relative framed cobordant in C; NIntDS. The framed intersection of i(IntD3 x S*)
and this relative framed cobordism is a framed cobordism between K := i(IntD? x ST)NA and
K’ :=i(IntD? x S*)NA’. Therefore, the framed intersections K and K’ are framed cobordant.
Hence h0i~'(K) = hfi ' (K’). The Lemma follows. O

The following Lemma 10 is a corollary of [Ce07, Theorem 1 (L.S. Pontryagin)]. We follow
the notation of [Ce07] in the statement and the proof of the Lemma.

Lemma 10. Let Ly and Ly be framed 1-submanifolds of IntD3 x S* € S? x S homologous to
k[1 x S for some integer k. Suppose that Ly is framed cobordant to Lo in S? x S*.
Then h(0(L1)) = h(6(L3)) (mod 2k).

Proof. In codimension 2 any integer homology between codimension 3 submanifolds can be
realized by a submanifold. Since L; and Ly are homologous, it follows that there is a (not
framed) cobordism L in IntD? x S* x I between them. The definition of the relative normal
FEuler class e(L) € Z is given in [Ce07, §2]. We have

h(O(Lz)) — h(6(L1)) = e(0(L)) =&(L) =0 (mod 2k),

where the first two equations are obvious and the last follows by (2) in the proof of Theorem
1 in [Ce07]. O

Proof of Lemma 5. Suppose that f and f’ are isotopic strictly simple embeddings.

Let A, A’ C IntDS be framed 4-disks such that A = f(S?) and A’ = f/(S3).

We shall prove that i | g2 51 (A) is framed cobordant to i7!|g2,51(A’) in §% x S*. By Lemma
10 this would imply the assertion of the Lemma.

Let H : S x I — S% x I be an isotopy between f and f’. Notation X = Y means that X is

framed cobordant to Y. We have
— 1) . _ (2) ._ 3 ._
1 1|,S'2><SI(A) f:r (H1 Ol|5'2><51) 1(H1A) f:r 1 1|5'2X5'1(H1A) f:r 1 1|S2X51(A/).

(1) Here the framed cobordism is the i|gzxs1-preimage of HA.
(2) Both f and f’ are simple, so the map H; : S® — S% is identical on i(S? x S').
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(3) Denote by C, the closure of the complement to a small tubular neighborhood of F1(53)
in S°. The equation holds since (H;A)NC, and A’NC}, are relative framed cobordant

in €'y, by Lemma 9.
U

4. ADDITIONAL LEMMAS, PROOF OF LEMMA 7 (THAT g AND v HAVE THE SAME PARITY).
By 5% and S3 we denote two distinct copies of S3.

Definition of p and v for embeddings S? U S5 — S®. Consider a Brunnian embedding ¢ :
S3 LSy — S5 Let A' be an arbitrary framed general position embedded 4-disk such that
OA* = ¢(S3). Define

p(lg]) = h(glss " (A*)).
The definition of v([g]) is analogous and is obtained by exchanging the components.

To shorten the notation, we shall write v(g) and p(g) instead of v([g]) and u([g]), respectively.

Our definition of ;4 and v is equivalent to the definition in [At12] of A5 : Emb®(S3 U S3) — Z
and Mg, : Emb®(S® LI S3) — Z, respectively.

Recall that A\j2(w) = 0, Ao1(w) = 2, Aia(7(n)) = 1 (see [Atl2]) and Ao1(7(n)) = 1 (see [SkO?
proof of the 7-relation, end of §4]). Hence, u(w) =0, v(w) =2, u(7(n)) =1 and v(7(n)) =

Lemma 11. Let m and n be numbers such that m = n (mod 2). Then p(gmn) = m and
V(Gmn) = n.

Proof. Obviously, invariants p and v are additive with respect to #. Hence, p(gmn,) =
(n—m)

p(mr () #85w) = m and v(gnq) = v(mr(n)#55w) = n. O
Let o : S? — S% be an embedding with the image
1 1 1 1
§,SBZ+1’§ = §}U{:v1 < 0,23+ 23+ 2k = §,$§—|—I§ = 5}

Informally, o(S5?) is the result of an embedded 1-surgery on the circle i((—1) x S*) of i(S? x S1).
We shall use that in $* C S% the sphere 0(53) C S* bounds the 4-disk

{21 > 0,27+ 235 + 25 =

1 1 1
< 5T as 2 }u{w1<0 v+ T as > goag ey < 5k

Hence the embedding o is isotopic to the standard embedding. Also note that o(5*) N DS =
(D% x SY).

Lemma 12. Let f be a strictly simple embedding. Denote by g the embedding o U f|gs :
S3 1S3 — SC. Then g is Brunnian and u(f) = p(g) and v(f) = v(g).

Proof. By Lemma 3, there exists an arbitrary framed general position embedded 4-disk A* C
IntD¢ such that IA* = f(S5%) = g(S3). We have

() 2 1. _ 3 . 4
) 2 b sens1 (AY) 2 ho iz i szt (A1) 2 ho 1 (A1) 2 u(g), where
) This is the definition of f(f).
olds, because 2 g1 18 1s0topic to o™ 71 2 g1 @ Int X — 5°.
Holds, because Oy, ps 1 15 iS0topic to o lgypz s : TntD2 x S — S
3) Holds, because O—_li’IntDixsli_l’S2XSI<A4) = o H(A%).
)

(1
(2
(
(4) This is the definition of u(g).
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Consider the framed submanifold A, .,. The framings of A, .., and of i(D? x S')e;er
coincide on A, N DS =i(D* x SY)yNn DS.
~rey @ 1.3 1 (—2)O’1A 3 ~1(A “)
V(f) = hfT (D7 X S )eger) = BT (Apeger) = hg|sg( oeser) = V(g), where
(1) This is the definition of U(f).
(2) Holds, because the framings of A, ., and of i(D* x S')., ., coincide on A, N D¢ =
i(D? x S')ynDY.
(3) Holds, because f = g|gs by definition of g.
(4) Since 0A, = 0(S?), the last equation is the definition of v(g).
U

Lemma 13. Let f and f' be simple embeddings. Suppose that there is an isotopy between f
and [ fized on S? x S*. Then v(f) =v(f").

Proof. Since every smooth isotopy is ambient, there is an ambient isotopy H : S® x I — S% x I
between f and f’ fixed on S? x S!.

We may assume that i(D? x S1) x I and H(f(S?) x I) are in general position. Then the
framed intersection H(f(S3) x 1) N (G(D3 X SY) X I)ey.e, is a framed cobordism between framed
1-submanifolds f(53) Ni(D? x S eg.er and (8% Ni(D? x S eg.er OF H(f(S3%) x ).

So, fHA(D? x SY)ee,) and fLG(DP x SY)e..) are framed cobordant in S3. Hence the
values of their Hopf invariants 7(f) and 7(f’) are equal. O

Proof of Lemma 7. Lemma 2 asserts that there exists an isotopy fixed on S? x S! between f
and some strictly simple embedding f’. Denote by g the embedding o LI f’|gs : S® LS — SS.
Then ¢ is Brunnian and

() E u(f) L) L nie) 2 v(e) 2 (f) L 0(f) (mod 2), where
1) Holds, because p is well-defined and f is isotopic to f’.
2) Holds by the definition of .
5) Hold by Lemma 12.
4) By Theorem 2, g is isotopic to ¢y, for some integers m = n (mod 2). Lemma 11 asserts
that u(g) = m and v(g) = n. Hence the equality holds.”
(6) Holds by Lemma 13, since the isotopy between f and f’ is fixed on S? x S*.

(
(
(3,
(

5. ON THE HOMOTOPY TYPE OF Cj;.

Under the relative Pontryagin-Thom isomorphism, the framed submanifolds i(D3 x S')., ¢, N

Co; and i(D? X 1), ¢g.e- N Co; of Cy; correspond to some maps

€6,€7

pa: Co — S?  and p3 : Co — SS,

respectively.
Define the embedding z), : S? — Cj; by the formula:

Zé(xla Ta, 3:3) = (07 07 Oa 07 T1, T2, l’g).

9Here it is convinient to us to deduce the fact that ;(g) = v(g) (mod 2) from Theorem 2. However, the proof
of this fact is an essential part of the proof of Theorem 2.
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Define the map z; : S® — Cp; as the composition:

Hopf map 24
g3 Hopfmap g2 %

Define the embedding 23 : S® — Cp; by the formula:
23(x17 Tg, T3, ZE4) = (07 07 07 X1, T2, T3, Z‘4).
Given a map ¢ : S® — Cp, we denote by [¢] € 73(Cs,) its homotopy class'®.

Lemma 14. Homotopy classes [29] and [z3] form a basis of w3(Cy;). For each map ¢ : S* — Cp;
the coefficients of its homotopy class [¢| in the basis are h(pa¢p) and deg(psd), i.e., [¢p] =

h(p29)[22) + deg(ps¢)|[23].

Proof. The framed O-submanifold 23 '(i(D? X 1) cqe,) is the framed preimage of a regular
point of p3zg : 83 — S3. This framed 0-submanifold consists of a single positive point
(1,0,0,0)e5.e5.¢, C S*. Therefore, deg(pszz) = 1.

Similarly deg(pe25) = 1. Map pazy : S? — S? is the composition of py2zh : S? — S? and the
Hopf map 5% — 52, hence h(pszs) = 1.

The framed 0-submanifold z; *(i(D? X 1)e, ¢5.c,) is the framed preimage of a regular point of
p3zo 0 5% — S3. This submanifold is empty. Therefore deg(pzzs) = 0.

The framed submanifold 23 (i(D? x S1).,.,) C S? is the framed preimage of a regular point
of pazg : S% — 52, This framed submanifold is the framed circle {23 + 23 = 1}, ., C S*. The
Hopf invariant of this framed circle is zero. Therefore h(psz3) = 0.

Define a map £ : m3(Cs) — Z @ Z by the formula £([¢]) = deg(psp) ® h(p2¢). Clearly, &
is a homomorphism. As we have just shown, £([z3]) = 1 ® 0 and £([22]) = 0 @ 1, hence ¢ is
surjective.

The manifold Cj; is homotopy equivalent to S? V 53V S§%. Therefore 73(Cy,) = Z @ Z by the
Hilton Theorem on the homotopy groups of wedge product of spheres. So ¢ is an isomorphism,
and the Lemma follows. 0

o

Lemma 15. Let f be a simple embedding. Then [f] = U(f)[z2] + »(f)[z3].

Proof. Lemma 14 asserts that [f] = h(psf)[zs] +deg(ps f)[z3]. It remains to prove that h(psf) =

D(f) and deg(psf) = 5(f).
We have, ] ]
h(paf) = M(f 7 G(D? X §Y)eger)) = D(f).

Here the first equation holds since f “1i(D? x S1) g e, ) 1s the framed preimage of a regular point

of pof : 93 = S2. The second equation is the definition of 7.
We also have,

deg(l”i%f) = #(]3_1(1(1)3 X Deseqrer)) = #(f(sg) N i(D3 X 1)eseqer) = #(f)-
Here #(-) denotes the algebraic number of points'! of a framed 0-submanifold. The first equa-
tion holds since [ (i(D? X 1)¢; eq.¢,) 18 the framed preimage of a regular point of psf : S* — S3.
The last equation is the definition of . O

Lemma 16. Let H : S x I — S® x I be an isotopy such that Hy|s2xs1 = Hi|s2xst = i|g2xs1-
Suppose that Hi(Cy;) = Cy;. Let H : Cy; — Cpy; be the abbreviation of Hy. Then

0The space Cp; is simply connected so we can ignore the base points.
HGee footnote 5.



12 S. AVVAKUMOV

(D) [Hz] = [z].
(IT) [H z3) = 2k][z2] + [23] for some integer k.

Proof. (I). Map 72(Ca;) — Z given by the formula [¢] — lk(6(S?),i(5?x S)) is an isomorphism.
The linking number is an isotopy invariant. Therefore H induces the identity isomorphism of
s 2(081)

So, the maps 2} : S? — Cj, and H 2y + 8% — Cp; are homotopic. Hence, by the definition of
29, the maps 2, : S% — Cp, and Hzy: S3 — Cy; are homotopic as well, i.e. [H 2] = [2a].

(II). Consider the simple embedding f : S? x S 11 S% — S% such that f = z3. We have,

—
~

[Hzs) = [H ] S D f) o] + se(H f) 28] 2 D f) 0] + [25].

(1) Holds by Lemma 15.
(2) The linking number is an isotopy invariant, so »(H f) = »(f) = 1.

The integer D(H f) is even since

~ T D= (2) B ~

o1 L i Lt Lon Lo (mod 2).

(1,3) Follow from Lemma 7. N

(2) Holds, because p is well defined (Lemma 4) and H f is isotopic to f.
(4) Follows from Lemmas 14 and 15 since f = z3.

6. PROOF OF LEMMA 1 (THAT 7 IS WELL-DEFINED).

Let f and f’ be isotopic simple embeddings. We shall prove that v(f") — v(f) is divisible by
25(f) = 22(f'). This will imply that v(f) is well defined.

Let H : 8% x I — 8% x I be an isotopy between f and f’. Since the embeddings f and
f' are simple, it follows that Hy|s2xst = Hi|s2xst = i|s2xst. Therefore we may assume that

H,(Cy) = Cy. Let H - Cy — Cy; be the abbreviation of H;. Let H* : m3(Ca) — m3(Cy;) be
the homomorphism induced by H. Then for some integer k

(") ea) + 32 lzs] 2 ] = [Hf] = B[] L B (0(f) 2] + 5¢(f)[2]) =
D(f)[Hz) + 5(f)[Hzs) 2 (B(F) + 25(f)k) [2] + 24 f)[ 23],
1) Holds by Lemma 15.
)

( :
(2) Holds, because [f] = V(f)[z2] 4+ »(f)[23] by Lemma 15.
(3) Holds, because [Hzs] = [2] and [Hzs] = 2k[2s] + [23] by Lemma 16.

The homotopy classes [zq] and [z3] form a basis of m3(Cp;) by Lemma 14. So, v(f’) — v(f)
2x(f)k =

O
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7. FRAMING AN EMBEDDED CONNECTED SUM. DEFINITION OF A FRAMED ISOTOPY.

Lemma 17. Let f : M — S* and g : N — S* be embeddings. Suppose that f(M) and g(N)
are framed. Then the framing of f(My) U g(No) extends to a framing of (f#g)(M#N).

Proof. The framing of f(0M,) extends to the framing of the disk f(M \ IntM,). Likewise, the
framing of g(0Ny) extends to the framing of the disk g(NV \ IntNy).

Identify the disks f(M \ IntMy) and g(N \ IntNy) by an ambient isotopy. All the framings
of an embedded disk are equivalent. Therefore, the framings of f(9M,) and g(ONy) are also
equivalent. Hence, the framing of f(My) U g(Vy) extends to a framing of (f#¢g)(M#N). O

Definition of a framed isotopy. Let f,g : M™ — S*¥ be embeddings. Suppose that f(M) and
g(M) are framed. An isotopy H : S* x I — S*¥ x I between f and g is a framed isotopy if for
each point x € M and for each integer 1 < ¢ < k — m the dH;-image of the i-th vector of the
framing of f(M) at f(x) is the i-th vector of the framing of g(M) at g(x).

The isotopy H is also called a framed isotopy between the framed submanifolds f(M) and
g(M).
Lemma 18. Let f,g: D" x S™ — Sk be embeddings. Suppose that f(D™ x S™) and g(D" x S™)
are framed. Let B™ C D™ be an n-disk. Suppose that f|gnxsm = g|pnxsm and that the framings
of f(B™ x S8™) and of g(B™ x S™) are the same.

Then f is framed isotopic to g.

Proof. Using the framing of f(D™ x S™) we may naturally construct an embedding IE (D" x
Sm) x Dk=m=n — Sk guch that ﬂ(DnXSm)XO = f and for each x € D™ x S™ and each 1 <17 <
k —m —n the df—image of the vector x X e; is the i-th vector of the framing of f(D" x S™).

An embedding g : (D" x S™) x D*=m=" — S* is constructed analogously.

It suffices to prove that fvis isotopic to g.

Without loss of generality we may assume that B™ = %D”. Let s : D™ — B"™ be the map

given by the formula s(z) = iz.

Clearly, f is isotopic to f o (s X idgm X idpr-m—n) : D" X §™ x DF=m=n _ Gk Tikewise, § is
isotopic to g o (s X idgm X idps-m-n) : D" x S™ x DF-m=n 5 Gk

By the assumption of the Lemma fand g coincide on Im(s X idgm X idpr-m-n) = B™ x S™ X

DF-m=n_ Hence, f is isotopic to g. O

8. PROOF OF LEMMA 8.

The following three lemmas are proved later in this section.

Lemma 19. Let f and " be strictly simple embeddings. Suppose that »(f) = »(f"), u(f) =
u(f) and v(f) =v(f"). Then f is isotopic to f'.

Lemma 20. Let f be a strictly simple embedding. Then for any integer ¢ there exists a strictly
simple embedding f' isotopic to f and such that u(f") = p(f) + 2s¢(f)c and v(f') = v(f).

Lemma 21. Let f be a simple embedding. Then for any integer c there exists a simple embed-
ding f" isotopic to f and such that U(f") = vU(f) + 2s¢(f)c.

Proof of Lemma 8. Without loss of generality, we may assume that both f and g are simple.
By Lemma 21, there are simple embeddings f’ and ¢’ isotopic to f and g, respectively, and
such that v(f") = v(¢).
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By Lemma 2, there is an isotopy fixed on S? x S between f’ and some strictly simple
embedding f”. Likewise, there is an isotopy fixed on S? x S! between ¢’ and some strictly
simple embedding ¢”. Since the isotopy between f’ and f” is fixed on S? x S, it follows by
Lemma 13 that v(f") = v(f"). Likewise, U(¢g’) = (g”). Therefore, v(f") = v(g").

By Lemma 20, there are strictly simple embeddings f” and ¢"” isotopic to f” and ¢”, respec-
tively, and such that (f") = v(¢") and u(f") = u(g”). Clearly, »(f") = s(f) = »(g9) =

(g").
By Lemma 19, the embeddings f” and ¢"” are isotopic. Hence f and g are isotopic as
well. 0

To prove Lemma 19, we need the following Lemma 22. See its proof in [Ha66, proof of
Theorem 7.1] or in [MSk13, proof of Claim 3.1].

Lemma 22. Let g,g' : S U S5 — S° be isotopic embeddings. Suppose that glss = g'|ss. Then
there exists an isotopy between g and g’ fived on S3.

Proof of Lemma 19. The idea of the proof is to construct an isotopy between f and fo’ . The
existence of such an isotopy will follow from Theorem 2.

Denote by g the embedding o L f|gs : S§ LS5 — S°. Denote by ¢’ the embedding o LI f/|gs :
S3 1S3 — S Pairs g and ¢’ of linked spheres are isotopic because

—
~

u(g) 2 ) 2 i) ulg).
(1,3) Hold by Lemma 12.
(2) Holds by the assumption of the Lemma.
Similarly, v(g) = v(¢’). So, by Lemma 11 and Theorem 2, it follows that g is isotopic to ¢'.

Denote by C, the closure of the complement to a small tubular neighborhood of ¢(5%) in
S°. Let gy : S* = Cy and g5 : S° — O, be the abbreviations of g|g3 and ¢'|gg, respectively. By
Lemma 22 there is an isotopy between g and ¢’ fixed on S?. Hence g, is isotopic to gb.

Let H : S? x I — C, x I be an isotopy between gy and g5. The image Im(H) is disjoint from
(D3 x S') C 0(5?) since Im(H) C C, x I (however Im(H) is not necessarily disjoint from
i(D? x S'). We shall “push” Im(H) out of (C, N DY) x I into (C, N DY) x I).

Denote 1

A2 = {.I‘l S —E,$4:$5:$€6:$€7:0} C Sﬁ.
Note that A? is a 2-disk, A? C D% and IntA% N o (S?) = 0.

Let C C 0(S%) N D% be an embedded cylinder diffeomorphic to S' x I with the boundary
OA?L1O(i(D3 x 1)) (it is not assumed that IntA? N IntC' = @ or that Inti(D? x 1) NIntC = ).
Let [A?], [C], and [i(D? x 1)] be 2-chains in Cy(S% Z) with supports A?, C, and i(D3 x 1),
respectively, and such that 9([A?]+[C]+[i(D7 x1)]) = 0. Denote £? := [A?]4[C]+[i(D? x 1)].

Clearly,

k(Im(Hy), X% x 0) = lk(g2(S?), X?) = Ik(f(S?), ¥?) = »(f) = »(f') =
= lk(f'(5%), %?) = lk(g5(5?), 2?) = Ik(Im(H,), ¥* x 1).

Hence, the algebraic number of points of the intersection'? Im(H) N X% x [ is zero'™. Also
Im(H)N(CUi(D2 x 1)) x I = 0 since CUi(D2 x 1) C o(S5*). Therefore, the algebraic number of

128ee footnote 5.
13This statement does not depend on the choice of the orientations of Im(H) and £2 x I.
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points of the intersection Im(H) N A? x [ is zero as well. The space C,, x I is simply connected,
dim(C, x I) — dim(Im(H)) = 3 and dim(C, x I) — dim(A% x I) =4 > 3. So, by the Whitney
Trick Theorem ([Fr, Theorem 0.1]), there is a concordance H' : S* x I — C, x I between go
and g5, and disjoint from A? x I. Since in codimension 3 concordance implies isotopy ([Hu70,
Theorem 2.1]), we may assume that H’ is an isotopy.

Denote by B% a small tubular neighborhood of A? such that B® x I is disjoint from Im(H’).
Consider the framing ey, e5 of 9A? in ¢(S3). This framing extends to a framing of A% in S°
since the vectors ey, e5 are orthogonal to A? at each point of A2,

Therefore, there is an isotopy G : C, x I — C, x I such that

e G(BNC,)=DNnC,
e G,(DSNC,) CDENC, for each t

Consider the isotopy F : S* x 3I — C, x 3I given by the formula
GtQQ; 0<t<1
Fo=< GiH{_g5, 1<t<2
Gg tngQ, 2<t<3
Clearly, Fy = g2, F3 = ¢4 and Ft(S?’) C C, N DY for each t. So Fy(S?) is disjoint from
i(S? x S for each t. Hence f = go and f’ = ¢/, are isotopic to each other. Therefore f and f
are also isotopic to each other (the isotopy is even fixed on S? x S1).
O

Proof of Lemma 20. 1t suffices to consider only the case ¢ = 1. Since f is strictly simple, there
exists € > 0 such that f(S%) C {z1 > 2¢} C DS.

Denote € := v/1 — €2. Define an embedding w : S — S° by the formula:
w(wy, Ta, T3, T4) := (€, €x1, €T9,0,0, €xs, €xy).

Clearly, w(S?) Ni(S? x S') = 0. Since w(S?) C {x; = €} and f(S®) C {1 > 2¢}, it follows
that w(S?) N f(S%) = 0.

Let f/: 5% x S11US? — S be the strictly simple embedding such that f/|gs = f|gs#w. We
shall prove that f’ is as required.

The sphere w(S?) bounds the disk {z; < €,74 = 0,25 = 0} in S®. Clearly, this disk is
disjoint from i(S? x S'). This disk is also disjoint from f(S®), since it lies in {z; < €} and
since f(S®) C {x; > 2¢}. Therefore, there is an isotopy between f’ and f fixed on S? x S1. By
Lemma 13, it follows that U(f’) = v(f).

It remains to prove that f(f’) — u(f) = 2s(f).

The sphere w(S?) also bounds the disk W := {z; = €,24 > 0,25 = 0} in S°. By Lemma 3,
there is a 4-disk A C {x; > 2¢} with boundary f(S®). The disk A is disjoint from W since
W C {x; = €}. Frame A arbitrarily.

Denote a := i g2x51(We,e;) and b := i t|g2,51(A). Then a and b are framed 1-submanifolds
of $% x S'. We have

= h(0(a)) + h(6(b)) + 21k(0(a), O()) — h(6(b)) =

= h(0(a)) + 21k(0(a), 0(b)) = 0 + 25¢(f).
);

);
0(b)) = =(f).

It remains to prove the last equation, i.e., that h(6(a)) = 0 and 1k(f(a
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The framed intersection i(S? x S1) NW,, ., is the framed circle

1 1
2 2 2 6
{r1=€ 254+a5==-—€, Ty=—F}ees CS°.

2 V2

So, a =1 ' g2x51(We, e;) is the framed circle
({Qfl = \/56,1'% —+ Qfg =1- 262} X 1>€1><0,0><62 C SQ X Sl.
Then 6(a) is the framed circle

1 1
{x%+x§:§—62,x3: \/§+62,$4:0}v,e4 C 53,

for a certain normal field v. Clearly, h(6(a)) = 0.

Consider the handlebody T := {2? + 2% < 1,23 + 23 > 1} in S® diffeomorphic to D? x S*.
The circle §(a) is “almost” the meridian S x 1 of T'. The circle 0(b) lies in IntT and is “further
away” from OT than 6(a). Moreover, 6(b) is homologous to »(f)[0 x S'] in T. Therefore,
lk(6(a), 0(b)) = »(f)- .

To prove Lemma 21, we need the following Lemma 23.

Lemma 23. There exists an isotopy H : S® x I — S x I such that H|js2xs1) = id, H1(Cy) =
Cai, and [Hzs] = 2[z9) + 23], where H : Cy; — Cpy; is the abbreviation of Hy.

Proof. Define an embedding z; : S* — S® by the formula
z4(21, T2, T3, T4, 5) 1= (21, 2, 23,0, 0, 24, T5).

Note that z4(S%) is a sphere isotopic to the standard sphere and linked with i(0 x S').

Frame i(D?x S') with vectors eg, e7 at each point (this is the standard framing). Frame z4(S%)
with vectors e4, 5 at each point. By Lemma 17, we may extend the framings of i((D3x S1)g)
and 24(Sg)e,.e5 to a framing ¢ of (i#z,)(D? x Sh).

We have framed the images of the embeddings i#z, : D3 x S' — S% and i: D3 x S' — SS.
Take a 3-disk B> C D? such that B® x ST C (D? x S1)q. Clearly, (i#24)|3xs1 = i|psxst and
the framings of (i#z24)(B? x S') and i(B? x S') are the same.

So, by Lemma 18, there is a framed isotopy H : S® x I — S% x I between the embeddings
i#2z, and i (the isotopy H is not assumed to be fixed on the boundary 9(D? x S')). We may
assume that Hi(Cp;) = Cy. We shall prove that H is as required.

Lemmas 14 and 16 assert that

€6,€7

[Hz3] = h(paHzs)[2] + deg(psHzs)[z5] and  [Hzg] = 2k[zo] + [23], for some integer k.

By Lemma 14, the homotopy classes [z] and [z3] form a basis of m3(Cy;), so deg(psHzs) = 1.
It remains to prove that h(pgff 23) = 2.

By the definition of py, the framed submanifold i(D? x S*), ., N Cy; is the framed preimage
of a regular point of py : Cy — S?. Therefore, the framed submanifold (i#z24)(D? x S'): N Cy
is the framed preimage of a regular point of pQﬁ : Cy; — S2.

By general position, we may assume that

23(S%) N (i#24)(D? x SY) = (23(5%) Ni(D? x SY)) U (23(S%) N 24 (S)).
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So, the value of the Hopf invariant h(ngI z3) is equal to the value of the Hopf invariant of the
union of framed circles

23 (i#24(D? x SY)¢) = 25 (1(D? X SM)eger) U 25 1 (24(SH)esres) =
={a] + 23 =1}eye, U{ad + 2] = 1}e, 0, C S°.

Le,

h(P2ﬁfZ3) =h({z] + 25 =1}ey e, U {2 + 25 =1}, 0y) =
= h({z] + 25 = 1}eyen) + h({x] + 2] = 1oy ) + 20k({a] + 23 = 1} {25 + 2] =1}) =
=0+0+2=2.
O

Proof of Lemma 21. 1t suffices to consider only the case ¢ = 1.

Lemma 23 asserts that there is an isotopy H : S® x I — S® x I such that Hlyg2xs1) = id,
Hy(Cy;) = Cos, and [Hzs) = 2[z5] 4 [23], where H : Cy; — Cl; is the abbreviation of Hj.

We shall prove that the simple embedding f’ := H; f is as required, i.e, that v(f") = v(f) +
23¢(f). Let H* : m3(Cy;) — m3(C;) be the homomorphism induced by H. We have

(1) [za) + () zs] L 1) = (H ) = B [f] 2 B (0(f)[20] + (f)[28]) =

= D(f)[Hza] + () [Hzs] C ((f) + 2 )] + 52 F)[25).
(1,2) Hold by Lemma 15.
(3) Holds because [Hz) = [25] by Part (I) of Lemma 16, and [Hzs] = 2[z5] + [23] by the
choice of H.

By Lemma 14, the homotopy classes [z2] and [z3] form a basis of w5(Cy;), so U(f') = U(f)+2s(f).
U

9. PROOF OF LEMMA 6.
To prove Lemma 6, we need the following Lemma 24.

Lemma 24. Let f be a strictly simple embedding. Let g : S} U Ss — S® be a Brunnian
embedding. Suppose that the image of g lies in a small 6-disk in Int DS disjoint from the image

of f and i(D? x SY). Then:

(1) s(f#g) = »(f)
(D) p(f#9) = p(f) + po2s(r) (1(9))
(IID) v(f#g) = v(f) + po2xs)(¥(g))

Proof. Part (I) is obvious.

The following construction is needed to prove parts (II) and (III).

Let Ay C IntD§ be an embedded 4-disk such that 9A; = f(S%). Since ¢ is a simple
embedding, there are embedded 4-disks Aj, Ay C IntDS such that dA; = ¢(S7) and 9A, =
g(S3). We may assume that A; and A, lie in a small 6-disk in IntD¢ disjoint from Ay and
(D3 x S1.

The definition of the boundary embedded connected sum M#N C S* of the embedded compact
orientable manifolds M C S* and N C S* with boundary is analogous to the definition of the



18 S. AVVAKUMOV

(absolute) embedded connected sum. Clearly, any framing of M LU N can be extended to a
framing of M{N.

Frame Ay, Ay, and Ay arbitrarily. Extend the framings of i(D? X S')eger, Ay, Aq, and Ay
to framings of i(D? x S1)A; and AfA,.

By Lemma 18, there is a framed isotopy H : S®x I — S%x I between the framed submanifolds
(D3 x SH1A; and i(D? x SY)e, e,

Then H,(f#g) : 5% x S'1US? — S% is a strictly simple embedding and H;(i(D? x S1)A) =
(D3 x SYeqer

Completion of the proof of (II). By the definition of u

u(f#9) = w(H(f#9)) = M0i s2xs (Hi(AfA,))) =

= h(0(ilsexs1#9ls3) " (As802)) = h(O(i]s2xs1#9l53) ™ (Ap) U O(ils2xs1#gls3) " (A2)) =
@ : - . _
= h(0(ils2xs1#9]s:) 7 (Af)) + (0] s2xs1#9]53) 7 (D2)) = u(f) + pulg)  (mod 2¢(f)).
Here (1) holds since framed 1-submanifolds 6(i]s2xs1#g]s3) "' (A) and 0(i]s2x 51 #9]s3) 7' (A2)
of S? are unlinked (they lie in disjoint 3-disks).
Completion of the proof of (I11). By the definition of v

v(f#g) = v(Hi(f#9))
0

((Hlf#H19|s3) i(D3 x Sh) =
Hyf)1(D* x 5Y)) + h((Higlsy)~"i(D? x §1)) =
h(f7H(D? x SY)) + higlss (A1) = v(f) +v(g)  (mod 25(f)).

Here (1) holds since framed 1-submanifolds (Hljg)ili(D3 x S1) and (H1g|53)_li(D3 x S1) of
S3 are unlinked (they lie in disjoint 3-disks).

h(

—~

O

Proof of Lemma 6. By Lemma 24, it suffices to consider only the case m =n = 0.

Clearly, s(fr00) = Ik(f00(5?), fro0(S* x 1)) = k.

Let k = 0. By definition of fy0, submanifolds fyo0(S* x S') = i(S? x S') € S5 and
fo.00(S?) C S lie in disjoint 6-disk. So, there is 4-disk bounded by fp00(S5?) and disjoint from
fo0.00(S? x S'), meaning that u(fo00) = 0. Also, we may assume that fy00(S?) is disjoint from
i(D? x S1), meaning that v(fo00) = 0.

Let us now consider the case k = 1. The case k # 0,k # 1 is analogous.

Consider the framed 4-disk

1
A= {x; > P2 == 0}epes C S°.
Clearly, A C IntD$ and 0A = z3,%(53) = f1.00(5%). So,

ﬁ(fl,o,()) = h91_1‘52><51 (A€2 83) - h({l’3 + ZE4 1}61 62) =0.

Hence, p(f100) = 0.
The map fi 0 is homotopic to z3. Therefore, by Lemmas 14 and 15 it follows that U(f100) =
0, SO V(fl,O,O) = 0. ]
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