CLASSIFICATION OF LINKS AND KNOTTED
TORI IN THE 2-METASTABLE DIMENSION

MIKHAIL SKOPENKOV

ABSTRACT. This paper is devoted to the classification of embeddings of higher dimensional manifolds. We present a short
proof of an explicit formula for the group of links in the 2-metastable dimension. This improves a result of Haefliger from
1966. Denote by L}, (resp. K}) the group of smooth embeddings SP US? — S™ (resp. SP — S™) up to smooth isotopy.

Theorem 1. Suppose that 1 <p < g <m — 3 and 2p + 2q < 3m — 6; then
Ly 2 mp(S™ ) @ mpygi2-m(SO/SOm_p1) ® K" & K.

We study classification of embeddings SP x S9 — S™ (knotted tori). This is a natural generalization of link theory.
In metastable dimension knotted tori up to isotopy were classified by Haefliger, Zeeman and A. Skopenkov. We give an
explicit criterion for the finiteness of this isotopy classes set in the 2-metastable dimension:

Theorem 2. Assume that p + %q +2<m<p+ %q + 2 and m > 2p + q + 3. Then the set of smooth embeddings
SP x S1 — S™ up to isotopy is infinite if and only if either ¢ + 1 or p + g + 1 is divisible by 4.

Our approach is based on a reduction of the classification of links and knotted tori to the classification of link maps,
and on a suspension theorem for link maps. We obtain a new short proof of the classification of link maps due to Habegger

and Kaiser. Denote by LM, the group of link maps SP LU .S — S™ up to link homotopy.

Theorem 3. Suppose that 1 < p,qg < m — 3 and 2p + 2¢q < 3m — 5; then LMy, & 7T§+q+17m.

0. INTRODUCTION

This paper is devoted to the classification of embeddings of higher dimensional manifolds. This subject was
actively studied in the sixties [Zee62, Hud63, Hae66C] and there has been a renewed interest for it in the last years
[CRS04, CeRe05, Sko06”].

This problem generalizes the subject of classical knot theory. In contrast to the classical situation of simple closed
curves in R3, in higher dimensions a complete answer can sometimes be obtained. E. g., for knots S — S™ there is
known an explicit classification in some dimensions, and a complete rational classification in codimension at least 3:

The Haefliger Theorem. [Hae66A, Corollary 6.7] Assume that ¢ +3 < m < %q + 2. Then up to isotopy the set
of smooth embeddings ST — S™ is infinite if and only if ¢ + 1 is divisible by 4.

The classification of links SP L1 S — S™ is the next natural problem after knots. Denote by L', (respectively,
K]") the set of smooth embeddings SP LI S — S™ (respectively, S? — S™) up to smooth isotopy. For p,q < m —3
this set of equivalence classes is a group with respect to 'componentwise connected sum’ operation [Hae66C].

Our first result is an explicit formula for the group L;’, in terms of the groups K" in the 2-metastable (quadruple
point free) dimension:

Theorem 0.1. Suppose that 1 <p < qg<m—3 and 2p+ 2q < 3m — 6; then

Lz?q = Wp(Sm_q_l) & 7Tp+q+2—m(VM+m—p—17M) ® K;n ® K§"~

Here Viyiy s is the Stiefel manifold of M-frames at the origin of RM*! where M is large. Many of the groups
Ton (Vargi,01) are known [Paeb6].

Theorem 0.1 is the most general explicit classification of links available. However, for arbitrary p, ¢ < m — 3 there
is a famous exact sequence involving the groups L;' , certain homotopy groups and maps between them including
Whitehead products [Hae66C].

Theorem 0.1 was proved in [Hae66C, Theorems 10.7 and 2.4] under stronger restrictions p < q and p+3¢ < 3m—7.
Our inequality in Theorem 0.1 is sharp (see an example in §5). We not only improve the result of [Hae66C], but give
a simpler proof of this classical result. However, the Haefliger argument can be extended to cover our dimension
range (see §5).
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The main subject of this paper is the classification of knotted tori SP x S — S™. A link S71157 — S™ is a specific
case of knotted torus (Figure 1a). The investigation of knotted tori is a natural next step (after link theory) towards
the classification of embeddings of arbitrary manifolds [Web67, Sko05], by the handle decomposition theorem.

Figure 1 approximately here

There was known an explicit formula for the set of knotted tori in the metastable dimension m > p + %q + 2,
p < q [Hae62T, Zee62, Sko02] (Figure 2, range I). The knotting problem for any (p— 1)-connected (p+ ¢)-manifold is
easier in the metastable dimension, and this restriction is a natural limit for classical classification methods [Sko06”].
Little is known below the metastable dimension: all known explicit results concern knots, links (see above), knotted
tori in dimension m = p + %q + % [Sko06’], 3-manifolds in RS [Sko06] and 4-manifolds in R” (A. Skopenkov).

Our main result is an explicit finiteness criterion for the set of knotted tori in the 2-metastable dimension (Figure 2,
range II):

Theorem 0.2. Assume that p + %q +2<m<p+ %q +2 and m > 2p+q+ 3. Then the set of smooth embeddings
SP x 81— S™ up to isotopy is infinite if and only if either ¢+ 1 or p+ q+ 1 is divisible by 4.

Example. The set of knotted tori S x S° — S0 is finite. All the dimensions, in which the set of knotted tori is
infinite for p = 1, are shown in Figure 8 (obtained by combining Theorem 0.2 with the results of [Sko02, Sko06,
Sko06’]).

Figures 2 and 3 approzimately here

Our approach to the classification of links and knotted tori is based on studying of almost embeddings (see §3.1)
and link maps, which is an interesting problem in itself [Sco68, Kos90, HaKa98|.

A link map is a continuous map X LY — Z such that fX N fY = @. A link homotopy is a continuous family
of link maps f; : X UY — Z. Denote by LM]", the set of link maps S U .S? — S™ up to link homotopy. For
p,q < m — 3 this group admits a natural commutative group structure with respect to ’componentwise connected
sum’ operation (see §1.1).

The third result of this paper is a new short proof of the following theorem:

Theorem 0.3. [HaKa98, Theorem I] Suppose that 1 < p,q < m — 3 and 2p + 2q < 3m — 5; then

~ S
LMy & T gms

The isomorphism is given by the a-invariant (defined in §2.3). The inequality is sharp [HaKa98, §6].

Theorem 0.3 is the most general known explicit classification of link maps in codimension at least 3. However,
under slightly weaker dimension restriction there is a powerful exact sequence involving the groups LM and
certain bordism groups [Kos90].

Our approach to the classification is based on the suspension map. The suspension map ¥ : LM}", — LM;T{}(I
is defined by suspending the p-component and including the g-component. It is not difficult to see that eventually
(after iterated suspension) the set LM;’?FJJF\%] is in bijection with the group ’R'g +q—m+1 [K0s88]. Thus Theorem 0.3
follows from the following assertion:

Theorem 0.3’ (Suspension theorem for link maps). [HaKa98] Suppose that 1 < p,q < m — 3; then the
suspension map X s bijective for 2p + 2q < 3m — 5 and surjective for 2p + 2q < 3m — 4.

This theorem has been known earlier only as a corollary of Theorem 0.3. In this paper we present a short and
direct proof of Theorem 0.3’ analogous to the proof of the Freudental suspension theorem and to Zeeman’s proof
of the higher-dimensional Poincaré conjecture. Our proof is almost self-contained, we use only ’concordance implies
isotopy in codimension at least 3’ theorem.

The paper is organized as follows. In §1 we prove Theorems 0.3’. In §2 we deduce Theorem 0.1 from Theorem 0.3’.
In §3 we deduce Theorem 0.2 from a lemma proved in §2. These 3 sections can be read independently in the sense
that if in one section we use a result proved in another section, then we do not use the proof but only the statement.
We assume piecewise linear category throughout §1 and §2 and smooth category throughout §3 except otherwise
indicated. In §4 we give some remarks not used in the rest of the paper. In Appendix we give an approach for an
alternative proof of our main results hopefully interesting in itself.

1. CLASSIFICATION OF LINK MAPS

1.1. Preliminaries.

Let us introduce some notations and conventions.

An embedding f : X x I — S™ x I is a concordance if X x 0 = f~1(8™ x 0) and X x 1 = f~1(S™ x 1). We
tacitly use the facts that in codimension at least 3 concordance implies isotopy and any concordance or isotopy is
ambient [Hud69, Hud70].
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Define a link concordance to be a continuous map f : (X UY) x I — S™ X I such that f(X x I)N f(Y x I) =0,
(XUY)x0=f"1S"x0)and (XUY)x 1= f"1(S™ x 1). In codimension at least 3 link concordance implies
link homotopy, which was announced in [KrTa97, Kos97, Mel00] and proved in [Mel, cf. BaTe99].

A consequence of these facts is the group structure on the sets L;’, and LM, for p,q < m — 3. More precisely,

these facts allow to construct the additive inverses in these semigroups [Sco68, p. 187, Kos88, Remark 2.4].

Recall some easy notions from piecewise linear topology. Let K be a simplicial complex and L a subcomplex.
Denote by (K’, L’) the derived triangulation of (K, L), i. e., the barycentric subdivision of (K, L). The supplement
of L in K, denoted by K + L, is the subcomplex of K’ spanned by all the vertices of K/ — L'; i. e., a simplex of K’
belongs to K + L if and only if none of its vertices is in L’.

It is not difficult to check that each simplex of K’ that is not a simplex of L' or of K <+ L, is the join of a simplex
of L' with a simplex of K+ L, and if L contains the n-dimensional skeleton of K, then dim(K +L) < dimK—-n—1
[BM52].

For amap f: X — Y denote S(f) =Cl{z € X :|f1fz| >2}.

Let us introduce the main notion used in our proof of Theorem 0.3’ and state main lemma of the proof.

Definition of a standardized link map. (Figure 4) Denote by S* = D¥ U (S*~! x I) U D* the standard
decomposition of the sphere. Let pr : S*~! x I — S*~1 x 0 be the obvious projection. We say that a link map
f:SP ST — S™ is standardized if the following 3 conditions hold:
(i) fD% c D, fD? Cc D™, f(SP=t xI)C S™ ! x I
(i) fS9c St xI;
(iii) pr f(SP=L x I) = f(SP7 x 0), 1. e. f(SP~! x 1) is ’straight’.

Figure 4 approximately here.

Lemma 1.1. Suppose that p < ¢+ 1 and 2p + 2q < 3m — 5; then any generic link map f : SP U ST — S™ is link
homotopic to a standardized link map. Moreover, there exist homeomorphisms hy, : S — SP and h,, : S — S™
such that h;,! o f o (hy, Uid) is standardized.

We are going first to check the surjectivity in Theorem 0.3’ in case p < g, then the injectivity in case p < q by a
similar argument, and finally we deduce case p > ¢ of Theorem 0.3’ from case p < q.

1.2 Proof of the surjectivity in Suspension theorem for link maps in case p < q.

Proof of the surjectivity in Theorem 0.3’ for p < g modulo Lemma 1.1. (Conical construction) Take an arbitrary
link map f: Pt S9 — §™+1 Let us modify it to a suspension by a link homotopy.

By Lemma 1.1 we may assume that f is standardized. We may also assume that the disks D]_”._+1 and DTH are
the upper half-spheres of SP*1 and S™*! respectively.

Push the image of the g-component along the fibers of S™ x I until it lies in ™1 x 0 = aDTH. Then transform
fo'jrJrl and f(SPH! — DT‘l) to the cones over f@DﬁH in D7 and S™* — Int D! respectively. (This is done
by a link homotopy, which is rectilinear inside both DTH and S™*! — Int DTH.) The link map obtained is the
suspension of a link map SP U S? — S™. O

Now we proceed to the proof of Lemma 1.1. We are going first to give the construction of the required home-
omorphisms without any indication why all our steps are possible. Reading the next 4 paragraphs is sufficient to
understand main ideas of the proof. Then we present the technical details required to check the possibility of the
construction.

Construction of the homomorphism hy, : SP — SP in Lemma 1.1 for p < q. (Figure 5) It is in 2 steps:

(1) Construction of certain decomposition SP = DY U (SP~! x I)U D" . (The Zeeman engulfing) Triangulate S?,
S? and S™ to make f = f1 U fo : SP1LU1S? — S™ a non-degenerate simplicial map. Let A4 be the skeleton of S(f1)
formed by the simplices of dimension not greater than  dim S(f1). Let A_ = S(f1) + A4 be the supplement of A
in S(f1). Embed the cones over A. and A_ into SP. Denote these cones by By and B_ respectively. Generically
By NB_ =3. Let Dﬂ)_ and D” be the second derived neighborhoods in S? of B, and B_ respectively. Perform a
homeomorphism h/, : S — S taking the balls Df and D” to the balls DY and D" of the standard decomposition
SP=DY U(SPt x I)UD?.

(2) Straightening of S(f1) N (SP~! x I). (The Alezander trick) It can be shown that S(f1) N (SP~1 x I) =
(S(f1)N(SP~1 x0)) x I. Perform a homeomorphism A, : S? — S? making pr S(f1)N(S?~! xI) = S(f1)N (5P~ x0).
The homeomorphism h,, = hj o hy, is the required.

Figure 5 approxzimately here.

m

Construction of the homomorphism h,, : S™ — S™ in Lemma 1.1. We again do 2 steps similar to the above:

(8) Construction of certain decomposition S™ = DT U (8™t x I)U D™ for p < q. Embed the cones over fB
and fB_ into S™. Denote these cones by C and C_ respectively. Generically by the assumption 2p+2q < 3m —5
we have C,. N fS?9= @, C_N fSY= g and Cy NC_ = @. Let D" and D™ be the second derived neighborhoods
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of Cy and C_ respectively in S™ — fS%. Perform a homeomorphism A/, : S™ — 5™ taking the balls DT and D™
to the balls of the standard decomposition $™ = D' U (™~ x I) U D™.

(4) Straightening of fSP N (S™~1 x I). It can be shown that fSP N (S™~! x I) = (fSP N (S™~! x 0)) x I.
Perform a homeomorphism h”, : §™ — S™ making pr fSP N (S™ 1 x I) = fSP N (S™~! x 0). The homeomorphism
hm = hY o hl is the required.

Details of the proof of Lemma 1.1. Let us check that all steps of the above construction are indeed possible.

(1) Construction of the decomposition SP = Df U (5771 x I) U D” for p < q. We need to check that the
inclusions Ay — SP extend to embeddings By — SP, and that By N B_ = @. We are going to show also that
By N S(f1) = Ay, which is required for step (2).

Generically dim S(f1) < 2p—m, thus dim Ay < p—|"#1]. So a generic extension g : CA; — SP of the inclusion
A, — SP is an embedding, because dim S(g) < 2(p — LT”T'HJ + 1) — p < 0 by the assumption p < m — 3. Put
By = g(CA,), define B_ analogously. Then dim(By N B_) < 2(p — || +1) — p < 0, thus By N B_ = @.
Further, (By — A4) N S(f1) has dimension (p— 252 ] +1) + (2p—m) —p < 3(2¢+2p — 3m +4) < 0, which follows
from the assumptions p < ¢+ 1 and 2p 4+ 2¢ < 3m — 5. So By NS(f1) = A4 and similarly B_ N S(f;) = A_.

(2) Construction of the homeomorphism h) : S? — SP. We need to check that S(f1) N (SP~! x I) = (S(f1) N
(5771 % 0)) x I and that there exists a homeomorphism h// : S? — SP as required.

Take the derived triangulation of the triangulation from step (1). Then each simplex ¢ C S(f1) such that
o ¢ Ay UA_ is the join of a simplex 0y C Ay and a simplex o_ C A_. Since B+ N S(f1) = Ay, it follows that
o N DX are the second derived neighborhoods of o4 in . So there is a natural homeomorphism o N (SP~! x I) —
o4+ x o_ x I. Combining such homeomorphisms for all simplices ¢ C S(f1) such that ¢ ¢ AL U A_, we get
SUA) O (SP1 5 1) = (S(f) N (571 % 0) 1.

The latter homeomorphism can be thought as a concordance between two embeddings of the polyhedron S(f;)N
(SP~1x0) into SP~1 x 0 and SP~! x 1 respectively. Since any concordance in codimension at least 3 is ambient isotopic
to an isotopy, by a homeomorphism of S one can transform the concordance (S(f1)N(SP~tx0))x I — SP~1x T to an
isotopy. Since any isotopy in codimension at least 3 extends to an ambient isotopy, the constructed isotopy extends
to a homeomorphism SP~! x I — SP~! x I. Extend arbitrarily the latter homeomorphism to a homeomorphism
h;’ : SP — SP. The obtained homeomorphism is the required.

(3) Construction of the decomposition S™ = DT'U(S™~ ! xI)UD™ for p < q. The construction of the embeddings
Cy — S™ and checking the property C. N C_ = & are analogous to step (1). To satisfy the properties (i) and (ii)
of Definition of a standardized link map from §2 it remains to check that C+ N fS9 = @ and f~'C4 = B4.

Generically dim(Cy N fS9) < (p — LmT'Hj +2) + ¢ — m < 0, which is equivalent to the assumption 2p + 2¢ <
3m — 5. (This is the only place in the proof where the restriction 2p + 2¢ < 3m — 5 is sharp.) Further, generically
dim(Cy — fB4)NfSP < (p— | 241 | 4+2)+p—m < 0, which follows from the assumptions p < ¢ and 2p+2¢ < 3m—5.

(4) Construction of the homeomorphism h, : S™ — S™. We need to check that fSP N (S™~! x I) 2 (fSP N
(S™~1 x 0)) x I and that there exist a homeomorphism A, : S™ — S™ as required. This is sufficient to satisfy the
property (iii) from §2.

In step (2) we constructed a homeomorphism S(f1)N(SP~t x I) — (S(f1)N(SP~1 x 0)) x I and its extension to a
homeomorphism A : SP~! x I — SP~1 x I. Taking the quotient of the homeomorphism A we get fSP N (S™~1 x I) =
(fSP N (8™~ ! x 0)) x I. The construction of the homeomorphism A, : S™ — S™ is completely analogous to step
(2).

(5) Modifications necessary in case S(f1) = @. In this case we take h, = id, take arbitrary decomposition
Sm = DT UC™U D™ satisfying the properties (i),(ii) from §2, and then argue as in step (4) above.

(6) Modifications necessary in case p = q + 1. (The Irwin trick) In this case the set f~'(C, — fB;) may be
nonempty. If this set is nonempty, then by step (3) above it consists of finitely many isolated points, not belonging
to S(f1). Join each of these points with B, by a general position arc in SP. Let B’, be the union of these arcs
and the cone B,. Adding appropriate cones over f(B’ — By) to Cy, we get a subcomplex C’, C S™ such that
dim(C’. — Cy) < 2. Now by general position f~(C’, — fB/) = @. We define j?f_ and l:)f to be the second derived
neighborhoods of B/, in S? and of C’, in S™ — fS? respectively. The balls D” and D™ are defined analogously.
The rest is similar to steps (2) and (4) above. O

Remark. In fact we have proved the surjectivity in Theorem 0.3” in case p < g without the assumption ¢ < m — 3.

1.3 Completion of the proof of suspension theorem for link maps.
The proof of the injectivity in Theorem 0.3’ is based on the following relative version of Lemma 1.1:

Lemma 1.1°. Suppose that p < g+ 1 and 2p + 2q < 3m — 5; then any generic link map f: DP U DY — D™, whose
restriction to the boundary is a suspension, is link homotopic relatively the boundary to a standardized link map.

We omit the obvious, but rather long and technical definition of a standardized link map f: DP LI D? — D™.
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Proof of the injectivity in Theorem 0.3 for p < q modulo Lemma 1.1°. We need to prove that if the suspension
of a link map fy : SP US? — S™ is null homotopic then the link map fy is null homotopic. Take an arbitrary null
homotopy f : DPT2 1 DIt — D™+2 of S f;. By Lemma 1.1’ we may assume that the link map f : DP2 1 DIt —
D™*2 is standardized.

Push the (g + 1)-component along the fibers of D™*1 x I toward 9D'""? until it lies in 9D — 9D™+2. Let
f' . DPT2 | DIl D™+2 be the obtained null homotopy. The restriction f’ : (8Di+2 — ODP*2) 1y DIt —
BDT"r2 — 9D™*2 is a null link concordance of the link map fy. Since link concordance implies link homotopy in
codimension at least 3, it follows that fj is null homotopic. [J

Although the statement of Lemma 1.1’ is analogous to Lemma 1.1, the proof is not completely analogous (be-
cause there is no appropriate relative version of the supplement to a subcomplex). Let us present the necessary
modifications.

Modifications necessary in the proof of Lemma 1.1 to prove Lemma 1. 1°. Attach the cylinders 9D* x I to the balls
DF for k = p, ¢ and m, along dD* x 0. Denote by D?, D? and D™ the obtained balls and by f : D? LI D — D™
the obvious extension of the link map f: DP LI DY — D™. Clearly, it suffices to make the link map f standardized.

Denote by Df_fl the upper and downer half-spheres of dDP, and by DIfl the upper and downer half-spheres of
OD™. Denote by fo: SP721189-1 — S§™m~2 be the restriction of f to the equators.

(1) Construction of certain decomposition DP = DY U (DP~ x I)UD? for p < gq. Let A be the union of S(fy)
and the skeleton of S(f;) formed by the simplices of dimension not greater than 1 dim S(f1). Put A_ = S(f)+ Ay.
Take a general position homotopy ¢; : Ay — DP constant on Ay NODP and such that go : Ay — DP is the inclusion,
q1Ay C ODP. Let By C DP be the trace of the homotopy. Denote by Dﬁ the second derived neighborhood of
By U((By NDY 1) x I)U (DA x 1) relatively 9D%~" in DP. Define D” analogously.

(2) Construction of certain decomposition D™ = D7 U (D™! x I) U D™ for p < q. Take a general position
homotopy g; : fBy — D™ constant on fB, NJD™ such that gg : fB; — D™ is the inclusion, and ¢; fBy C 0D™.
Let Cy C D™ be the trace of the homotopy. Define D7 to be the second derived neighborhood of Cy U ((Cy N
DT H x I)U (D7 x 1) relatively 9D~ " in D™. Define D™ analogously.

Completion of the constructions of the homeomorphisms h, : D? — DP and h,, : D™ — D™, and modifications
in case p = ¢ + 1 are completely analogous to steps (2), (4) and (6) from the proof of Lemma 1.1.00

Proof of Theorem 0.3’. In the above we have proved Theorem 0.3’ in case p < ¢q. Now assume p > ¢q. For example,
let us prove the surjectivity. First suspend the second component (g-component) many times until its dimension
becomes equal to p. By the case p < ¢ of Theorem 0.3’ this iterated suspension is surjective. Now suspend once the
first component. Since the dimensions of the components are now equal, one can apply Theorem 0.3” and conclude
that this single suspension is surjective. Finally, desuspend backwards the second component p — ¢ times using
that the corresponding suspension maps are bijective by case p < ¢ of Theorem 0.3’. The composition of all the
considered suspensions and desuspensions is a single suspension of the first component. We have shown that it is
surjective. The injectivity is proved analogously. [J

2. CLASSIFICATION OF LINKS

2.1 Reduction to the classification of disc link maps.

Let us introduce some notation.

Let L', be the group of piecewise linear embeddings S? LI S — S™ up to piecewise linear isotopy.

An almost link is a link map f : SP U S? — S™ whose restriction to S? is an embedding. An almost isotopy is
a link homotopy f; : SP LU S? — S™ whose restriction to S? is an isotopy. Let f:fq be the set of almost links up
to almost isotopy. For p,q < m — 3 this set admits a natural commutative group structure defined analogously to
those of L', and LM",.

It is not difficult to see that f;rjq = wp(Sm_q_l) (cf. definition of the isomorphism A : fm — Wp(Sm_q_l) in
§2.3). Notice that the obvious map Ez’;':bq — L 4 can be identified with the iterated suspension map Lm — L;"‘;_%
for M large.

A disc link map [cf. Hae66A, Ne84] is a proper link map D? LI D? — D™ whose restriction to S? L1 .S is an
embedding. A disc link homotopy is a homotopy through disc link maps, whose restriction to 9S? LI S? is an isotopy.
Let @:q be the set of disc link maps up to disc link homotopy. For p,q < m — 3 it admits a natural group
structure, defined analogously to the above.

Theorem 2.1 (Geometric EHP sequence for links). (A. Skopenkov, cf. [Ne84], see Figure 6) For p,qg < m—3
there is an exact sequence:
= e -m h A Tm—1

L DM, —L 1™

P,q D, Pq p—1,q—

Figure 6 approzimately here
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The easy proof is presented below. We are going to use tacitly that concordance implies isotopy, link concordance
implies link homotopy, almost concordance implies almost isotopy, and any concordance or isotopy is ambient [Hud69,
Hud70, Mel00, Mel].

Proof of Theorem 2.1. Construction of the homomorphisms. Let e be the obvious map. Let p be the 'restriction
to the boundary’ map. The map h is the ’cutting’ homomorphism defined as follows. Take an almost link f :
SP 11 S?7 — S™. By an almost isotopy of f we may assume that there are points z € SP and y € S? such that
the restrictions of f onto their neighborhoods BY and B{ are standard embeddings. Since p,q < m — 3, we can
take a path ! from fx to fy intersecting f(SP LI S9) only at 9. Set h(f) to be the restriction of f to a map
(S — Int BP) U (89 — Int BY) — S™ — Int B™, where B™ is a neighborhood of .

Proof of the exactness. We have Imp = Kere because a link f : SP U S? — S™ extends to a disc link map
Dr+l) patlt — D™+Lif and only if it is null almost isotopic.

We have Im h = Ker p because a disc link map f: D? U D9 — D™ extends without adding new self-intersections
to an almost link SP L1 S?7 — S™ if and only if the restriction of f to the boundary is isotopic to the standard link.

To prove Ime C Kerh, take f € DM ¢ Which is an embedding. Take a pair of points z € DP and y € D1.
Join fx and fy by an arc [ intersecting f(Dp U D?) only at dl. Denote by BP, B? and B™ small neighborhoods
of these fx, fy and [ respectively. Clearly, the restriction f : B? U B? — Bm is trivial. The restriction f :
(DP — BP)U(D9— B?) — (D™ — B™) can be thought as a concordance between the restriction of f to the boundary
and the trivial embedding. Since a concordance is ambient isotopic to an isotopy in codimension at least 3, we may
assume that this restriction is level-preserving. Then it is obvious that the embedding f is ambient isotopic to the
restriction f: BP U B? — B™. Hence f =0 and hoe = 0.

To prove Ker h C Ime, take f € ijq such that h(f) = 0. Then, by definition, there exist a disc link homotopy
hi between h(f) and the trivial embedded disc link map. By the isotopy extension theorem [Hud70] the restriction
of h; to the boundary extends to an ambient isotopy of S — D™. So h; can be extended to an almost isotopy link
homotopy of f without adding new self-intersections. The latter is a homotopy between f and a link f’ € fg?q.
Hence f =e(f’). O
Corollary 2.1°. Forp <q <m —3 we have L', = K" & K" & m,(S™ 97 ) & DM;T_lqu.

Proof. By [Hae66C, Theorem 2.4] we have Ly, = Lm & K" & Ki". So it suffices to show that for p < ¢ the

homomorphism e: Em — fm in Theorem 2.1 has a rlght inverse €’ : Lzlq — Lglq The required right inverse

et my (STl — Lm takes the class of amap ¢ : SP — S™~ 971 toalink f : SPLIST — DPHLx §m—a=1 DPFlx( C
Sm given by the formula flzUy) = (z,¢z) U (y,0) (see the details in [Hae66C, Zeeman Theorem 10.1]). O

2.2 Simplification of the group of disc link maps.

Define DMZ:Lq to be the group of proper link maps f : DP LI D¢ — D™ whose restriction to dDP is an embedding
(up to link homotopy whose restriction to DP is an isotopy).

Lemma 2.2. The natural map D/J\\J;rjq — DMZq is bijective for 2p+2q < 3m—5 and surjective for 2p+2q < 3m—4.

Proof of the surjectivity. Take any general position link map f € DM, . Let us check that the pair (D™ —
fDP,OD™ — fOoDP) is (2m — 2p — 3)-connected. Indeed, in codimension at least 3 the pair (D™ — fDP, 9) is 1-
connected. Identify D™ with the upper half-sphere of S™. By the homology excision theorem H;(D™ — fDP,9) &
H;(S™ — fDP). By the Alexander duality H;(S™ — fDP) = H™*"1(fDP). It is not difficult to see that fDP
is homotopy equivalent to the mapping cone of the restriction f : S(f) — fS(f). (Indeed, both of these spaces
are obtained from Cyl(S(f) — fS(f)) Us(s)cp» DP by appropriate contractions.) Generically the dimension of the
mapping cone is at most 2p—m~+1. So H™~*~1(fDP) = 0 for i < 2m—2p—3. Thus the pair (D™~ fDP,dD™— fODP)
is (2m — 2p — 3)-connected by the Hurewicz theorem.

By the condition 2p + 2¢ < 3m — 4 and the embedding theorem moving the boundary [Hud70] the restriction
flpe : (DY, 8Dq) — (D™ — fDP OD™ — fODP) is homotopic to an embedding. So f belongs to the image of the
natural map DM — DM, ,

Proof of the mjectwity, Take a general position link homotopy f : (DP U DY) x I — D™ x I, whose restriction to
(0DPUD?) x I UODP x I is an embedding. It suffices to remove the self-intersections of D? x I by a link homotopy
fixed on (DP U D?) x OI.

Analogously to the proof of the surjectivity one can check that the pair (D™ xI— f(DPx1I),0D™ xI— f(O0DPx1I))
is (2m — 2p — 3)-connected. So the self-intersections of D? x I can be removed by the following embedding theorem
proved analogously to [Hud70] OJ.

Embedding theorem moving a part of the boundary. Let M be a compact (m + 1)-dimensional manifold, B
a codimension zero submanifold of OM, A a codimension zero submanifold of ODP. Let f : (DT A) — (M, B) be
a proper map such that f|apa+1_ 4 is an embedding. If m > q+ 3 and (M; B) is (2¢ — m + 2)-connected, then f is
properly link homotopic rel DTt — A to an embedding.
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2.3 Classification of disc link maps.
Theorem 0.1 follows from Theorem 0.3’, Corollary 2.1’, Lemma 2.2, 5-lemma and the following result:

Theorem 2.3 (Geometric EHP sequence for almost links). (A. Skopenkov) For 3p+q < 3m —5 there is the
following diagram with exact lines, commutative up to sign:

—m e m h —m P —m—1
q,p LMM DMWZ Lq—l,p—l

b L g b

oy E H P _p—
T (ST 1) - 7T:§+q+1fm - 7Tp+q+17m(VM+mfp*1’M) - 71'qfl(Sm P 1) _— ..

The top line in Theorem 2.3 is defined analogously to Theorem 2.1 (with similar proof of the exactness). The
bottom line is the stable James EHP sequence [Jamb54, KoSa77], which is exact for 3p + ¢ < 3m — 5. The linking
number A = A3 and the map « are defined in [Hae66C] and [Kos90, §1] respectively. The map § can be defined
analogously to the g-invariant LM}", — Tp1qt1-m(Varsm—p—1,1) of [Kos90, §1]. The new part of Theorem 2.3 is
the (anti)commutativity of the right-hand square, the (anti)commutativity of the other squares is known [Ker59,
Lemma 5.1, Kos88, Theorem 4.8].

In the rest of §2 we work in smooth category. Clearly, the group f::'p is isomorphic to the group of link maps
SPUSY — S™ whose restriction to SP is an unknotted smooth embedding (up to link homotopy whose restriction
to SP is a smooth isotopy). Analogously, qu is isomorphic to the group of proper link maps DP LI D¢ — D™
whose restriction to 9DP is an unknotted smooth embedding (up to proper link homotopy whose restriction to 9.DP
is a smooth isotopy).

Let us give geometric definitions of all the maps from the diagram.

Construction of the EHP sequence. [KoSa77, §1 and §4, cf. Szu76, Ecc80] Denote n = p+ ¢+ 1 — m. Let Embl
and Imm be the groups of framed embeddings and immersions, respectively, of closed n-manifolds into S? (up to
framed cobordism).

A proper immersion is a proper framed immersion of an n-manifold into D?, whose restriction to the boundary
is an embedding. A proper cobordism is a proper framed immersion ¢ : N**!' — D% x I, whose restriction to
c~1(8971 x I) is an embedding. Let PImZ be the group of proper immersions up to proper cobordism.

Let £ : Emb} — Imm; and P : PIm] — Emb2~" be the obvious maps. Let the map H : Immd — PImd be
cutting a small neighborhood of a nonsingular point belonging to a given immersed n-manifold.

By a beautiful result [KoSa77, Main Theorem and Proposition 4.1] for 3p + ¢ < 3m — 5 the bottom line in The-
orem 2.3 is isomorphic up to sign to the exact sequence

Embd SR Imml SN PIml -2, Embi~, . (%)

Further replace the bottom line in Theorem 2.3 by its geometric form (x). This form of the theorem in some
sense reflects duality between link maps and immersions: link maps (resp., immersions) are not embeddings because
they have self-intersections of ’close’ (resp., 'distant’) points.

Construction of the vertical homomorphisms. Remove a point from S™ and identify the result with R™. For a
link map f: X UY — R™ define the map f: X x Y — S™~! by the formula

F fr—fy
Al vy
Denote also by pr: X x Y — Y the obvious projection.

Definition of . Let f : SP11S? — R™ be a general position smooth link map. Take a regular value v € S™~! of
the map f. Then f~'v is a framed manifold, and the map pr induces a framed immersion f~'v — S%. Let a(f) be
the class of this framed immersion in I'mmJ, .\ ..

Definition of \. Take a link map f : SP U.S? — R™, whose restriction to S? is an unknotted embedding. Since
fSP is unknotted, it follows that the complement S™ — fSP retracts to a small sphere S P~! bounding a normal
disc to fSP. Thus by an appropriate link homotopy rel SP one can put the image fS? into the sphere S™P~1,
Perform an ambient isotopy to make the sphere S™ P! standard. We may assume that after this isotopy fSP? is
in general position. Take a regular value v € S™P~! of the map f . Then the map pr induces a framed embedding
of f~1v to S9. Let A(f) be the class of this framed embedding in Embl, 1 -

Definition of 3. Take a proper disc link map f : D U D? — R, where R’ is the upper semispace. By a proper
link homotopy, restricting to an isotopy of dDP, one can put the image fOD? into the standard sphere S™P~1,
Assume that fD9 is in general position. Take a regular value v € S P~1 of f Then the map pr induces a proper
immersion of f~1v to D?. Let B(f) be the class of this proper immersion in PImequFm.

The commutativity up to sign in Theorem 2.3 in its geometric form is checked directly. The proof of Theorem 0.1
is completed.
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Let us conclude §2 by a corollary of Theorem 2.3, which will be used later. Denote by DM, the group of proper
link maps D? U D? — D™ whose restriction to dDP? is a smooth embedding (possibly knotted), up to proper link
homotopy whose restriction to dDP is a smooth isotopy.

Corollary 2.3’. For 3p +4q < 3m — 5 we have DM}, = 7pi0001-m(Virem—p—q-1,0) ® K;”:ll.

Proof. By [Hae66C, Theorem 2.4] it follows that DM}, = D/]W;iq)q

——m
and 5-lemma we have DM, . . = 7pr0041-m(Varym—p—q—1,0)- O

® K;n:ll. By Lemma 2.2, Theorem 2.3

Remark. Notice that link maps in the 2-metastable dimension were originally classified using the Haefliger
classification of links, so the results of §2 without §1 do not give a shorter proof of Theorem 0.1.

3. CLASSIFICATION OF KNOTTED TORI

3.1. Preliminaries.

Our approach to the classification of embeddings is based on an exact sequence (Theorem 3.1 below) reducing
this problem to an easier classification of almost embeddings.

Informally, an almost embedding is a map admitting only ’local’ self-intersections (see Figure 7). To give a formal
definition, fix a codimension 0 ball B in a manifold M, where BN dM = ), if M has boundary (see Figure 1b). A
smooth map F': M — N into a manifold N is an almost embedding, if the following two conditions hold:

(i) F is a smooth embedding outside B; and

(iil) FBNF(M — B) = 0.

An almost isotopy is defined analogously, only the ball B is replaced by B x I.
Figure 7 is approximately here

Denote by KT}", the set of all smooth embeddings SP x S — S™ up to smooth isotopy. Denote by W:q the
set of all almost embeddings SP x S9 — S™ up to almost isotopy. By [Sko06] for m > 2p + ¢ + 3 the ’SP-parametric
connected sum’ operation gives a natural group structure on the sets KT}, and ﬁ:q (see Figure 8).

Figure 8 approzimately here

Now let us state the main theoretical result of §3.

Theorem 3.1. [cf. Kos88, Theorem A, HaKa98, Theorem IV] For every p + %q +2<m<p+ %q + 2 and
m > 2p+ q+ 3 there is an exact sequence

m T m— m— Tl
KT}, — KT, , — mprag-mi1 (Virgm—p-g-1.m) ® K0 Ly — KT = KT, ) — ..
We are going first to prove Theorem 3.1 using the classification of proper almost embeddings (= disc link maps)
DP+4 1) DY — D™ from §2, Corollary 2.3’, and then to deduce Theorem 0.2 from Theorem 3.1 using classification
of almost embeddings SP x S9 — S™.

3.2 Relation between embeddings and almost embeddings.

Theorem 3.1 follows from Corollary 2.3’ above and Lemmas 3.2 and 3.3, which we are going to state now.

A smooth map f: M — N is proper, if f1OM = ON and fM is transversal to ON. Denote by ﬁ;?q the group
of proper almost embeddings SP x D? — D™ up to proper almost isotopy (see Figure 9). Fix a codimension 0 ball
B C DPT4 and denote by DM ;n+q7q the group of proper almost embeddings D4 LU D¢ — D™ up to proper almost
isotopy.

Figure 9 approzimately here

Lemma 3.2. (¢f. Theorem 2.1 and Figure 6 above) For m > 2p + q + 3 there is an exact sequence

m € Fm h o pHEm Pp m—1
KTp’q — KTp,q — Pprq - KT —

p,g—1

Lemma 3.3. For m > 2p+q+ 3 we have PT, , = DM, .

The proofs of both Lemmas 3.2 and 3.3 are based on the following notion.

Definition of the web DP*!. Mark a point * € S?. A web of an almost embedding f : SP x S9 — S™ is a framed
disc DPT! C 8™ satisfying the following 3 conditions:

(i) ODPFL = f(SP x *);

(i) Int DP*1 N Im f = (; and

(iii) the first ¢ vector fields of the framing of dDPT! form the standard framing of f(SP x *) in f(SP x S9).

A web of an almost isotopy f; : SP x S7 — S™ and of a proper almost embedding f : SP x D¢ — D™ is defined
analogously.
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Proposition 3.4. (A. Skopenkov) If m > 2p + q + 2 then for any almost embedding f : SP x S — S™ there exist
a web. If m > 2p+ q+ 3, then for any almost isotopy f; : SP x ST — S™ there exists a web extending given webs of
Jo and fi.

Proof. (A. Skopenkov) The bundle v(f)|srx+ is stably trivial and m — p — ¢ > p, hence this bundle is trivial. Take
a (m — p — q)-framing & of this bundle.

Take the section formed by the first vectors of . Since m > 2p+q+2 > 2p+2, it follows that f|sryx. is unknotted
in S™. So there is an embedding f : DP*! C S™ satisfying property (i) from the Definition of the web above. Since
m > 2p + g + 2, by general position we may assume also property (ii).

By deleting the first vector from & we obtain a (m — p — ¢ — 1)-framing & on f(ODP*!) normal to f(DP*1).
Denote by n the standard normal ¢-framing of f(SP x *) in f(S? x §9). Then (£1,7) is a normal (m — p — 1)-framing
on f(ODP*!) normal to f(DP*1). Since p < m—p—q—1, the map mp(SO.m—p—g—1) — Tp(SOpm—p—1) is epimorphic.
Hence we can change ¢; (and thus ¢) so that (£1,7) extends to a normal framing on f(DP*!). By construction it
satisfies property (iii).

The second assertion is proved analogously [cf. Sko06, Proof of Standardization Lemma 2.1 in §3] O

An important consequence of this proposition is the group structure on the set of knotted tori [Sko06’]. This also
allows us to prove Lemma 3.2 analogously to Theorem 2.1. We need the following proposition.

Proposition 3.5. For each m > 2p + q + 3 all proper embeddings SP x D9 — D™ are properly ambient isotopic,
and all proper almost embeddings SP x D1 — D™ are properly almost isotopic.

Proof. Take a proper embedding f : SP x DI — D™. Let * € Int D? be the marked point. Take a web DP*!
of f. Let D™ be the tubular neighborhood of DP*!. Clearly, the restriction f : f~'D™ — D™ is isotopic to
standard embedding S? x DY — D™. The restriction f : (SP x D9 — f~1D™) — (D™ — D™) can be thought as
a concordance between the restriction of f to the boundary and the standard embedding. Since a concordance is
ambient isotopic to an isotopy in codimension at least 3, we may assume that this restriction is level-preserving.
Then by the Alexander trick the embedding f is ambient isotopic to the trivial embedding.

The second assertion is similarly deduced from almost concordance implies almost isotopy in codimesion at least
3 (proved similarly to [Mel]). O

Proof of Lemma 3.2. (cf. Proof of Theorem 2.1 in §2) (1) Construction of the homomorphisms. Let e be the obvious
map. Let p be the ’restriction to the boundary’ map. The homomorphism A is the ’cutting’ map defined as follows.
Take an almost embedding f : SP x S9 — S™. By Proposition 3.4 there exist a web DPTL C ™. Let D™ be a
tubular neighborhood of DP*1. Set h(f) to be the restriction of f to a map (SP x S — f~!Int D™) — S™ —Int D™.

(2) Ezactness at KT,",. The sequence is exact at KT because an embedding f : S? x S — S™ extends to
a proper almost embedding SP x D971 — D™+ if and only if f is almost isotopic to the standard embedding (cf.
Proposition 3.5).

(3) Ezactness at ﬁ;’fq. The sequence is exact at ﬁ::q because a proper almost embedding f : SP x D¢ — D™
extends without adding new self-intersections to an almost embedding S? x S? — S™ if and only if the restriction
of f to the boundary is isotopic to the standard embedding (by Proposition 3.5).

(4) Ezactness at ﬁ:q. The inclusion Ime C Ker h follows from Proposition 3.5. To prove Ker h C Ime, take

f e ﬁ:?q such that h(f) = 0. Then, by definition, there exist a proper almost isotopy h; between h(f) and
the standard proper embedding. By the isotopy extension theorem [Hud69] the restriction of h; to the boundary
extends to an ambient isotopy of S™ — D™. So h; can be extended to an almost isotopy of f without adding new

self-intersections. The latter is an almost isotopy between f and an embedding f' € KT}",. Hence f = e(f’). O

Now we proceed to the proof of Lemma 3.3. The proof is based on surgery over the torus SP x S7 along the
meridian. To make our approach more clear, let us first give an easier example of using this surgery.

Proposition 3.6. For m > 2p + q + 3 the natural map K}, — KT;’:LQ is ingjective.

In fact this proposition implies case 'p + ¢ + 1 divisible by 4’ of Theorem 0.2, by Haefliger Theorem in §0. The
restriction m > 2p + ¢ + 3 is essential, e. g., Proposition 3.6 is not true for the natural action K§ — KTE2 [Sko06].

Proof of Proposition 3.6. Let us define the natural map ¢ : K\, — KT .. To a knot f : SPFTe 5 §™ assign
the connected sum of f and the standard embedding S? x S9 — S™. (The connected sum is made along an arc !
joining the images of f and the standard embedding). To prove the proposition it suffices to construct a left inverse
§ KT, — Ky, of &

The map ¢ : KT}, — K\, is defined as follows. Take an embedding f : S? x S? — S™. By Proposition 3.4 it
admits a web DP*! C ™. The boundary sphere of this web is endowed with the standard framing in f(S? x S9) by
property (iii) from Definition of the web. Perform an embedded surgery along this framed sphere inside a tubular
neighborhood of the web. Let &'(f) : SPT9 — S™ be the map obtained by the surgery.

The element &'(f) is well-defined by the second assertion of Proposition 3.4. Indeed, assume that fy : SP x S? and

f1: 8P x 8% — S™ are concordant and two webs D5t! and DY are chosen. Take the web DP*2 of the concordance
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f: given by Proposition 3.4. Surgery along dDP*2 transforms the concordance f; a concordance between &’( f; o) and
§'(f1)-

To prove ¢’ o £ = id, notice that generically the web DPT! misses the arc [. Then there is an obvious ambient
isotopy joining f and &' o £(f) (cf. Proposition 3.7 below). O

Lemma 3.3 is proved by certain relative version of this surgery. The crucial point of the above argument is the
existence of an ambient isotopy between f and & o £(f). Further instead of an explicit construction of required
ambient isotopies we are going to use the following easy general result. We say that a ball D* C D* is admissible,
if D N OD* is a (k — 1)-ball and dD* — 9D is transversal to dD* (thus D¥ is a smooth manifold with corners).

Proposition 3.7. Let ka C DF be an_admissible ball and Dk-1 = Df NODk. If m > n+ 3, then any two
proper embeddings f,qg : (D™, D"~ 1) — (D™, D™~1), which coincide on dD™ — D"~1, are ambient isotopic relatively
oD"™ — D1,

Proof. The map f : D™ — D™ can be considered as a concordance relatively the boundary between the two
embeddings f : D"~! — D™ ! and f: D" — D*~! — D™ — D™~!. Since concordance implies ambient isotopy
in codimension at least 3, it follows that f ’extends’ to an ambient isotopy h; : D™ — D™ fixed on D™ — D™~ 1,
Define analogously an ambient isotopy hy : D™ — D™, Then g = hthT1 f.o O

Proof of Lemma 3.3. To prove this lemma, we construct two mutually inverse homomorphisms hy : ﬁzq —

DM;”_HM and hsy : DM;Z_(M — ﬁzq. Fix a point * € SP.

(1) Construction of a homomorphism hy : ﬁ:q — DM, ,- Take an arbitrary map f € ﬁ:q. Take a nonzero
vector field on * x D? normal to f(SP x D?). Moving the disc * x DY toward this vector field, we get a proper
embedding f : D — D™ missing f(S? x D9).

By Proposition 3.4 the restriction of f to the boundary admits a web f : DP — 9D™, i. e. there is a framed
embedding f : DP — D™ satisfying properties (i)-(iii) from Definition of the web. Generically for m > 2p + ¢ + 3
this web misses f1(0D9). Perform an embedded surgery of the map f : SP x D¢ — D™ along the sphere fODP inside
a tubular neighborhood of fDP. Let fo : DP*9 — D™ be the proper map obtained by the surgery. By definition,
put hl(f) = f1 L f2 € .DM;n+q7q.

(2) Construction of a homomorphism hy : DM =~ — ﬁZq' Take an arbitrary map f € DM}% . Extend
the restriction f : D7 — D™ to a torus f; : SP x D? — D™ with the image inside a tubular neighborhood of fD?1.
Join a point x € fODPT? with a point y € f1(SP x dD?) by an arc [ C dD™ missing the images of 9DP4 — {x}
and SP x dD? — {y}. Perform an embedded surgery of f : DP*? — D™ and f; : SP x D? — D™ along the
0O-sphere 9l inside a tubular neighborhood of [ (i. e., make a connected sum of fDPT? and f;(SP x D?)). Denote by
ha(f) € W;Lq the map obtained by the surgery.

The homomorphisms h; and hy are well-defined by the second assertion of Proposition 3.4.

(8) Proof that hy o hy = id. Let us prove that any map f € DM}, is ambient isotopic to hy o ha(f). It suffices
to construct 2 admissible balls DPT4 C DPT4 and D™ C D™ satisfying the following 2 properties:

(i) f~1D™ = hy o hy(f)~tD™ = Dr+4;
(11) f = hl o] hg(f) outside Derq.

Then one can combine f and hy o ho(f) on DP*Y by the ambient isotopy given by Proposition 3.7. Moving
hi o ha(f)D? backwards along the vector field constructed in step (1), we combine the maps f and hy o ha(f).

Construction of the balls DP and D™. We may assume that the web fDP of the restriction of hi(f) to the
boundary is contained in a tubular neighborhood of fD?. The required ball D™ is obtained from the union of
tubular neighborhoods of fD? and the arc [ constructed in step (2) by cutting off a tubular neighborhood of the
web fDP. Put DP9 = f~1D™. By the construction DP?*¢ C DP9 and D™ C D™ are admissible balls satisfying (i)
and (ii).

(4) Proof that hg o hy = id. Let us show that any map f € ﬁ;:q is ambient isotopic to hg o hi(f). Again
it suffices to construct 2 admissible balls DP*9 C DPT? and D™ C D™ satisfying the properties (i) and (ii) from
step (3).

Construction of the balls DP and D™. Let U be a tubular neighborhood of f(x x D?). We may assume that the
arc | constructed in step (2) is contained in U. Let z € DY be the point such that 9l N f(S? x D7) = f(* X z).
Modify hg o hy(f) by an ambient isotopy inside U to make hy o hi(f) = f in some tubular neighborhood V of the
wedge * x DTU SP x z. Now the maps f and hg o hi(f) coinside outside the union of CI(U — V) and a tubular
neighborhood W of the web fDP. The balls D™ = Cl(U — V) UW and DP*9 = f~1D™ are the required. [J

3.3 Classification of almost embeddings.

To prove Theorem 0.2 we need the classification of almost embeddings SP x S?7 — S™. Denote by FK qu the
set of smooth embeddings DP x S9 — S™ up to smooth isotopy. This set admits a natural commutative group
structure analogous to KT.7%. The classification of almost embeddings is given by the following result.
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Theorem 3.8. For m > 2p + q + 3 there exist exact sequences
(i) 7Tp+q(Smiq71) e KT - FKZ?q - 7Tp+q—1(5m7q71) -
(@) mg(Vin—q,p) - FKm - K = g1 (Vin—gp) =

Theorem 3.8 (ii) is proved by direct checking analogously to [Hae66A, Corollary 5.9]. Theorem 3.8 (i) is due to

A. Skopenkov [cf. Sko06, Restriction Lemma 5.2]. Our proof of assertion (i) consist of several steps similar to the
proof of Theorem 3.1.
Proof of assertion (i) in 3.8. (1) Definition of the groups FK]', and PT;",. A smooth map is S x S — S™ said
to be a weak almost embedding, if it is a smooth embedding outside B C S? x S9. A weak almost isotopy is defined
analogously. Identify F'K’ with the group of weak almost embeddings up to weak almost isotopy (clearly, these
groups are isomorphic for m > 2p + ¢ + 3).

Fix a (p+q¢)-ball B C SP x D? meeting the boundary transversely by a (p+ ¢ — 1)-ball. A proper piecewise linear

map f:SP x DI — D™ is said to be a proper weak almost embedding, if the following two conditions hold:

(i) f is a smooth embedding outside B C SP x D?; and

(ii) f(SP x 9D1N B) N F(SP x 9D? — B) = {.

A proper weak almost isotopy is defined analogously. Denote by PT')", the group of proper weak almost embeddings
up to proper weak almost isotopy.

(2) For every m > 2p + q + 3 there exist an exact sequence:

m—1

Tt e m h m P g
KTp,q — FKp’q — PTp’q — KTp,qq — ...

Here e, h and p are the obvious forgetful, cutting and restriction homomorphisms respectively. This assertion is
proved completely analogously to Lemma 3.2.

(8) Definition of the homomorphism X\ : PT)' — Tpig- 1(S™=471). Take a proper weak almost embedding
f:5P x DI — D™. By definition fOB N f(x x DY) = (). Notice that D™ — f(x x D) =~ S™~471 TLet A\(f) be the
homotopy class of the restriction f : 9B — D™ — f(x x D).

(4) X is injective. Take a proper weak almost embedding f : S? x D9 — D™ such that A(f) = 0. Then f |gp
extends to a smooth map g : B — D™ missing f(x x D). Generically for m > 2p+ ¢+ 3 the map g misses f(S? x0).
Thus we may assume that g misses f(SP x D? — B). Perform a proper weak almost isotopy which replaces f |5 by
g. Thus we get a map SP x D¢ — D™ which is a proper almost isotopy. Then by Proposition 3.5 f is properly weak
almost isotopic to the standard proper embedding S? x D? — D™.

(5) X is surjective. Take an element z € mp44—1(S™ 971). Take the standard proper embedding f : SP x D? —
D™. Realize the element x by a smooth map g : SPT4~! — 9D™ — f(x x D). Without loss of generality for
m > 2p+q+3 we may assume that g misses f(SP x 9D — B). Extend the map g to a smooth map ¢’ : DPT¢ — D™,
Let p(z) be the connected sum (relatively the boundary) of ¢’ and f |sexpe—p . Clearly, A(u(z)) = x. This completes
the proof of assertion (i). O

3.4 Rational classification of knotted tori.

In order to prove Theorem 0.2 we need to know which groups from Theorems 3.1 and 3.8 are finite.

Theorem 3.9. Assume that p + %q—|—2 <m<p+ %q—|—2, m>2p+q+3 andm>n+3. Then
() K is mﬁnite if and only if 2m < 3n + 3, n+ 1 is divisible by 4.
T ==Y s infinite if and only if m =2+ 3¢+ 3, p+g¢ + 1 is divisible by 4.
ptaq 2 2 2
(uz) «(Vim—q.p) is infinite if and only if p > 1, q—|— <m<p+ 2q + 2 and q + 1 is divisible by 4.
(1) Tprog—mt+2(Var+m—p—qg—1,m) is infinite if and only ifm=p+32q+2 and ¢+ 1 is divisible by 4.

Theorem 3.9 can be easily reduced to known results. Assertion (i) is the Haefliger theorem [Hae66A, Corollary 6.7].
Assertion (ii) of is a specific case of well-known Serre theorem. Assertions (iii) and (iv) are proved using the exact
homotopy sequence of the "forgetting the last vector’ bundle S™ P71 — V,,,_,,, — Vg p—1:

Proof of assertion (iii) in Theorem 3.9. The assumptions m > 2p+ ¢+ 3 and m < p+ %q + 2 together imply that
m < 2g. We are going to prove assertion (iii) by induction over p under the only assumption m < 2q.

(1) Case q + 1 not divisible by 4. Since m < 2g, it follows that m,(Vin—q.1) = m,(S™7971) is finite. Using the
homotopy exact sequence of the 'forgetting the last vector’ bundle S™ P~7 — V,,,_,,, — Vi_qp—1 tensored by Q,
we get inductively that my(V,,—q,p) is finite.

(2) Case q+ 1 divisible by 4, and either m < %q + % orm > p-+ %q + % In this case the groups m,(S™97%) are
still finite for each ¢ = 1,2,...,p. Similarly to the above we get m4(V,,—q,p) finite.

(8) Case q + 1 divisible by 4, and %q + % <m<p+ %q + % Take i such that m = i + %q + % Consider the
above exact homotopy sequence for p = i. Analogously to the above it can be shown that for ¢ + 1 divisible by 4
and m < 2q the group mg41(Vin—g,—1) is finite. Thus the group my(Vin—gq,:) is infinite. By induction 7y (Vin—gq,p) is
also infinite. O
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Proof of the assertion (iv) in Theorem 8.9. Denote by s = 2p+3¢—2m+3 and l = m—p—q—1. Then the group in
question is ms4;(Vas4i,m). Our restriction p + §q+ 2<m<p+ %q + 2 is equivalent to the restriction 0 < s <1 —2.

(1) Case s = 0. By [Paeb6] the group m;(Vas4i,ar) is infinite if and only if I + 1 is divisible by 2. Together with
condition s = 0 this is equivalent to the conditions m = p + %q + % and ¢q + 1 divisible by 4.

(2) Case s > 1. Let us prove by induction over s that the group msy;(Vasr+i,ar) is finite in this case provided
that s <1 — 2. Indeed, for s = 1 this is proved in [Pae56]. For s > 1 consider the homotopy exact sequence of the
forgetting the last vector’ bundle St — Vi, — Vamgi,m—1 tensored by Q. In this sequence 7rs+l(Sl) is finite
because 1 < s <! — 2. By inductive hypothesis the group m4+s(Vari,m-1) = Ts—141+1(Vari41,0m) is also finite. So
is the group 741 (Varsim). O

The dimension restrictions in Theorem 3.9 are assumed to simplify both the statement and the proof. Similarly,
the upper bound for the dimension m in Theorem 0.2 is not essential, it is assumed by ethtetic reasons (to simplify
the statement).

To prove Theorem 0.2 consider the following 5 cases:

(1) p+ g+ 1 is divisible by 4;

(2) ¢+ 1is divisible by 4, m < 2¢+ 2, p> 1;

(3) g+ 1lisdivisible by 4, 2g+2 <m <p+ 3¢+ 3, p>1;
(4)

(5)

Here case (1) is easy, it follows directly from Proposition 3.6. Cases (2) and (3) are also not hard, they can be
treated using Theorem 3.8(ii) only. Cases (4) and (5) are more difficult, they require both Theorems 3.1 and 3.8.
Case (4) was treated in [Sko06’] by different methods.

Proof of Theorem 0.2. (1) Case p+ q+ 1 is divisible by 4. This follows directly from Proposition 3.6.

(2) Case g+ 1 divisible by 4, m < %q + % It suffices to construct a knotted torus H : SP x §¢4 — S having an
infinite order in KT77,.

Construction of the Haefliger torus H. The group K" is infinite in this case. Take an infinite order element z.
The obstruction to existence of a (p + 1)-frame on the knot x belongs to the finite group my—1(Vin—qp+1). So for
some N € N the embedding Nz extends to the desired smooth embedding H : SP x S — S™. Clearly, H has an
infinite order.

(8) Case q + 1 divisible by 4, %q + % <m<p+ %q + %, p > 1. It suffices to construct a knotted torus
T : 5P x S1— S™ having an infinite order in KT,.

Construction of the torus T. The group my(Vim—_q,p) is infinite in this case. Take an infinite order element z of
this group. Consider the map 7 : 74(Vin—qp) — FK', from 3.8(ii). This map takes the element z to the canonical
p-frame DP x S — S™ of the standard sphere S9 C S™. The complete obstruction to extension of this p-frame to
a (p+ 1)-frame belongs to m,_1(S™ P~97!). The latter group is finite in our case. So for some N € N the element
N7(x) can be extended to a smooth embedding S? x S7 — S™, which is the desired torus T

Proof that T' has an infinite order. It suffices to prove that the element 7(z) € F'K},, which is the restriction of 7'
to DP x 87, has an infinite order. Assume the converse. Then N7(z) = 0 for some N € N. So by Theorem 3.8(ii) Nz
belongs to the image of the map K;T[l — Tq(Vin—q,p). But the group K;Til is finite in our case. This contradiction
proves that T has infinite order.

(4) Case q+ 1 divisible by 4, m = p + %q + %

Construction of the Whitehead torus W. The group mpt+2q—m+2(Va+m—p—q—1,m) is infinite in this case. Take
an infinite order element x of this group. Take the smooth embedding w(z,0) : SP x S — S™ where w :
Tp+2g—m+2(VM4m—p—qg—1,M) B K}, — KT}, is the map from Theorem 3.1.

——m+1
Proof that W has an infinite order. By Theorem 3.1 it suffices to prove that KT:;_H is finite in our case.

Since ¢+ 1 is divisible by 4 it follows that mg11(Vin—q,p) and K];" are finite. The group mpq41(S™7971) is also

finite in our case. So by Theorem 3.8 it follows that ﬁ:;rll is finite.

(5) Case ¢+ 1,p+ g+ 1 not divisible by 4. Recall that if X — Y — Z is an exact sequence with finite X and
Z, then Y is also finite. Applying this 2 times to the first 3 columns of Theorem 3.8 starting from the bottom, and
then to the sequence from Theorem 3.1, we are done, because the groups in the first column of 3.8 and the groups
Tptr2g—m+2(VMtm—p—q—1,M)s K" and K, are finite for ¢ +1,p + ¢ + 1 not divisible by 4. [

4. CONCLUDING REMARKS

(i) The argument of [Hae66C] can be extended to cover at least the dimension range 2p; + 2ps < 3m — 7 (we use
the notation of [Hae66C] in this paragraph). Indeed, this restriction is sufficient in all steps of the Haefliger proof

except [Hae66C, Proposition 10.2]. The groups AEZ)I) and Hgg) 5 in the proof of [Hae66C, Proposition 10.2] may

have now a larger number of generators. But these generators can be written explicitly: the group Az(,‘i) is generated
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by all 6x(i1,i2) for all integers k& > 0 such that kp; + p2 > (k + 1)(m — 2), and the group Hﬁg)_z is generated by
[[¢2,1], 2] and all O11(i1,42) for the same k. Thus the proof of [Hae66C, Proposition 10.2] can be completed by
the initial argument. A possible reason why Haefliger did not notice this improvement was that in contrast to
3p1 + p2 < 3m — 7 the restriction 2p; + 2p2 < 3m — 7 did not appear in his theory.

(ii) The dimension restriction 2p+2¢q < 3m—6 in Theorem 0.1 is best possible, the formula fails for 2p+2q = 3m—5.

For example, take m =p+4 =4k—1, k > 5, ¢ = 2k + 2. Then the group LMz?-ﬁ,lq-s-l is infinite [Kos90, p. 755-756].

By Theorem 2.3 the rank of the group DMPJ:ETqul is greater than the rank of the group mp1g42—m(Vartm—p—1,m)-
1

By Lemma 2.2 the natural homomorphism DM ;nﬂ’q 11— W;n:;q 11 is still surjective. So the rank of the group
DMZf:_ll,qH is also greater than the rank of the group mptgt2—m(Var+m—p—1,m). Thus by Corollary 2.1’ the rank
of left-hand side in the formula of Theorem 0.1 is greater than the rank of right-hand side.

(iii) A natural question is to describe the kernel of the suspension map > : LM}, — LM;’H}[I at the boundary
range 2p + 2¢ = 3m — 4. This may help to determine which groups LM, are finite in codimension 3.

(iv) It is interesting to weaken the dimension restrictions in the Theorem 0.2. As we have remarked before,
the restriction m < p + %q + 2 in Theorem 0.2 is only ethtetic. The 2-metastable restriction m > p + %q + 2 is
essential, but our methods provide much information outside this dimension range. Indeed, we have a collection of
exact sequences in some sense reducing the classification of knotted tori to the classification of links and knots (see
Lemmas 3.1 and 3.2, Theorems 2.1 and 3.8). Besides, the ’group structure’ restriction m > 2p+¢—+3 in Theorem 0.2
is a natural limit for our approach. Probably it can be eliminated in piecewise linear category. For example, we
conjecture that the set of piecewise linear embeddings S? x S¢ — S™ up to piecewise linear isotopy admits a natural
group structure in codimension at least 3.

APPENDIX. SURGERY OVER THE SELF-INTERSECTION MANIFOLD

Here we do surgery on the self-intersection manifold, which provides an alternative proof of our main results and
hopefully is interesting in itself. Roughly speaking, this alternative argument replaces engulfing from §1 by surgery.
None of the results proved here are used in the rest of the paper.

Let us state our particular problem and the results. Let f : D¢ — M™ be a general position proper immer-
sion whose restriction to the boundary is an embedding. The Embedding Theorem relatively boundary [Hud69,
Theorem 10.2] allows to remove the self-intersection of f by a homotopy rel 9D? under certain conditions. In the
dimension range where the embedding theorem is not true, we give an approach to simplify the self-intersection in
some sense.

Consider the diagram

A(f) —— Mm

Here A(f) = Cl{ (z,y) € D? x DY |z # y, fxr = fy} and A(f) = A(f)/Zy are the double point manifolds. The
immersions 7 : A(f) — D? and i : A(f) — M™ are given by the formulas i(z,y) = = and i{z,y} = fz. Denote
by A(f) the line bundle associated with the double covering A(f) — A(f). Denote by A(f) : A(f) — P> the map
classifying the line bundle A(f).

The main results of Appendix are the following surgery theorems due to M. Cencelj and D. Repovs:

Theorem 5.1. [cf. HaKa98, Theorem 4.5] Let M™ be an (s + 1)-connected manifold. Let f : DI — M™ be a
proper self-transverse immersion such that f |gpa s an embedding. Suppose that 2s < 2¢—m—2 and s < m—q—3.
Then by a reqular homotopy of f reldD? the classifying map A — P> can be made (s + 1)-connected.

Corollary 5.2. [cf. HaKa98, Corollary 4.4] Assume that m > p+ %q + 2. Then any proper almost embedding F is
properly almost isotopic to a proper almost embedding F' such that

m,(D™ — F'DP4 9) = Q™

Pq°
This isomorphism is given by the formula G — B(F',G).

Here F is a proper almost embedding F : DPT4 [ D¢ — D™ (see §3), Q. = Tpt2g—m+1(Var4m—p—qg—1,m) and
the element B(F’, Q) is the B-invariant of the proper link map F'|pp+q UG : DPT4 1 DI — D™,

First let us give an alternative proof of Corollary 2.3’ modulo these results (our arguments in §§2-3 show that
this corollary implies Theorems 0.1 and 0.2), then we prove Theorem 5.1 and Corollary 5.2 themselves.

An alternative proof of Corollary 2.3° modulo Corollary 5.2. It suffices to prove that ( : W;n;q’q — Q7 is
bijective.

The injectivity of 5. Take f € W;nﬂ’q such that 8(f) = 0. By Corollary 5.2 one can assume that f|ps is
null-homotopic outside fDPT4. Perform the following 2-step link homotopy:
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(i) Modify f|p« to an embedding into 9D™.
(ii) (Conmic construction) Replace f |pr+s by the ’conic’ homeomorphism onto C(fODP*9). This is done via a
'rectilinear’ link homotopy.
So f becomes a piecewise linear embedding. Thus it represents 0 in WZ?Q (by §2, proof that Ime C Kerh in
Theorem 3.1).

The surjectivity of 3. Take any v € Tpyog+1—m(VMr4m—p—qg—1,m). Start with any f € W;nﬂ’q. By Corollary 5.2
there exist a proper link map f' : DPT4 11 D? — D™ and a proper map g : D9 — D™ — f'DPt4 such that
B(f" |pr+a Ug) =wv. Thus S is surjective. O

5.1. The complement to an immersed disc.

In this subsection we prove Corollary 5.2 modulo Theorem 5.1. We shall use the following notions.

Denote by {X,Y} the set of stable homotopy classes of maps X — Y. The stabilization of the target group
Y%°me(D™ — Im f, 0) is isomorphic to {59, 5™ — Im f}, because any pair (X,Y) is stably equivalent to the space
X UCY. Hereafter fix the decomposition S™ = D™ U csm1, }

Denote by T'(\) the mapping cone of the covering A — A. Take a map i : CA — DPT? extending the above map
i: A — DPT4. Define f: T(\) — S™ to be the quotient map of the composition fi.

The following proposition shows an alternative way of getting the S-invariant:

Proposition 5.3. [cf. HaKa98, Proposition 3.2] Under the composition
m, (D™ — fDP 9) 2 (g9, g™ — fprray SLP
SW D ) Me—p—g— fu m—p—g—1y PT
- {fDH_qu bma 1} 5 {T(n), smPe 1} = Tpt+2q+1-m(VMtm—p—g—1,M)

the class of a map g: DY — (D™ — fDPT4.9) is sent to B(f U g).

Here the first arrow is the suspension map. The second map is the Spanier-Whitehead duality. The third arrow
is induced by the map f defined above. The fourth map is given by the Pontryagin-Thom construction (see [Kos88’]
for details). This proposition is proved by a direct checking analogously to [HaKa98, Proposition 3.2].

By this assertion it is useful to know the homotopy type of fDP14. It is given by:

Proposition 5.4. Let C be the mapping cone of the restriction f : iA — i\, then fD9 ~ C.

To prove this proposition note that both of these spaces are obtained from Cyl(i& — 1A) Ujac ppra DP9 by
appropriate contractions. Let us begin the study the homotopy type of the pair (D™ — fDP4 9) with:

Proposition 5.5. [cf. HaKa98, Lemma 4.2] The pair (D™ — fDPT4 9) is (2m — 2p — 2q — 3)-connected.

Proof. Generically in codimension at least 3 the pair (D™ — fDP*4 ) is 1-connected. By the homology excision
theorem H;(D™ — fDP+4.9) = H;(S™ — fDP*4). By the Alexander duality H;(S™ — fDP+4) = Hm—i=1(fpDr+a),
By Proposition 5.4 H™~=1(fDP+4) = 0 for i < 2m — 2p — 2q — 3, because generically dim C' = 2p + 2¢g — m + 1.
Thus Proposition 5.5 follows from the Hurewicz theorem. [

Proof of Corollary 5.2 modulo Theorem 5.1. By Theorem 5.1 we may assume that the classifying map A(f) — P>
is (s + 1)-connected. Let us show that under this assumption all maps in Proposition 5.3 are bijective.

(1) The first map is bijective by Proposition 5.5 and the suspension theorem, because the assumption 3p + 4¢q <
3m — 6 implies ¢/2 < 2m — 2p — 2q — 3.

(2) The second map is bijective by Spanier-Whitehead duality.

(3) The third map is bijective. By Proposition 5.4 {Im f, S™~P~971} =~ [C §m~P=9=1}1 it remains to check
that {C,Sm~P=471} =~ [T(\),S™ P=971} Denote by Ar the restriction of A to the triple points, by Cr the
image of T (Ar) under the map T(A\) — C, and by R the mapping cone of the map T (A7) — Cr. Then R is a
deformation retract of the mapping cone of the map T'(\) — C. Consider the Puppe exact sequence of the pair

(CYIT'(A) — C), T(N):
(R, S™P=171} (€, §™ P97y s {T(N), S™PTIY o (R, SMPY,

Since R has dimension < 2p + 3¢ — 2m + 2, by the assumption 3p + 4¢ < 3m — 6 it follows that {C, S™P~4-1} =
{T(\), Sm—P=a=1}

(4) The fourth map is bijective, if the classifying map A : A — P> is (s + 1)-connected. This is proved
by the standard tools of bordism theory. Indeed, by the Thom-Pontryagin construction {T'()\), S™~P~4-1} =
Qs (A, (m—p—qg—1)A). By homotopy lifting the induced map Q(A,(m—p—qg—1)A) = Q(P*,(m—p—q—1)A)
is an isomorphism. Finally, Qs(P>°, (m —p—q¢—1)A) = mpr2041—m(VMtm—p—g—1,m)- (The definition of the groups
Qs (A IN), Q5(P°,1IN) and the details can be found in [Kos88’] or [HaKa98,83]). O

5.2 Surgery on the double point manifold.
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Sketch of the proof of Theorem 5.1. Hereafter omit f from the notation of A(f), A(f), A(f) and A(f). Making the
map A : A — P> (s + 1)-connected proceeds in 2 steps:

Step 1. Making A connected and 7 (A) — 7 (P™) surjective (i. e. A connected).

Step 2. Killing the elements of Ker(m;(A) — m;(P>)) for 1 <i < s.

These steps are sufficient because the map m;(A) — 7;(P) is automatically surjective for i > 0.

In both steps 1 and 2 we make the following Whitney-Haefliger trick, performing surgery on A.

Let us begin with Step 2. Take a map g : S* — A representing an element of the kernel of m;(A) — 7;(P>).
Generically for 2s < 2¢ —m — 2 and s < m — g — 3 it is an embedding missing the triple points of f. Since the
composition A o g : S* — P> is trivial, it follows that g(S?) is trivially covered in A. Denote by S% and S the
two copies of S% in A. Span these spheres by two disjoint balls Dfl and D™ in D? with the interiors missing A.
Extend the embedding of S'*! = Dfl U D™ to an embedding of D**2 into M™ with the interior missing fD?.
Pushing one of the two caps D?l across a neighborhood of D*t? performs a surgery on A killing the element g.

In Step 1 we have a choice of the spheres SY, because they are disconnected. After an appropriate choice our
surgery will connect distinct components of A, because dim A = 2g—m >2s+2 > 2.

To make this argument precise we need to construct the standard model for doing the surgery and to define all
the framings required to embed this standard model into M™.

Proof of Theorem 5.1. Standard model for doing surgery. [HaKa98] We will make use of the model manifold R™ =
Rx R xR2a-m=ix Rm=9—1 x RM~9~1 and of two embeddings g, and g_ of RY = Rt x R24—m~i xR24—m~1 jpto R™
intersecting transversally along 0 x S% x R24=™~% x 0 x 0. For example, one may take g_(z,y, 2z) = (|z|*> -1, 2,9,0, 2)
and g (z,y,2) = (1 —|z|?, 2, ¥, 2,0). The sphere S¢ bounds a ball D+ ¢ R+ C RY. Denote by D! = g (D**1).
The sphere S'*! = D' U D™ bounds a ball D*2 ¢ R x R“*! ¢ R™ with corners along S°. Pushing one of
the two ’caps’ Difl across D*t? performs the surgery. More precisely, the double points of the resulting regular
homotopy are the trace of this surgery.

Step 2 (killing the elements of the kernel of m;(A) — m;(P>)). Assume that g : S — A represents an element of
the kernel of the map m;(A) — m;(P>), 1 <4 < s. Since 2i < dim A —1 (because 2s < 2¢ — m — 2), we may assume
that g is an embedding. By general position the triple point set has dimension < 3¢ — 2m. Since s < m —q — 3,
it follows that i + 3q — 2m < dim A — 1, so generically Im g does not contain triple points. Since the composition
A(f)og: 8" — P> is trivial, it follows that g(S?) is trivially covered in A. Denote by Si and S* the two copies of
S%in A.

Let us construct trivializations of the normal bundles N (A, D9) and N(S?, A). Take vector fields {¢*}}'",? forming
a trivialization of N (D4, M™). Denote by e¥ the vector of the k-th field at the point 2 € D9. Then the projections
of the vectors el at the point (z,y) € A to the normal bundle N (A, D?) form a trivialization of this bundle.

Further, for each point {z,y} € A we have a decomposition N (A, M™)¢, 4 = N(A,Dq)(w}y) &) N(A,Dq)(y}x).
Thus the vectors {e*, e’;} form a ’skew framing’ of A: interchanging of the points # and y implies interchanging
of the vectors ef and e’;. Thus N(A, M™) can be decomposed into the sum of all line bundles (e* + e’&) = e and
(eh —ek) = X. This gives an isomorphism N(A, M™) 2 (m — )\ @ €™~ 9. Since S* — P> is trivial, it follows that
(m — q)\|g: is trivial. Thus the restriction N(A, M™) |g: is trivial. Since M™ is (s + 1)-connected, it follows that
T(M™)|g: is also trivial. Thus N(S?, A) is stably trivial and hence trivial. Denote this trivial bundle by .

Surgery on S*. First let us span the spheres Si and S’ by two disjoint balls Dfl and D! in D4. To do it push
S and S’ along the first vector field of the trivialized bundle N (A,D%) and then extend to embeddings of the
discs missing the image of A. This is possible provided that i +1+dim A < ¢—1 and 2(i+1) < g—1, which follows
from s <m —q — 3 and 3s < g — 5. Here the second dimension restriction is obtained by summing s <m —q — 3
and 2s < 2¢ —m — 2.

Now take a natural decomposition N (D, D7) si =1 @ em=971 (recall that n = N(S% A)). We wish to extend

this partial (m — ¢ — 1)-framing over Dfl. The complete obstruction lies in m;(Vy—i—1,m—qg—1) = 0, provided that
2¢ < 2qg —m — 1, which follows from 2s < 2¢g —m — 2. Thus we obtain a decomposition N(Df:“l, D) =n @em 7L,
where 74 is the complementary extension of n over Dfl. Define the bundle n_ analogously.

Next we extend the embedding of S*+! = Dfl U D to an embedding of D**2 into M™. To do it push Dfl
and D" along the first vector field of the trivialized bundle N(D?, M™). Thus we obtain an embedding of a collar
neighborhood of the sphere S**! into M™. It can be extended to an embedding of the disc D2, provided that
i+2+qg<m-—1and 2(i +2) <m—1 (which follows from g + s + 3 < m, because s <m — 1).

Finally, consider the following partial (m — ¢ — 1)-framing of the sphere S**'. On the disc Df‘l take the
(m — q — 1)-framing complementary to 7. On the disc D! take the (m — ¢ — 1)-framing obtained from the
trivialization of N (D%, M™) by forgetting the first vector field. By the above construction it follows that these two
partial framings coincide on S?. Thus we obtain a (m — g — 1)-framing of S'*!. Let us extend it to D'*2. The
complete obstruction lies in m;41(Vin—i—2,m—q—1), S0 it vanishes for 2i +2 < ¢ — 1 (this condition is satisfied, see
above). Now set 7 to be the complementary bundle to the obtained (m — ¢ — 1)-framing over Di*2. On D™ we
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have the splitting o’ = n_ @ €™~ 971, Pushing the remaining (m — ¢ — 1)-framing across D**? yields a splitting
N(D*2, M™) =n" @ em 97t ¢ em=971 for some bundle n”.

Thus the relevant framing information along D2 agrees with that of the standard model, so there is a homeo-
morphism of a neighborhood of D**2 and the standard model. So one can perform our surgery and kill the spheroid
g: 8" — A.

Step 1 (making A and A connected). If A = (), then first create a self-intersection (for example, by a ’finger
Whitney trick’). Take a pair of points (a,b), (¢,d) belonging to distinct components of A. One can assume that
they are outside the triple point set. Consider the spheres S° = {{a,b},{c,d}}, SY = {(a,b), (¢,d)}, and S° =
{(b,a),(d,c)}, and let n be the trivial normal bundle N(S° A). The surgery on S° (see Step2 above) will connect
the components of A, because dimA > 2. O
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