
Äèñïåðñèÿ ëèíåéíîé ñòàòèñòèêè

ïëàíøåðåëåâñêèõ äèàãðàìì Þíãà

Ê.Ë. Òîëìà÷åâ

1 Ââåäåíèå

Äèàãðàììîé Þíãà λ èç n êëåòîê íàçûâàåòñÿ òàáëèöà, ñòðîêè êîòîðîé ñî-
ïîñòàâëÿþòñÿ ðàçáèåíèþ ÷èñëà n â ñóììó íåóáûâàþùèõ íàòóðàëüíûõ ñëà-
ãàåìûõ λ1 ≥ λ2 ≥ ... ≥ λm > 0, λ1 + ... + λm = n. Îáîçíà÷èì n = |λ|.
Ìíîæåñòâî âñåõ äèàãðàìì Þíãà èç n êëåòîê ìû îáîçíà÷àåì Yn. Ñëåäóÿ
Âåðøèêó è Êåðîâó, ìû áóäåì èçîáðàæàòü äèàãðàììû Þíãà â âèäå ïîâ¼ð-
íóòûõ íà

π

4
òðåóãîëüíûõ òàáëè÷åê:

Ïîñòðîèì ïî äèàãðàììå λ ïîñëåäîâàòåëüíîñòü (ci(λ)) ∈ {0, 1}Z ïî ñëå-
äóþùåìó ïðàâèëó:{

ck(λ) = 1, k = λi − i, äëÿ êàêîãî-òî i;
ck(λ) = 0, èíà÷å.

Íàñ áóäåò èíòåðåñîâàòü ôóíêöèÿ, ãðàôèê êîòîðîé ïðîõîäèò ïî âåðõíå-
ìó êðàþ ïîâ¼ðíóòîé äèàãðàììû. Ýòî íåïðåðûâíàÿ êóñî÷íî-ëèíåéíàÿ ôóíê-
öèÿ, óäîâëåòâîðÿþùàÿ ñëåäóþùåìó óñëîâèþ:{

Φ′λ(x) = 1, c[x](λ) = 0;

Φ′λ(x) = −1, èíà÷å.
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Ñíàáäèì Yn âåðîÿòíîñòíîé ìåðîé Pl(n), ïîëîæèâ

Pl(n)(λ) =
(dimλ)2

n!
,

ãäå dimλ - ðàçìåðíîñòü íåïðèâîäèìîãî ïðåäñòàâëåíèÿ ñèììåòðè÷åñêîé ãðóï-
ïû Sn, ñîîòâåòñòâóþùåãî äèàãðàììå λ. Ýòà ìåðà íàçûâàåòñÿ ìåðîé Ïëàí-

øåðåëÿ.
Â 1977 ãîäó Âåðøèê è Êåðîâ [9] è, íåçàâèñèìî, Ëîãàí è Øåïï [10] ïî-

êàçàëè, ÷òî îòíîñèòåëüíî ìåðû Ïëàíøåðåëÿ �áîëüøèå� äèàãðàììû Þíãà
èìåþò ïðåäåëüíóþ ôîðìó. À èìåííî, äëÿ ôóíêöèè

Ω(t) =

{
2
π (t arcsin(t/2) +

√
4− t2), åñëè |t| ≤ 2;

|t|, åñëè |t| > 2,

è ïåðåíîðìèðîâàííûõ èçîáðàæåíèé äèàãðàìì Þíãà âåðíî ñëåäóþùåå:

∀ε > 0 : lim
n→∞

Pl(n){λ ∈ Yn :
1√
n
|Φλ(t)−

√
nΩ(t/

√
n)| < ε} = 1.

Â ñòàòüÿõ [2] è [7] ïîêàçàíî, ÷òî ëîêàëüíî ðàñïðåäåëåíèå ci(λ) ïðè |λ| → ∞
çàäàåòñÿ äèñêðåòíûì ñèíóñ-ÿäðîì. Â [1], [6] è [8] â ðàçíûõ ôîðìàõ ñôîð-
ìóëèðîâàíà öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ îòêëîíåíèÿ äèàãðàìì îò
ïðåäåëüíîé ôîðìû.

2 Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1 Äëÿ âñåõ a, b ∈ (−2, 2) è âñåõ ïîñëåäîâàòåëüíîñòåé xn, yn òà-

êèõ, ÷òî lim
n→∞

xn√
n

= a, lim
n→∞

yn√
n

= b è lim
n→∞

(yn − xn) = +∞, âûïîëíåíî

lim
n→∞

V arPl(n)

(
yn∑
i=xn

ci(λ)

)
log(yn − xn)

=
1

π2
. (1)

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 ìû âîñïîëüçóåìñÿ òåõíèêîé ïóàññîíèçà-
öèè ([2], [7]).

2.1 Ïóàññîíèçàöèÿ

Îáîçíà÷èì Y =
∞⋃
n=1

Yn, è ââåä¼ì íà ýòîì ìíîæåñòâå ïóàññîíèçàöèþ ìåðû

Ïëàíøåðåëÿ:

Plθ(λ) = e−θ
∞∑
k=0

θk

k!
Pl(k)(λ), θ ∈ C,

ñ÷èòàÿ, ÷òî Pl(k)(λ) = 0, åñëè |λ| 6= k. Áîðîäèí, Îêóíüêîâ è Îëüøàíñêèé â
ñòàòüå [2] è Éîõàíññîí â ñòàòüå [7], ïîêàçàëè, ÷òî Plθ çàäàåò íà ïðîñòðàíñòâå
äèàãðàìì Þíãà äåòåðìèíàíòíûé òî÷å÷íûé ïðîöåññ â ñëåäóþùåì ñìûñëå:
äëÿ ïðîèçâîëüíîãî íàáîðà ðàçëè÷íûõ {x1, ..., xs} ⊂ Z

EPlθ (cx1(λ)cx2(λ)...cxs(λ)) = det
[
J(xi, xj , θ

2)
]
1≤i,j≤s ,
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ãäå J(x, y, θ2) - ÿäðî Áåññåëÿ,

J(x, y, θ2) = θ
Jx(2θ)Jy+1(2θ)− Jx+1(2θ)Jy(2θ)

x− y
.

(òóò è äàëåå äèñïåðñèÿ è ìàòåìàòè÷åñêîå îæèäàíèå îòíîñèòåëüíî Plθ ïðè
θ ∈ C ïîíèìàþòñÿ ôîðìàëüíî). Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ (íåïðå-
ðûâíîãî) ïðîöåññà, çàäàâàåìîãî ÿäðîì Áåññåëÿ, ïîëó÷åíà â [12]. Â [2], [7]
ïîêàçàíî, ÷òî ëîêàëüíî ïðè ïåðåõîäå ê ïðåäåëó ïðè |λ| → ∞ ÿäðî Áåññåëÿ
âûðîæäàåòñÿ â ñèíóñ-ÿäðî. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìû äëÿ (íåïðå-
ðûâíîãî) ñèíóñ-ïðîöåññà ïîëó÷åíà â [5].

Ñëåäóÿ [4] è ïîëüçóÿñü õîðîøî èçâåñòíûì òîæäåñòâîì

J(x, x, θ2) =
∑
y∈Z

(
J(x, y, θ2)

)2
,

ïåðåïèøåì ïóàññîíèçîâàííóþ äèñïåðñèþ èç òåîðåìû 1 ñëåäóþùèì îáðàçîì:

V arθ

(
y∑
x

ci(λ)

)
=
∑

i∈[xn,yn]

∑
j /∈[xn,yn]

(
J(i, j, θ2)

)2
,

ãäå V arθ - äèñïåðñèÿ îòíîñèòåëüíî ïóàññîíèçàöèè ìåðû Ïëàíøåðåëÿ Plθ.
Ñôîðìóëèðóåì òåïåðü ïóàññîíèçîâàííóþ âåðñèþ òåîðåìû 1.

Ïðåäëîæåíèå 2.1 Ñóùåñòâóåò òàêàÿ êîíñòàíòà γ > 0, ÷òî äëÿ âñåõ

a, b ∈ (−2, 2), è âñåõ ïîñëåäîâàòåëüíîñòåé xn, yn òàêèõ, ÷òî lim
n→∞

xn√
n

= a,

lim
n→∞

yn√
n

= b è lim
n→∞

(yn − xn) =∞,

∣∣∣∣∣∣∣∣
V arθ

(∑
i∈[xn,yn]

∑
j /∈[xn,yn]

(
J(i, j, θ2)

)2)
log(yn − xn)

− 1

π2

∣∣∣∣∣∣∣∣ exp(−γ|
√
n− θ|) = o(1).

(2)

Áëèçêîå óòâåðæäåíèå äëÿ ïóàññîíèçîâàííîé äèñïåðñèè ñôîðìóëèðîâàíî â
[1].

Âåðíóòüñÿ îò ïóàññîíèçîâàííîé ìåðû ê îáû÷íîé ìîæíî ïðè ïîìîùè
äåïóàññîíèçàöèîííîé ëåììû (ëåììà 3.1 â [2]) è íåêîòîðûõ å¼ óñèëåíèé
(ëåììû 3.1 - 3.2 â [4]).

Ôèêñèðóåì 0 < α < 1/4.

Äåïóàññîíèçàöèîííàÿ ëåììà 1 Ïóñòü {fn} - ïîñëåäîâàòåëüíîñòü öå-

ëûõ ôóíêöèé,

fn = e−z
∞∑
k=0

fnk
k!
zk,

è ïóñòü ñóùåñòâóþò êîíñòàíòû f∞ è γ òàêèå, ÷òî

max
|z|=n

fn(z) = O(eγ
√
n)
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è

max
|z/n−1|≤n−α

|fn(z)− f∞|e−γ|z−n|/
√
n = o(1)

ïðè n→∞. Òîãäà

lim
n→∞

fnn = f∞.

Äåïóàññîíèçàöèîííàÿ ëåììà 2 Ïóñòü {fn} - ïîñëåäîâàòåëüíîñòü öå-

ëûõ ôóíêöèé,

fn = e−z
∞∑
k=0

fnk
k!
zk,

è ïóñòü ñóùåñòâóþò êîíñòàíòû f∞, γ, C1, C2 òàêèå, ÷òî

max
|z|=n

|fn(z)| ≤ C1e
γ
√
n,

max
|z/n−1|≤n−α

|fn(z)− f∞|e−γ|z−n|/
√
n ≤ C2.

Òîãäà ñóùåñòâóþò êîíñòàíòà C = C(γ,C1, C2) òàêàÿ, ÷òî äëÿ âñåõ n > 0

|fnn − f∞| < C.

Äåïóàññîíèçàöèîííàÿ ëåììà 3 Ïóñòü δ > 0, è ñóùåñòâóþò òàêèå êîí-

ñòàíòû f∞, γ1, γ2, γ3, C1, C̃, C2, C3 > 0, ÷òî

max
|z|=n

|fn(z)| ≤ C1(eγ1
√
n),

max
|z/n−1|<n−α

|fn(z)|e−
γ2|z−n|√

n ≤ C2,

max
|z/n−1|<nδ−1

|fn(z)− f∞|e−
γ3|z−n|√

n ≤ C3.

Ïóñòü an - ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, |an| < C̃, è

max
|z/n−1|<nδ−1

|fn(z)− f∞|e
−γ1|z−n|√

n ≤ C1an.

Òîãäà ñóùåñòâóåò êîíñòàíòà C = C(γ1, γ2, γ3, C1, C̃, C2, C3) òàêàÿ, ÷òî

äëÿ âñåõ n > 0
|fnn − f∞| < Can.

2.2 Ñõåìà äîêàçàòåëüñòâà è ñòðóêòóðà ðàáîòû

Â ðàçäåëå 3 àíàëèçèðóåòñÿ àñèìïòîòèêà ïóàññîíèçîâàííîé äèñïåðñèè â ëå-
âîé ÷àñòè (1). Â ðàçäåëå 4 îïèñûâàåòñÿ ïåðåõîä ê àñèìïòîòèêå ïî ìåðå
Ïëàíøåðåëÿ (äåïóàññîíèçàöèÿ). Îöåíêè ÿäðà Áåññåëÿ, íóæíûå â ðàçäåëå
3, äîêàçûâàþòñÿ â ðàçäåëå 5.

Äëÿ äðóãèõ ëîêàëüíûõ êîíôèãóðàöèé íåñëîæíî ïîëó÷èòü ëèíåéíóþ âåðõ-
íóþþ îöåíêó ñâåðõó (îíà ñëåäóåò èç îáùèõ ñâîéñòâ äåòåðìèíàíòíûõ ïðî-
öåññîâ). Â ðàçäåëå 6 ìû ïðèâîäèì ÿâíûé ïðèìåð ëîêàëüíîé êîíôèãóðàöèè,
äàþùèé ëèíåéíóþ îöåíêó ñíèçó.
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3 Àñèìïòîòèêà ïóàññîíèçîâàííîàé äèñïåðñèè

3.1 Îöåíêè íà ÿäðî Áåññåëÿ

Äëÿ äîêàçàòåëüñòâà ïðåäëîæåíèÿ 2.1 íàì ïîíàäîáÿòñÿ ñëåäóþùèå îöåíêè
ÿäðà Áåññåëÿ â ðàçëè÷íûõ ðåæèìàõ (îíè áóäóò äîêàçàíû â ïîñëåäíåì ðàç-
äåëå). Ïîëîæèì

ux = x/
√
n, uy = y/

√
n, φx = arccos(ux/2), φy = arccos(uy/2).

Ïðåäëîæåíèå 3.1 (òî÷êè äàëåêè îò êðàÿ äèàãðàììû) Ïóñòü

|x| < 2
√
n− nδ1 , |y| < 2

√
n− nδ2 , δ1, δ2 > 1/6

Òîãäà

|J(x, y, θ2)| ≤ C exp(γ|θ −
√
n|)

|eiφx − eiφy | 4
√

2− ux 4
√

2− uy
√
n

+

+ exp
(
−nc(−1/6+max(δ1,δ2)) + γ|θ −

√
n|
)
.

Ïðåäëîæåíèå 3.2 (îäíà èç òî÷åê íà êðàþ äèàãðàììû) Ïóñòü

|x| < 2
√
n− nδ, 2

√
n− n1/6 < |y| < 2

√
n+ n1/6, δ > 1/6.

Òîãäà

|J(x, y, θ2)| ≤

(
C

n5/12 (2− ux)
3/4

+O(e−n
c(δ−1/6)

)

)
exp(γ|θ −

√
n|).

Ïðåäëîæåíèå 3.3 (îäíà èç òî÷åê çà êðàåì äèàãðàììû) Ïóñòü

|x| < 2
√
n, |y| > 2

√
n+ nδ, δ > 1/6,

òîãäà

|J(x, y, θ2)| ≤
(
Ce−n

c(δ−1/6)
)

exp(γ|θ −
√
n|).

3.2 Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2.1

Ïåðåïèøåì îöåíêó ïðåäëîæåíèÿ 3.1.

C

|eiφx − eiφy | 4
√

2− ux 4
√

2− uy
√
n
≤ C

|
√

2− ux −
√

2− uy| 4
√

2− ux 4
√

2− uy
√
n
,

Ïîëüçóÿñü òîæäåñòâîì

(a2 − b2)ab = (a4 − b4)
ab

a2 + b2
,

ïîëó÷èì

J(x, y, θ2) ≤ C exp γ|θ −
√
n|

|x− y|

(
4
√

2− ux
4
√

2− uy
+

4
√

2− uy
4
√

2− ux

)
.
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Ðàçîáü¼ì îáëàñòü ñóììèðîâàíèÿ íà òðè ÷àñòè:

R1 = {(i, j) ∈ Z2| i ∈ (x+ δ, y − δ), j /∈ [x, y]}

R2 = {(i, j) ∈ Z2| (i ∈ [x, x+ δ], j /∈ [i− δ − 1, x− 1] ∪ [x, y])∨

∨(i ∈ [y − δ, y], j /∈ [y + 1, i+ δ + 1] ∪ [x, y])}

M = {(i, j) ∈ Z2| (i ∈ [x, x+ δ], j ∈ [i− δ − 1, x− 1])∨

∨(i ∈ [y − δ, y], j ∈ [y + 1, i+ δ + 1])}

ãäå δ = ε(x− y) âûáåðåì ïîòîì. Ñëåäóÿ [3], îöåíèì ñóììó â îáëàñòÿõ R1 è
R2, è âû÷èñëèì å¼ â îáëàñòè M.

Îöåíêà â R1: Çàïèøåì ñóììó â R1:

∑
i∈(x+δ,y−δ)

∑
j /∈[x,y]

J2(i, j, θ2) =
∑

i∈(x+δ,y−δ)

x−1∑
j=−∞

J2(i, j, θ2)+

+
∑

i∈(x+δ,y−δ)

∞∑
j=y+1

J2(i, j, θ2). (3)

Îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè, ïåðâîå îöåíèâàåòñÿ àíàëîãè÷íî.
Ïðîñóììèðóåì ñíà÷àëà ïî j:

∞∑
j=y+1

J2(i, j, θ2) =

2
√
n−n1/6∑
j=y+1

J2(i, j, θ2)+

+

2
√
n+n1/6∑

j=2
√
n−n1/6

J2(i, j, θ2) +

∞∑
j=2
√
n+n1/6

J2(i, j, θ2). (4)

Îöåíèì ïåðâîå ñëàãàåìîå â (4):

exp(−γ|θ −
√
n|)

2
√
n−n1/6∑
j=y+1

J2(i, j, θ2) ≤

≤
2
√
n−n1/6∑
j=y+1

C

(j − i)2

(
4
√

2− ui
4
√

2− uj
+

4
√

2− uj
4
√

2− ui

)2

≤

≤
2
√
n−n1/6∑
j=y+1

C

(j − i)2

(√
2− ui√
2− uj

+

√
2− uj√
2− ui

)
≤

(5)
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≤ C
2
√
n−n1/6ˆ

y+1

1

(t− i)2

(√
2
√
n− i√

2
√
n− t

+

√
2
√
n− t√

2
√
n− i

)
dt =

= −C 1

t− i

√
2
√
n− t√

2
√
n− i

∣∣∣∣2
√
n−n1/6

y+1

=

= −C

(
n1/6

(2
√
n− i− n1/6)

√
2
√
n− i

−
√

2
√
n− y − 1

(y + 1− i)
√

2
√
n− i

)
≤

≤ C

y − i+ 1
. (6)

Ñóììèðóåì òåïåðü ïî i:∑
i∈(x+δ,y−δ)

C

y − i+ 1
≤ C ln(

y − x
δ

).

Îöåíèì âòîðîå ñëàãàåìîå:

2
√
n+n1/6∑

j=2
√
n−n1/6

J2(i, j, θ2) ≤
2
√
n+n1/6∑

j=2
√
n−n1/6

C exp(γ|θ −
√
n|)

n5/6 (2− ui)3/2
= C

exp(γ|θ −
√
n|)n1/12

(2
√
n− i)3/2

.

Ïðîñóììèðóåì ýòó îöåíêó ïî i:

∑
i∈(x+δ,y−δ]

n1/12

(2
√
n− i)3/2

≤ Cn1/12
yˆ

x

1

(2
√
n− t)3/2

dt =

= Cn1/12

(
1√

2
√
n− t

)∣∣∣∣y
x

≤ Cn1/12√
2
√
n− y

≤

≤ Cn1/12−1/4 = o(1). (7)

Òðåòüå ñëàãàåìîå ýêñïîíåíöèàëüíî ìàëî ïî ïðåäëîæåíèþ 3.3.

Îöåíêà â R2:∑
i∈[y−δ, y]

∑
j /∈[y+1, i+δ+1]

J2(x, y, θ2) ≤
∑

i∈[y−δ, y]

exp(γ|θ −
√
n|)

δ
= O(1) exp(γ|θ−

√
n|).

Àñèìïòîòèêà â M : Èç äîêàçàòåëüñòâà ëåììû 3.5 â [2] (÷àñòü ïðî äåáà-
åâñêóþ àñèìïòîòèêó) ïîëó÷àåì:

J(x, y, θ2) =
sin2(φy(x− y))

π(x− y)
+ o(exp(γ|θ −

√
n|)),

îòêóäà∑
i∈[y−δ, y]

∑
j∈[y+1, i+δ+1]

J2(x, y, θ2) =

=
∑

i∈[y−δ, y]

∑
j∈[y+1, i+δ+1]

1

π2

sin2(φy(i− j))
(i− j)2

(1 + o(1)) + o(eγ|n−θ
2|/
√
n), (8)
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Ïðèìåíèì ëåììó 4.6 èç [3] ê íàøåìó ÿäðó, ñäåëàâ çàìåíó ïàðàìåòðîâ

i = ξ1 + y − δ, j = ξ2 + y + 1.

Ïîëó÷èì

∑
i∈[y−δ, y]

∑
j∈[y+1, i+δ+1]

1

π2

sin2(φ(i− j))
(i− j)2

=

=
∑

i∈[y−δ, y]

∑
j∈[y+1, i+δ+1]

1

2π2

1

(i− j)2
(1 + o(1)) =

=
1

2π2
ln δ(1 + o(1)). (9)

Ïîëîæèì òåïåðü δ =
|x− y|

ln(|x− y|)
. Ïðè òàêîì δ ñóììà â R1 ≤ C ln ln(x − y),

÷òî çàâåðøàåò äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2.1.

4 Äåïóàññîíèçàöèÿ

Â ýòîì ðàçäåëå ìû çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 1. Çàìåòèì, ÷òî îïè-
ñàííàÿ âûøå òåõíèêà äåïóàññîíèçàöèè íåïîñðåäñòâåííî ïðèìåíèìà òîëüêî
ê âåëè÷èíàì, ëèíåéíûì ïî ìåðå. Ïîýòîìó ñåé÷àñ ìû íàéä¼ì, ñëåäóÿ [4], ëè-
íåéíóþ ïî ìåðå âåëè÷èíó ñ òîé æå àñèìïòîòèêîé, ÷òî è ó äèñïåðñèè (ïóàñ-
ñîíèçîâàííîé è äåïóàññîíèçîâàííîé). Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ ëåììà 6.3
èç [4] è å¼ äåïóàññîíèçàöèÿ:

Ïðåäëîæåíèå 4.1 Ñóùåñòâóåò ε0 > 0 äëÿ êîòîðîãî âåðíî ñëåäóþùåå.

Äëÿ ëþáîãî δ0 >
1

6
ñóùåñòâóþò êîíñòàíòû C > 0, γ > 0 òàêèå, ÷òî äëÿ

âñåõ n ∈ N, âñåõ x, |x| < 2
√
n− nδ0 è âñåõ θ ∈ C òàêèõ, ÷òî∣∣∣∣ θ√n − 1

∣∣∣∣ < ε0

èìååì

|J(x, x, θ2)− 1

π
arccos

x

2
√
n
| ≤ exp(γ|θ −

√
n|)

2
√
n− x

Ïðåäëîæåíèå 4.2 Äëÿ ëþáîãî δ0 >
1
6 ñóùåñòâóåò êîíñòàíòà C òàêàÿ,

÷òî

|EPl(n)(cx)− 1

π
arccos

x

2
√
n
| ≤ C(2− |ux|)√

n
,

äëÿ âñåõ x, |x| < 2
√
n− nδ0 .

Çàïèøåì

V arθ

(
k+l∑
i=k

ci

)
= Eθ

(
k+l∑
i=k

ci −
k+l∑
i=k

Eθci

)2

=

= Eθ

(
k+l∑
i=k

ci −
k+l∑
i=k

J(ci, ci, θ
2)

)2

. (10)
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Ïîëîæèì

Fλ(t) = Φλ(t)−
√
nΩ(t/

√
n),

ãäå Φλ(t) - ôîðìà äèàãðàììû. Çàïèøåì òåïåðü

Fλ(k + 1)− Fλ(k) = 1− 2ck(λ)−
√
n

(
Ω

(
k + 1√
n

)
− Ω

(
k√
n

))
=

= 2

(
arccos k

2
√
n

π
− ck(λ)

)
+

2

π
arcsin

(
k

2
√
n

)
−
√
n

(
Ω

(
k + 1√
n

)
− Ω

(
k√
n

))
=

= 2
(
J(k, k; θ2)− ck(λ)

)
+ 2

(
arccos k

2
√
n

π
− J(k, k; θ2)

)
+

+

(
2

π
arcsin

(
k

2
√
n

)
−
√
n

(
Ω

(
k + 1√
n

)
− Ω

(
k√
n

)))
.

Èç ôîðìóëû Òåéëîðà äëÿ Ω ïîëó÷àåì∣∣∣∣√n(Ω

(
k + 1√
n

)
− Ω

(
k√
n

))
− 2

π
arcsin

(
k

2
√
n

)∣∣∣∣ ≤ 10√
4n− k2

.

Cóììèðóÿ îöåíêè è ïðèìåíÿÿ 4.1 ïîëó÷àåì, ÷òî, ïîñëå äåïóàññîíèçàöèè,

lim
n→∞

EPl(n) (Fλ(k + l)− Fλ(k))
2

log l
=

1

π2
.

Àíàëîãè÷íî, ïðèìåíÿÿ 4.2, ïîëó÷àåì óòâåðæäåíèå òåîðåìû 1.

5 Äîêàçàòåëüñòâî îöåíîê ÿäðà Áåññåëÿ

Ïëàí äîêàçàòåëüñòâà Âîñïîëüçóåìñÿ èíòåãðàëüíûì ïðåäñòàâëåíèåì ÿä-
ðà Áåññåëÿ [11]:

J(x, y, θ2) =
1

(2πi)2

ˆ ˆ

|z|<|w|

exp(θ
(
z − 1

z − w + 1
w

)
)

(z − w)zx+1w−y
dzdw.

Ïîëîæèì

ux =
x√
n
, S(z, u) = z − 1

z
− u ln z, φx = arccos

ux
2
.

Îáîçíà÷èì

Φ(z, w, θ) =
exp θ

(
z − 1

z − w + 1
w

)
(z − w)zx+1w−y

.

Çàìåòèì òåïåðü, ÷òî

|Φ(z, w, θ)| ≤ exp(γ|θ−
√
n|)|Φ(z, w,

√
n)| = exp(γ|θ−

√
n|)
∣∣∣∣exp

√
n(S(z, ux)− S(z, uy))

z(z − w)

∣∣∣∣ .
Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìåòîäîì ïåðåâàëà. Ìû, ñëåäóÿ [11], äåôîð-

ìèðóåì èçíà÷àëüíûå êîíòóðû (èçìåíÿÿ ðåçóëüòàò èíòåãðèðîâàíèÿ íà âû-
÷åò, ïîäñ÷èòàííûé â êîíöå ðàçäåëà), è çàòåì îöåíèâàåì ìîäóëü èíòåãðàëà,
ðàçáèâàÿ êîíòóðû íà óäîáíûå ÷àñòè.
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5.1 Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 3.1

Ïóñòü, äëÿ îïðåäåë¼ííîñòè, x > y.Ïîëîæèì Ix = [−n−βx , n−βx ], Iy = [−n−βy , n−βy ],
βx è βy îïðåäåëèì ïîçæå.

Ïðîäåôîðìèðóåì êîíòóðû. Êàæäûé èç íèõ ðàçäåëèì íà 4 ÷àñòè: 2 îòðåç-
êà, òðàíñâåðñàëüíî ïåðåñåêàþùèå åäèíè÷íóþ îêðóæíîñòü è 2 äóãè îêðóæ-
íîñòåé, àíàëîãè÷íî [4] (ñì. Ðèñ. 1).

Îòðåçêè ïàðàìåòðèçóåì òàê:

I+x (t) = eiφx +At, I−x (t) = e−iφx +At,

I+y (t) = eiφy +Bs, I−y (t) = e−iφy +Bs,

t ∈ Ix, s ∈ Iy.
Òóò A,B ∈ C íå çàâèñÿò îò n è òàêèå, ÷òî îòðåçêè ïåðåñåêàþò åäèíè÷íóþ
îêðóæíîñòü òðàíñâåðñàëüíî.

Äóãè îáîçíà÷èì C±x , C
±
y (- - âíóòðè, + - ñíàðóæè), 0 - öåíòð îáåèõ îêðóæ-

íîñòåé, èõ ðàäèóñû 1± cn−βx , 1± cn−βy .

Kz

Kw

Cy
+

xC
+-Cy

Cx
-

y
-
I

+Ix

Ix
-

yI
+

z| |=1

Ðèñ. 1: äåôîðìèðîâàííûå êîíòóðû.

Âûïèøåì âûðàæåíèå äëÿ S(z, t) âî ââåä¼ííûõ íà îòðåçêàõ êîîðäèíàòàõ:

S(z(t), u) = eiφx +At− 1

eiφx +At
− ux ln

(
eiφx +At

)
,
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dS

dt

∣∣∣∣
t=0

=

(
A+

A

(eiφx +At)
2 −

uxA

eiφx +At

)∣∣∣∣
t=0

= 0,

d2S

dt2

∣∣∣∣
t=0

=

(
− 2A2

(eiφx +At)
3 +

uxA
2

(eiφx +At)
2

)∣∣∣∣
t=0

= A2(uxe
iφx − 2)e−3iφx =

= A2e−3iφx(ux cosφx + iux sinφx − 2) = 2A2e−3iφx sinφx(i cosφx − sinφx) =

= 2iA2e−2iφx sinφx. (11)

Çäåñü ìû âîñïîëüçîâàëèñü òåì ôàêòîì, ÷òî ux = 2 cosφx. Ïîëó÷àåì, ÷òî∣∣∣∣<d2Sdt2
∣∣∣∣
t=0

∣∣∣∣ ≥ C√2− u.

Íàïîìíèì, ÷òî f = Θ(g) ⇐⇒ f = O(g) è g = O(f).

d3S

dt3

∣∣∣∣
t=0

=

(
6A3

(eiφx +At)
4 −

2uxA
3

(eiφx +At)
3

)
|t=0 = 6A3e−4iφx−2uxA

3e−3iφx =

= 2A3e−4iφx(3− uxeiφx) = Θ(1). (12)

d4S

dt4

∣∣∣∣
t=0

=

(
− 24A4

(eiφx +At)
5 +

6uxA
4

(eiφx +At)
4

)
|t=0 = 24A4e−5iφx−6uxA

4e−4iφx =

= 6A4e−5iφx(−4 + uxe
iφx) = Θ(1). (13)

Àíàëîãè÷íî îöåíèâàåòñÿ ïðîèçâîäíûå I±y (s).

Êðóãîâûå ÷àñòè. Ïåðåéä¼ì ê ïîëÿðíûì êîîðäèíàòàì z = (1 + t)eiφ.

<S(z, u) = (1 + t− 1 + t− t2) cosφ(t)− u(t− t2/2) +O(t3) =

= (2 cosφ(t)−u)(t−t2/2)+O(t3) = (2 cos(arccos
u

2
+c1t)−u)(t−t2/2)+O(t3) =

= 2ct(− sin arccos
u

2
)t+O(t3) = −2c

√
1− u2

4
t2 +O(t3) =

= −c
√

2− u
√

2 + ut2 +O(t3), (14)

√
n<S(z, u) ≤ −c

√
n
√

2− ut2 +
√
nO(t3).

Ìû õîòèì ïðîäåôîðìèðîâàòü êîíòóðû òàêèì îáðàçîì, ÷òîáû òî÷êè èõ
ïåðåñå÷åíèÿ íàõîäèëèñü äîñòàòî÷íî äàëåêî, ãäå ÷èñëèòåëü Φ(z, w, θ) óæå
ýêñïîíåíöèàëüíî ìàë. Ýòî îáåñïå÷èâàåòñÿ ñëåäóþùèìè óñëîâèÿìè (áóäåì
ñ÷èòàòü, ÷òî íà êîíöàõ îòðåçêà t = n−β):

1)
√
n(2− u)t2 →∞ ïðè n→∞,

2)
t3√

2− ut2
→ 0 ïðè n→∞,

3) n−β ≤ c|eiφx − eiφy |

11



Ïðîâåðèì ýòè óñëîâèÿ.
√

2− u ≥ nδ/2−1/4, ïîòîìó ïåðâîå óñëîâèå äà¼ò

δ/2 + 1/4− 2β > 0 =⇒ β < δ/4 + 1/8,

à âòîðîå
δ/2− 1/4 > −β =⇒ β > 1/4− δ/2.

Íóæíîå β ñóùåñòâóåò êàê ðàç êîãäà

δ/4 + 1/8 > 1/4− δ/2 =⇒ 3δ/4 > 1/8, δ >
1

6
.

Ðàññìîòðèì òåïåðü óñëîâèå 3). Ïóñòü

x = 2
√
n− nδ + anα, y = 2

√
n− nδ + bnα, δ > 1/6, α < δ.

Òîãäà

|eiφx − eiφy | = Θ(| sinφx − sinφy|) = Θ(|
√

2− ux −
√

2− uy|),√
nδ−1/2 + anα−1/2−

√
nδ−1/2 + bnα−1/2 = nδ/2−1/4

(√
1 + anα−δ −

√
1 + bnα−δ

)
=

= Θ(nα−1/4−δ/2).

ïðè n→∞, è â ýòîì ñëó÷àå äëÿ íåêîòîðîãî C > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

C

|eiφx − eiφy | 4
√

2− ux 4
√

2− uy
√
n
≥ C

(a− b)nα
.

Óñëîâèå 3) òîãäà ïåðåïèøåì òàê:

n−δ/4−1/8 < n−β < nα−1/4−δ/2,

−δ/4− 1/8 < α− 1/4− δ/2,
α > 1/8 + δ/4.

Îñòàëîñü ðàçîáðàòü ñëó÷àé, êîãäà

α < 1/8 + δ/4.

Çàìåòèì, ÷òî â ýòîì ñëó÷àå

α− 1/4− δ/2 < −α.

Îöåíèì îòäåëüíî èíòåãðàë â îêðåñòíîñòè òî÷êè ïåðåñå÷åíèÿ êîíòóðîâ ïî
îòðåçêàì J1, J2 äëèííû ïîðÿäêà

nα−1/4−δ/2

(îòðåçêè AB è CD íà Ðèñ. 2).

∣∣∣∣∣∣
ˆ

J1

ˆ

J2

Φ(z, w, θ)dzdw

∣∣∣∣∣∣ ≤
ˆ

J1

ˆ

J2

|Φ(z, w, θ)|dzdw ≤

≤ exp(γ|θ−
√
n|)
ˆ

J1

ˆ

J2

|Φ(z, w,
√
n)|dzdw ≤ exp(γ|θ−

√
n|)
ˆ

J1

ˆ

J2

∣∣∣∣ 1√
c1s2 + c2t2

∣∣∣∣ dsdt ≤
≤ exp(γ|θ −

√
n|)C max(|J1|, |J2|) ≤ Cn−α. (15)
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uu
z =1

Kw
Kz

A
B

C

D

Ðèñ. 2: îòðåçêè AB è CD äàþò îñíîâíîé âêëàä â îöåíêó èíòåãðàëà.

Îñíîâíîé âêëàä.∣∣∣∣∣∣∣
ˆ

I+x

ˆ

I+y

Φ(x, y, θ)dzdw

∣∣∣∣∣∣∣ ≤ exp(γ|θ−
√
n|)
ˆ

Ix

ˆ

Iy

∣∣∣∣exp(
√
n (S (z(t), ux)− S(w(t), uy)))

eiφx − eiφy +At−Bs

∣∣∣∣ dsdt ≤
≤ exp(γ|θ −

√
n|)

´
Ix

´
Iy
| exp(

√
n (S (z(t), ux)− S (w(t), uy)))|dsdt
|eiφx − eiφy |

=

= exp(γ|θ−
√
n|)

´
Ix

´
Iy
| exp

√
n
(
S′′x(0)t2 − S′′y (0)s2 + S

(3)
x (0)t3 − Sy(3)(0)s3 + o(s3, t3)

)
|dsdt

|eiφx − eiφy |
.

(16)

Ñäåëàåì çàìåíó

s =
s′

4
√
n
√
|S′′y (0)|

, t =
t′

4
√
n
√
|S′′x(0)|

.

Çàìåòèì, ÷òî β ìîæíî âûáðàòü òàê, ÷òî ïîñëå çàìåíû êîýôôèöèåíòû
ïðè òðåòüèõ ñòåïåíÿõ â ðàçëîæåíèè Òåéëîðà ñòðåìÿòñÿ ê 0 ïðè n → ∞.
Äåéñòâèòåëüíî, íîâûå îòðåçêè èíòåãðèðîâàíèÿ èìåþò äëèíó

n−β+1/4 4
√

2− u
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è
√
nt
′3

n3/4
(√
|S′′x |

)3 ≤ Cn−1/4n3/8−3δ/4n−3β+3/4+3δ/4−3/8 = Cn1/2−3β ≤

≤ Cn1/2−3(1/8+δ/4−ε) = Cn1/8−3δ/4+3ε.

(17)

Ïîëó÷èì∣∣∣∣∣∣∣
ˆ

I+x

ˆ

I+y

Φ(x, y, θ)dzdw

∣∣∣∣∣∣∣ ≤ C exp(γ|θ −
√
n|) |e

iφx − eiφy |−1
√
n
√
S′′x
√
S′′y
≤

≤ C exp(γ|θ −
√
n|) |eiφx − eiφy |−1
√
n 4
√

2− ux 4
√

2− uy
. (18)

Òî÷íî òàê æå îöåíèâàþòñÿ |
´
I−x

´
I−y

Φ(x, y, θ)dzdw|, |
´
I+x

´
I−y

Φ(x, y, θ)dzdw|,
|
´
I−x

´
I+y

Φ(x, y, θ)dzdw| (è èíòåãðàëû ïî ïðÿìîëèíåéíûì ÷àñòÿì â ñëó÷àå
α ≤ 1/8 + δ/4).

Âû÷åò. Èíòåãðàë ïî äåôîðìèðîâàííîìó êîíòóðó îòëè÷àåòñÿ îò èñõîäíîãî
íà âû÷åò:

|Res| =

∣∣∣∣∣ 1

2πi

ˆ reiφ

re−iφ

1

wx−y+1
dw

∣∣∣∣∣ =

∣∣∣∣∣ 1

2πirx−y

ˆ eiφ

e−iφ

1

tx−y+1
dt

∣∣∣∣∣ =

∣∣∣∣ 1

2πirx−y
Ksin(x− y, φ)

∣∣∣∣ .
Çàìåòèì òåïåðü, ÷òî sgn(x− y) = sgn(r − 1).

5.2 Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 3.2

Êîíòóðû äåôîðìèðóåì àíàëîãè÷íî ïðîäåëàííîìó ïðè äîêàçàòåëüñòâå ïðåä-
ëîæåíèÿ 3.1, ñ βy = 1/6. Â ñëó÷àå y > 2

√
n êîíòóð Kw - îêðóæíîñòü ñ

öåíòðîì â 0 ðàäèóñà 1 + n−βy . Îòìåòèì ó÷àñòêè äëèíû íå áîëåå√
|2− uy| < n−1/6.

, ïðèëåãàþùèå ê I±x è I±y (ïðè y > 2
√
n - äóãó â îêðåñòíîñòè âåùåñòâåííîé

îñè) (AB,CD,EF è FG íà Ðèñ. 3).
Âûïèøåì îïÿòü:

<S(z, u) = (2 cosφ(t)− u)(t− t2/2) +O(t3);

íà ýòèõ ó÷àñòêàõ exp(n1/2<S(z, u)) = O(1), à âíå èõ íà êðóãîâûõ ÷àñòÿõ
êîíòóðà n1/2<S(z, u) - áåñêîíå÷íî âåëèêî: ïðè |2 cosφ(t)− u| >

√
|2− uy|

n1/2<S(z, u) < −n1/6.

Òåïåðü ïåðåïèøåì âêëàä îò èíòåãðàëà ïî îòðåçêàì, êàê â (16), íî ñäåëàåì
äðóãóþ çàìåíó:

s =
s′

n1/6
, t =

t′

4
√
n
√
|S′′x |

,
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Ðèñ. 3: äåôîðìàöèÿ êîíòóðà ïðè y < 2
√
n è y > 2

√
n ñîîòâåòñòâåííî.

à
|z − w| > C|

√
2− ux|.

Âû÷åò è èíòåãðàëû ïî êðóãîâûì ÷àñòÿì êîíòóðà îöåíèâàþòñÿ àíàëîãè÷íî
ñîîòâåòñòâóþùèì ðàçäåëàì äîêàçàòåëüñòâà ïðåäëîæåíèÿ 3.1.

5.3 Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 3.3

Â ýòîì ñëó÷àå êîíòóðû ìîæíî íå äåôîðìèðîâàòü: èç äîêàçàòåëüñòâà ïðåä-
ëîæåíèÿ 3.1 (ïðî êðóãîâûå ÷àñòè) âèäíî, ÷òî âíåøèíé êîíòóð ìîæíî âû-
áðàòü òàê, ÷òî Φ(z, w, θ) íà í¼ì ýêñïîíåíöèàëüíî ìàëî.

6 Äèñïåðñèÿ äðóãèõ ëîêàëüíûõ êîíôèãóðàöèé

Ïóñòü ~x = {x1, ..., xk} ⊂ Z. Îáîçíà÷èì ci+~x = ci+x1
ci+x2

· · · ci+xk .

Ïðåäëîæåíèå 6.1 Ïóñòü ~x ⊂ Z - êîíå÷íîå ïîäìíîæåñòâî, a, b ∈ (−2, 2),
à xn, yn, yn > xn, - ïîñëåäîâàòåëüíîñòè öåëûõ ÷èñåë, òàêèå, ÷òî

lim
n→∞

xn/
√
n = a, lim

n→∞
yn/
√
n = b,

è lim
n→∞

(yn − xn) = +∞. Òîãäà ñóùåñòâóåò êîíñòàíòà C > 0 òàêàÿ, ÷òî

V arPl(n)

(
yn∑
i=xn

ci+~x

)
≤ C(yn − xn).

Äîêàæåì ñíà÷àëà ïóàññîíèçîâàííîå óòâåðæäåíèå:

V arθ

(
yn∑
i=xn

ci+~x

)
≤ (yn − xn)C exp(γ|θ −

√
n|). (19)
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Äåéñòâèòåëüíî, ïåðåïèøåì íàøó äèñïåðñèþ ñëåäóþùèì îáðàçîì:

V arθ

(
yn∑
i=xn

ci+~x

)
= Eθ

(∑
i

ci+~x

)
+ Eθ

∑
i 6=j

ci+~xcj+~x

−
−
∑
i

(Eθci+~x)
2 −

∑
i 6=j

Eθci+~xEθcj+~x. (20)

Îöåíèì ñóììó â ïðàâîé ÷àñòè (20).

Eθ

(∑
i

ci+~x

)
−
∑
i

(Eθci+~x)
2 ≤ C1(yn − xn) exp(γ|θ −

√
n|);

∑
i,j:i+~x∩j+~x6=∅

Eθ

∑
i6=j

ci+~xcj+~x

− ∑
i,j:i+~x∩j+~x6=∅

Eθci+~xEθcj+~x ≤ C2(yn−xn) exp(γ|θ−
√
n|).

Çàìåòèì òåïåðü, ÷òî åñëè i+ ~x ∩ j + ~x = ∅, òî

Eθ (ci+~xcj+~x)− Eθci+~xEθcj+~x ≤
C3 exp(γ|θ −

√
n|)

(i− j)2
,

èç äåòåðìèíàíòíîãî ïðåäñòàâëåíèÿ ñîîòâåòñòâóþùèõ ìàòîæèäàíèé.
Ñóììèðóÿ ïîñëåäíåå íåðàâåíñòâî ïî i è j ïîëó÷àåì ïóàññîíèçîâàííîå

óòâåðæäåíèå.
Äåïóàññîíèçàöèþ ïðîâåä¼ì àíàëîãè÷íî äåïóàññîíèçàöèè â îñíîâíîì óòâåð-

æäåíèè. À èìåííî, èç (19), äåáàåâñêîé àñèìïòîòèêè ÿäðà Áåññåëÿ è ïðåä-
ëîæåíèÿ 4.1 ñëåäóåò, ÷òî

Eθ

(
yn∑
i=xn

ci+~x − En

(
yn∑
i=xn

ci+~x

))2

≤ (yn − xn)C exp γ|θ −
√
n|.

Äåïóàññîíèçóÿ è ñíîâà ïðèìåíÿÿ äåáàåâñêóþ àñèìïòîòèêó, ïîëó÷àåì
òðåáóåìîå.

Íèæíÿÿ îöåíêà Ïðèâåä¼ì òåïåðü ïðèìåð ëîêàëüíîé êîíôèãóðàöèè ñ
ëèíåéíî ðàñòóùåé äèñïåðñèåé.

Ïóñòü ux 1, φx π/2, (yn − xn) = o(
√
n) ïðè n → ∞. Ïîêàæåì, ÷òî ñóùå-

ñòâóþò c > 0, n0 ∈ N òàêèå, ÷òî

V arPl(n)

(
yn∑
i=xn

cici+1

)
≥ c(yn − xn)

ïðè n > n0. Ò.ê. ìû âûáðàëè yn è xn òàêèìè, ÷òî (yn − xn) = o(
√
n) âû÷èñ-

ëåíèå ïðîèçâîäèòñÿ äëÿ ñèíóñ-ÿäðà ñ ôèêñèðîâàííûì ïàðàìåòðîì.
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V arPl(n)

(
yn∑
i=xn

cici+1

)
∼
∑
i

EPl(n)(cici+1)−
∑
i

EPl(n)(cici+1)2+

+ 2
∑
i

EPl(n)(cici+1ci+2)− 2
∑
i

EPl(n)(cici+1)EPl(n)(ci+1ci+2)+

+
∑
|i−j|>1

EPl(n)(cici+1cjcj+1)−
∑
|i−j|>1

EPl(n)(cici+1)EPl(n)(cjcj+1). (21)

Çàìåòèì òåïåðü, ÷òî äëÿ ñèíóñ-ÿäðà

Ksin(x, y, k) =
sin(k(x− y))

π(x− y)

â íàøåì ðåæèìå âåðíî ñëåäóþùåå: Ksin(x, x, π/2) = 1/2,Ksin(x, y, π/2) = 0

ïðè x − y = 2k, k 6= 0, è Ksin(x, y, π/2) =
(−1)(x−y−1)/2

x− y
ïðè x − y = 2k + 1.

Ïîëó÷àåì

V arPl(n)

(
yn∑
i=xn

cici+1

)
∼ 1

π2

∑
i

(
π2

4
− 1)− 1

π4

∑
i

(
π2

4
− 1)2+

+ 2
1

π3

∑
i

(
π3

8
− π2

4
− π

2
)− 2

1

π4

∑
i

(
π2

4
− 1)2+

+
1

π4

∑
|i−j|>1

(
sin4(π2 (i− j))

(i− j)4
+

sin2(π2 (i− j + 1)) sin2(π2 (i− j − 1))

(i− j − 1)2(i− j + 1)2

)
−

− 1

π4

∑
|i−j|>1

(
2

sin2(π2 (i− j))
(i− j)2

(1 + π2/4) + 2
sin(π2 (i− j + 1)) sin(π2 (i− j − 1))

(i− j − 1)(i− j + 1)

)
−

− 1

π4

∑
|i−j|>1

π2

4

(
sin2(π2 (i− j + 1))

(i− j + 1)2
+

sin2(π2 (i− j − 1))

(i− j − 1)2

)
∼
(

1

12
− 3

8π2

)
(yn−xn).

(22)
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