
Êîíñòàíòà Ýéëåðà-Êðîíåêåðà
Àíäðåé Áàäçÿí

Ââåäåíèå
Ïóñòü K ãëîáàëüíîå ïîëå, òî åñòü èëè êîíå÷íîå ðàñøèðåíèå ïîëÿ ðàöè-
îíàëüíûõ ÷èñåë Q (÷èñëîâîé ñëó÷àé) èëè ïîëå ôóíêöèé àëãåáðàè÷åñêîé
êðèâîé íàä êîíå÷íûì ïîëåì Fq (ôóíêöèîíàëüíûé ñëó÷àé). Ïóñòü ζK(s)
äçåòà-ôóíêöèÿ ïîëÿ K, òîãäà ζK(s) èìååò â òî÷êå s = 1 ïîëþñ ïåðâîãî
ïîðÿäêà. Ðàññìîòðèì ðàçëîæåíèå äçåòà-ôóíêöèè â ðÿä Ëîðàíà â òî÷êå
s = 1

ζK(s) = c−1(s− 1)−1 + c0 + c1(s− 1) + . . . ,

òîãäà âåùåñòâåííàÿ âåëè÷èíà γK = c0/c−1 íàçûâàåòñÿ êîíñòàíòîé
Ýéëåðà-Êðîíåêåðà ïîëÿ K.

Â ñëó÷àå êîãäà K åñòü ïîëå ðàöèîíàëüíûõ ÷èñåë Q êîíñòàíòà γK

ðàâíà ïîñòîÿííîé Ýéëåðà γ

γQ = lim
n→∞

(
1 +

1

2
+ . . .

1

n
− log n

)
= 0.57721566 . . . .

Òàêèì îáðàçîì γK ìîæíî ðàññìàòðèâàòü êàê åñòåñòâåííîå îáîáùåíèå
ïîñòîÿííîé Ýéëåðà íà ñëó÷àé ïðîèçâîëüíîãî ãëîáàëüíîãî ïîëÿ K.

Â ñòàòüå [1] â ñëó÷àå ÷èñëîâîãî ïîëÿ K äîêàçàíà íèæíÿÿ îöåíêà
γK ≥ − log

√
|dK |, ãäå dK äèñêðèìèíàíò ïîëÿ K. Ñ äðóãîé ñòîðîíû, â

ñòàòüå [3] â ÷àñòíîñòè ïîêàçàíî, ÷òî äëÿ ëþáîãî àñèìïòîòè÷åñêè õîðî-
øåãî ñåìåéñòâà ÷èñëîâûõ ïîëåé Ki ïðåäåë limi→∞

γKi

log
√
|dK |

ñóùåñòâóåò è

îòðèöàòåëåí, òî åñòü íèæíÿÿ îöåíêà γK ≥ − log
√
|dK | íå óëó÷øàåìà ïî

ïîðÿäêó. Ïîýòîìó ìîæíî ðàññìàòðèâàòü âîïðîñ îá óëó÷øåíèè êîíñòàíòû
C â íåðàâåíñòâå γK ≥ −C log

√
|dK |. Â ðàçäåëå 1 ìíîþ äîêàçàíà íèæíÿÿ

îöåíêà γK ≥ −
(
1−

√
5

5

)
log

√
|dK | äëÿ ëþáîãî ÷èñëîâîãî ïîëÿ K. Òàêæå,
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â ïðåäïîëîæåíèè, ÷òî îáîáùåííàÿ ãèïîòåçà Ðèìàíà (ÎÃÐ) âåðíà, ïîëó-
÷åíà îöåíêà γK ≥ −0.459 log

√
|dK |. Â ñòàòüå [3] äîêàçàíà àñèìïòîòè÷å-

ñêàÿ îöåíêà lim inf γK

log
√
|dK |

≥ −0.26049..., îäíàêî, íåèçâåñòíî âûïîëíåíà

ëè îöåíêà γK ≥ −0.26049... log
√
|dK | äëÿ ëþáîãî ÷èñëîâîãî ïîëÿ K.

Â ñòàòüÿõ [1], [2] ðàññìàòðèâàåòñÿ γK äëÿ ïîëåé äåëåíèÿ êðóãà K =
Kl = Q(µl) è âûñêàçàíî ïðåäïîëîæåíèå, ïðîâåðåííîå äëÿ âñåõ l < 3×104,
î òîì, ÷òî â ýòîì ñëó÷àå γK > 0. Äîêàçàíà ëèøü îöåíêà γKl

= O((log l)2)
â ïðåäïîëîæåíèè, ÷òî âûïîëíåíà ÎÃÐ. Â ðàçäåëå 2 äàííîé ðàáîòû ýòà
îöåíêà óëó÷øåíà äî γKl

= O(log l
∫ log l

2
dt

log t
) â ïðåäïîëîæåíèè, ÷òî ÎÃÐ

âåðíà.
Îáîáùåíèåì êîíñòàíòû Ýéëåðà-Êðîíåêåðà ãëîáàëüíîãî ïîëÿ ÿâëÿåò-

ñÿ êîíñòàíòà Ýéëåðà-Êðîíåêåðà àëãåáðàè÷åñêîãî ìíîãîîáðàçèÿ íàä êî-
íå÷íûì ïîëåì Fq. Ïóñòü X ãëàäêîå ïðîåêòèâíîå ìíîãîîáðàçèå ðàçìåð-
íîñòè n íàä êîíå÷íûì ïîëåì Fq. Ïóñòü ζ(s,X) åãî äçåòà-ôóíêöèÿ, òîãäà
ζ(s,X) èìååò â òî÷êå s = n èìååò ïîëþñ ïåðâîãî ïîðÿäêà. Ðàññìîòðèì
ðàçëîæåíèå äçåòà-ôóíêöèè â ðÿä Ëîðàí â òî÷êå s = n

ζ(s,X) = c−1(s− n)−1 + c0 + . . . ,

òîãäà âåëè÷èíà γX = c0/c−1 íàçûâàåòñÿ êîíñòàíòîé Ýéëåðà-Êðîíåêåðà
ìíîãîîáðàçèÿ X. Â ðàçäåëå 3 ðàññìàòðèâàåòñÿ îáîáùåíèå îöåíîê äëÿ
êðèâûõ íà ñëó÷àé ìíîãîîáðàçèé (ñì. òåîðåìû 3,4).

1 Íèæíÿÿ îöåíêà äëÿ ÷èñëîâûõ ïîëåé
Ëåììà 1 Ïóñòü ρ ∈ C , 0 < Re(ρ) < 1, s ∈ R. Òîãäà ïðè s ≥ (1 +

√
5)/2

âûïîëíåíî íåðàâåíñòâî
1

ρ
+

1

1− ρ
+

1

ρ
+

1

1− ρ
≥ 1

2s− 1

(
1

s− ρ
+

1

s− 1 + ρ
+

1

s− ρ
+

1

s− 1 + ρ

)
.

Äîêàçàòåëüñòâî. Ïóñòü ρ = x + 1/2 + iy, ãäå −1/2 < x < 1/2. Ïîëîæèì
f(u) = 1

2u−1
( 1

u−ρ
+ 1

u−1+ρ
+ 1

u−ρ
+ 1

u−1+ρ
). Òðåáóåòñÿ äîêàçàòü, ÷òî f(1) ≥

f(s).

f(u) =

=
1

2u− 1

(
1

u− x− 1/2− iy
+

1

u− 1/2 + x + iy
+

1

u− x− 1/2 + iy
+

1

u− 1/2 + x− iy

)
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=
1

2u− 1

(
2(u− x− 1/2)

(u− x− 1/2)2 + y2
+

2(u− 1/2 + x)

(u− 1/2 + x)2 + y2

)

=
1

2u− 1

2(2u− 1)y2 + 2(2u− 1)(u− x− 1/2)(u− 1/2 + x)

((u− x− 1/2)2 + y2)((u− 1/2 + x)2 + y2)

= 2
y2 + (u− x− 1/2)(u− 1/2 + x)

((u− x− 1/2)2 + y2)((u− 1/2 + x)2 + y2)

=
2(y2 + (u− 1/2)2 − x2)

(y2 + (u− 1/2)2 + x2 − 2x(u− 1/2))(y2 + (u− 1/2)2 + x2 + 2x(u− 1/2))

=
2(y2 + (u− 1/2)2 − x2)

(y2 + (u− 1/2)2 + x2)2 − 4(u− 1/2)2x2

=
2(y2 + (u− 1/2)2 − x2)

(u− 1/2)4 + 2(y2 − x2)(u− 1/2)2 + (y2 + x2)2

=
2(y2 + (u− 1/2)2 − x2)

(y2 + (u− 1/2)2 − x2)2 + 4y2x2
.

Ïîëîæèì a = y2 + 1/4 − x2, b = y2 + (u − 1/2)2 − x2, c = 4y2x2, òîãäà
íóæíî ïðîâåðèòü

a

a2 + c
≥ b

b2 + c
,

òî åñòü
ab2 + ac ≥ ba2 + bc.

Ïîñëåäíåå íåðàâåíñòâî ðàâíîñèëüíî ab(b−a)+c(a−b) ≥ 0 èëè (b−a)(ab−
c) ≥ 0. Èìååì b−a = y2+(u−1/2)2−x2−y2−1/4+x2 = (u−1/2)2−1/4 ≥ 0,
ò.ê. u ≥ 1. Äëÿ âòîðîé ñêîáêè ab−c ≥ (y2+1/4−x2)(y2+5/4−x2)−4y2x2 =
y4 + (3/2− 6x2)y2 + (1/4− x2)(5/4− x2) > 0.

Ëåììà 2 Ïóñòü ρ ∈ C, Re(ρ) = 1/2, s ∈ R. Òîãäà ïðè s > 1 âûïîëíåíî
íåðàâåíñòâî

1

ρ
+

1

ρ
≥ 1

2s− 1

(
1

s− ρ
+

1

s− ρ

)

Äîêàçàòåëüñòâî. Ïóñòü ρ = 1/2 + iy, òîãäà 1
ρ
+ 1

ρ
= 1

1/4+y2 ≥ 1
(s−1/2)2+y2 =

1
2s−1

( 1
s−ρ

+ 1
s−ρ

).
Ïóñòü K ÷èñëîâîå ïîëå ñòåïåíè n = r1+2r2, ãäå r1, r2 ÷ècëî âåùåñòâåí-

íûõ è êîìïëåêñíûõ âëîæåíèé K, ζK(s) åãî äçåòà-ôóíêöèÿ Äåäåêèíäà,
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ZK(s) = − ζ′K(s)

ζK(s)
. Îáîçíà÷èì äèñêðèìèíàíò K ÷åðåç dK , αK = log(

√
dK),

βK = − r1

2
(γ + log 4π)− r2(γ + log 2π). Òîãäà ([1],(1.3.3) è (1.3.4))

(1) γK = − lim
s→1

(
ZK(s)− 1

s− 1

)
.

Êðîìå òîãî, âåðíû ñëåäóþùèå ôîðìóëû ([1],(1.3.5) è (1.3.3)):

(2) ZK(s) =
1

s
+

1

s− 1
−

∑
ρ

1

s− ρ
+ αK + βK + ξK(s),

(3) ZK(s) =
∑

P

log N(P )

N(P )s − 1
ïðè Re(s) > 1,

ãäå

ξK(s) = −r1

(
1− s

s
+

∞∑
n=1

(
1

s + 2n
− 1

1 + 2n

))
−r2

(
1− s

s
+

∞∑
n=1

(
1

s + n
− 1

1 + n

))

Èç ôîðìóë (1) è (2) ïîëó÷àåì

(4) γK =
∑

ρ

1

1− ρ
− αK − βK − 1 =

∑
ρ

1

ρ
− αK − βK − 1.

Òåîðåìà 1 Äëÿ ëþáîãî ÷èñëîâîãî ïîëÿ K

γK ≥ −
(

1−
√

5

5

)
αK

Äîêàçàòåëüñòâî. Íåòðèâèàëüíûå íóëè ρ äçåòà-ôóíêöèè ζK(s) ðàçáèâà-
þòñÿ íà ÷åòâåðêè ρ, ρ, 1 − ρ, 1 − ρ. Ïî ëåììå 1 äëÿ êàæäîé ÷åòâåðêè
âûïîëíåíî íåðàâåíñòâî:

1

ρ
+

1

1− ρ
+

1

ρ
+

1

1− ρ
≥ 1

2s− 1

(
1

s− ρ
+

1

s− 1 + ρ
+

1

s− ρ
+

1

s− 1 + ρ

)
,

ãäå s = (1 +
√

5)/2. Ñëåäîâàòåëüíî,
∑

ρ

1

ρ
≥ 1

2s− 1

∑
ρ

1

s− ρ
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Èç ôîðìóëû (4) äëÿ γK èìååì:

γK ≥ 1

2s− 1

∑
ρ

1

s− ρ
− αK − βK − 1 =

=
1

2s− 1

(
1

s
+

1

s− 1
+ αK + βK + ξK(s)− ZK(s)

)
− αK − βK − 1

=
1

2s− 1

(
1

s
+

1

s− 1

)
−2s− 2

2s− 1
αK−2s− 2

2s− 1
βK+

1

2s− 1
ξK(s)− 1

2s− 1
ZK(s)−1

1
2s−1

(1
s

+ 1
s−1

) = 1
s(s−1)

= 1, ïðè s = (1 +
√

5)/2. Äàëåå, 2s−2
2s−1

αK =
1+
√

5−2
1+
√

5−1
αK =

√
5−1√
5

αK = (1−
√

5
5

)αK . Òàêèì îáðàçîì, äîñòàòî÷íî ïîêàçàòü,
÷òî−2s−2

2s−1
βK+ 1

2s−1
ξK(s)− 1

2s−1
ZK(s) ≥ 0⇔−(2s−2)βK+ξK(s)−ZK(s) ≥ 0.

Ïóñòü ïðîñòîå ÷èñëî p ðàñêëàäûâàåòñÿ â ïîëå K â ïðîèçâåäåíèå (p) =

P1 · ... · Pk, òîãäà
∑k

i=1
log N(Pk)
N(Pk)s−1

≤ n log p
ps−1

, òàê êàê åñëè N(Pi) = pmi , òî
log N(Pk)
N(Pk)s−1

= mi log p
pmis−1

≤ mi log p
ps−1

, è
∑k

i=1 mi = n. Çíà÷èò, ZK(s) ≤ −n ζ′(s)
ζ(s)

, ãäå
ζ(s) - äçåòà-ôóíêöèÿ Ðèìàíà. Ïîëó÷àåì

−(2s− 2)βK + ξK(s)− ZK(s) ≥ −(2s− 2)βK + ξK(s) + n
ζ ′(s)
ζ(s)

=

(2s−2)
(r1

2
(γ + log 4π) + r2(γ + log 2π)

)
+r1

(
s− 1

s
+

∞∑
n=1

(− 1

s + 2n
+

1

1 + 2n
)

)
+

+r2

(
s− 1

s
+

∞∑
n=1

(− 1

s + n
+

1

1 + n
)

)
+ r1

ζ ′(s)
ζ(s)

+ 2r2
ζ ′(s)
ζ(s)

Äîñòàòî÷íî ïðîâåðèòü, ÷òî (s− 1)(γ + log(4π)) + s−1
s

+
∑∞

n=1(− 1
s+2n

+
1

1+2n
)+ ζ′(s)

ζ(s)
≥ 0 è 2(s−1)(γ+log(2π))+ s−1

s
+

∑∞
n=1(− 1

s+n
+ 1

1+n
)+2 ζ′(s)

ζ(s)
≥ 0

Ýòî âåðíî, òàê êàê (s−1)(γ+log(2π)) > (
√

5−1
2

(0.57+1.83)) > 1.2(
√

5−1) >

1.44, à − ζ′(s)
ζ(s)

≤ 1.4

Òåîðåìà 2 Åñëè âûïîëíåíà îáîáùåííàÿ ãèïîòåçà Ðèìàíà è âåùåñòâåí-
íîå s > 1 òàêîâî, ÷òî γ + log(4π) + s−1

s
+

∑∞
n=1(− 1

s+2n
+ 1

1+2n
) + ζ′(s)

ζ(s)
≥ 0

è γ + log(2π)+ s−1
s

+
∑∞

n=1(− 1
s+n

+ 1
1+n

)+2 ζ′(s)
ζ(s)

≥ 0, òî âûïîëíåíà îöåíêà

γK ≥ 2s− 2

2s− 1
αK
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Äîêàçàòåëüñòâî. Íåòðèâèàëüíûå íóëè ρ äçåòà-ôóíêöèè ζK(s) èìåþò
ìíèìûå ÷àñòè 1/2 è ðàçáèâàþòñÿ íà ïàðû ρ , ρ. Ïî ëåììå 2 äëÿ êàæäîé
ïàðû âûïîëíåíî íåðàâåíñòâî 1

ρ
+ 1

ρ
≥ 1

2s−1
( 1

s−ρ
+ 1

s−ρ
). Ñëåäîâàòåëüíî,

∑
ρ

1

ρ
≥ 1

2s− 1

∑
ρ

1

s− ρ

è äàëåå äîñëîâíî ïîâòîðÿåòñÿ êîíåö äîêàçàòåëüñòâà òåîðåìû 1.
Óñëîâèÿ òåîðåìû 2 âûïîëíåíû äëÿ s = 1.425 è, ñëåäîâàòåëüíî, âû-

ïîëíåíî íåðàâåíñòâî γK ≥ 0.459αk

Çàìå÷àíèå 1 Â [3] äîêàçàíî, ÷òî ïðè |dK | → ∞ èìååòñÿ àñèìïòî-
òè÷åñêàÿ îöåíêà γK & −0.26049... log

√
|dK |. Îäíàêî, âûïîëíÿåòñÿ ëè

íåðàâåíñòâî γK ≥ −0.26049... log
√
|dK | íà êîíå÷íîì óðîâíå, íåèçâåñò-

íî.

2 Îöåíêè äëÿ êðóãîâûõ ïîëåé
Ïóñòü Kl = Q(µl) ïîëå äåëåíèÿ êðóãà. Â [1] âûñêàçàíî ïðåäïîëîæåíèå î
òîì, ÷òî γKl

≥ 0 äëÿ âñåõ l è äîêàçàíà îöåíêà γKl
= O((log l)2) â ïðåäïî-

ëîæåíèè, ÷òî âûïîëíåíåíà îáîáùåííàÿ ãèïîòåçà Ðèìàíà. Ìû äîêàæåì,
÷òî γKl

= O(log l
∫ log l

2
dt

log t
) ïðåäïîëàãàÿ, ÷òî âûïîëíåíà îáîáùåííàÿ ãè-

ïîòåçà Ðèìàíà.
Íàïîìíèì íåêîòîðûå íåðàâåíñòâà èç [1]. Ïóñòü K ÷èñëîâîå ïîëå, P

åãî ïðîñòîé äèâèçîð è N(P ) íîðìà P . Â [1] ââîäèòñÿ ôóíêöèÿ

ΦK(x) =
1

x− 1

∑

N(P )k≤x

(
x

N(P )k
− 1

)
log N(P ),

ãäå (P, k) ïðîáåãàåò âñå ïàðû ñ k ≥ 1 è N(P )k ≤ x. Òîãäà äëÿ âñåõ x > 1
âûïîëíåíî íåðàâåíñòâî([1], Proposition 2)

γK ≥
√

x + 1√
x− 1

(log x− ΦK(x) + lK(x))− 2√
x + 1

(αK + βK)− 1,

ãäå
αK = log

√
|dK |
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(dK - äèñêðèìèíàíò ïîëÿ K),

βK = −
(r1

2
(γ + log 4π) + r2(γ + log 2π)

)

(r1, r2 - ÷èñëî âåùåñòâåííûõ è êîìïëåêñíûõ âëîæåíèé K, γ ïîñòîÿííàÿ
Ýéëåðà),

lK(x) =
r1

2

(
log

x + 1

x− 1
+

2

x− 1
log

x + 1

2

)
+ r2

(
log

x

x− 1
+

1

x− 1
log x

)
.

Ïðèìåíèì ýòî íåðàâåíñòâî äëÿ K = Kl è x = l2. Òîãäà òàê êàê r1+2r2 ≤ l
è dKl

≤ ll, òî 2√
x+1

(αK + βK) = O(log l).

Îöåíèì òåïåðü ΦK(l2): ΦK(x) ≤ ∑
N(P )k≤x

log N(P )
N(P )k ≤ ∑

N(P )k≤x
log(N(P )k)

N(P )k .

Ïðåäñòàâèì
∑

N(P )k≤x
log N(P )
N(P )k = S1 + S2, ãäå â S1 âêëþ÷èì ñëàãàåìûå ñ P

äåëÿùèìè l, à â S2 ñ íåäåëÿùèìè.
Ëåììà 3

S1 = O(log l).

Äîêàçàòåëüñòâî. Ïóñòü ïðîñòîå ðàöèîíàëüíîå ÷èñëî p äåëèò l è âõîäèò
â ðàçëîæåíèå l â ñòåïåíè α. Çàìåòèì, ÷òî

p =
xpα − 1

xpα−1 − 1
|x=1 =

∏

(k,p)=1,k≤pα

(1− µk
pα).

Îòñþäà (p) = (1−µpα)pα−pα−1
= (π1 · . . . ·πg)

pα−pα−1
, ãäå π1, . . . , πg ïðîñòûå

äèâèçîðû ñ íîðìîé Nπ1 = . . . = Nπg = pf . Êðîìå òîãî pf ≡ 1(l/pα).

Îòñþäà âêëàä P äåëÿùèõ p ìîæíî ñâåðõó îöåíèòü êàê g log(pf )
l/pα = g ·

f · pα log p
l

= φ(l) log p/l < log p. Â èòîãå

S1 ≤
∑

p|l
log p ≤ log l.

Îöåíèì òåïåðü S2. Äëÿ ýòîãî âîñïîëüçóåìñÿ ëåìììîé
Ëåììà 4 Ïóñòü n1, n2, ..., nH ðàçëè÷íûå öåëûå ïîëîæèòåëüíûå ÷èñëà,
íå ïðåâîñõîäÿùèå V , p ïðîñòîå ÷èñëî è Np(h) êîëè÷åñòâî èíäåêñîâ j äëÿ
êîòîðûõ nj = h(modp). Òîãäà äëÿ ëþáîãî X > 0

∑
p≤X

p

p−1∑

h=0

(Np(h)− H

p
)2 ≤ 2, 2 max(X2, V )H.
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Äîêàçàòåëüñòâî. Ñì. [4] ñòð. 86.
Äëÿ êðóãîâîãî ðàñøèðåíèÿ êàæäîå ïðîñòîå p, íå äåëÿùåå l, ðàñïà-

äàåòñÿ â ïðîèçâåäåíèå g ïðîñòûõ èäåàëîâ ñ íîðìîé pf , ãäå gf = φ(l), à
pf = 1(l). Òàêèì îáðàçîì

ΦK(l2) ≤ φ(l)
∑

k=pf ,k=1(l),k<l2

log(k)

k
.

Ðàññìîòðèì äëÿ êàæäîãî òàêîãî k ÷èñëî m, ÷òî k = ml + 1, òîãäà m < l
è ðàññìîòðèì ìíîæåñòâî M âñåõ òàêèõ ÷èñåë m, òîãäà

ΦK(l2) ≤ φ(l)
∑
m∈M

log(ml + 1)

ml + 1
≤ φ(l)

∑
m∈M

log m + log l

ml
≤ φ(l)

∑
m∈M

2 log l

ml
.

Îêîí÷àòåëüíî ïîëó÷àåì

ΦK(l2) ≤ 2 log l
φ(l)

l

∑
m∈M

1

m
.

Óïîðÿäî÷èì ýëåìåíòû ìíîæåñòâà M m1 < m2 < ... < mH < .... Ïðèìå-
íèì ëåììó 4 äëÿ X =

√
mH , V = mH è n1 = m1, n2 = m2, ..., nH = mH .

Çàìåòèì, ÷òî ëèáî p|l, ëèáî ñðåäè ýëåìåíòîâ ìíîæåñòâà M åñòü íå áîëåå
îäíîãî ÷èñëà m = −1/l(p), çíà÷èò õîòÿ áû îäèí èç èíäåêñîâ Np(h) ≤ 1.

Îöåíèì (H
p
− 1)2 ≥ H2

4p2 ïðè H
p
≥ 2. Åñëè H

p
< 2, òî √mH ≥ p > H/2 è

mH > H2/4.
Â èòîãå ïîëó÷àåì, ÷òî ëèáî mH > H2/4, ëèáî

H2
∑

p≤√mH

1

4p
−H2

∑

p≤√mH ,p|l

1

4p
≤ 2, 2HmH .

Âî âòîðîì ñëó÷àå
∑

p≤√mH

1

4p
−

∑

p≤√mH ,p|l

1

4p
≤ 2, 2

mH

H
.

Îáîçíà÷èì f(l) =
∑

p|l
1
p
, ãäå ñóììèðîâàíèå èäåò ïî âñåì ïðîñòûì äåëèòå-

ëÿì l. Òîãäà mH ≥ H
(∑

p≤√mH

1
8.8p

− f(l)
8.8

)
≥ 1

9
H (log log H − f(l) + O(1)) .
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Âûáåðåì íàèìåíüøåå H0 òàêîå, ÷òî f(l) ≤ 2
3
log log H0. Òîãäà ïðè

H > H0 mH ≥ 1
27

H log log H + O(H) è
∑

H>H0

1
mH

= O(
∑l

H=1
1

H log log H
) =

O(
∫ log l

2
dt

log t
).

Ïðè H ≤ H0 âîñïîëüçóåìñÿ íåðàâåíñòâîì mH ≥ H, òîãäà
∑H0

H=1
1

mH
≤

log H0 + O(1). Òàê êàê H0 íàèìåíüøåå òàêîå, ÷òî f(l) ≤ 2
3
log log H0,

òî log H0 = O(exp(3
2
f(l))). Ïîêàæåì òåïåðü, ÷òî φ(l)

l
exp(3

2
f(l)) =

O(
∫ log l

2
dt

log t
).

Ïóñòü l èìååò ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè l = pα1
1 ·. . .·pαk

k , òîãäà
φ(l)/l = (1−1/p1) · . . . · (1−1/pk) è f(l) = 1/p1 + . . .+1/pk. Âîñïîëüçóåìñÿ
äëÿ êàæäîãî ñîìíîæèòåëÿ â φ(l)/l íåðàâåíñòâîì 1− x ≤ exp(−x), òîãäà
ïîëó÷èì φ(l)

l
exp(3

2
f(l)) ≤ exp(1

2
f(l)). Ïóñòü òåïåðü q1 < . . . < qk ïåðâûå

k ïðîñòûõ ÷èñåë, òîãäà f(l) ≤ 1/q1 + . . . + 1/qk = log log qk + O(1) è
l ≥ q1 · . . . · qk. Îòñþäà exp(1

2
f(l)) = O(

√
log qk) = O(

√
log l) = O(

∫ log l

2
dt

log t
).

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî S2 åñòü ñóììà äâóõ ñëàãàåìûõ, êàæäîå èç
êîòîðûõ O(

∫ log l

2
dt

log t
), çíà÷èò S2 = O(

∫ log l

2
dt

log t
) è S1 + S2 = O(

∫ log l

2
dt

log t
).

3 Êîíñòàíòà Ýéëåðà-Êðîíåêåðà àëãåáðàè÷å-
ñêîãî ìíîãîîáðàçèÿ

3.1 Îïðåäåëåíèå è ôîðìóëû
Ïóñòü X ãëàäêîå ïðîåêòèâíîå ìíîãîîáðàçèå ðàçìåðíîñòè n íàä êîíå÷-
íûì ïîëåì Fq, ζ(s,X) åãî äçåòà-ôóíêöèÿ. Ïóñòü

ζ(s,X) = c−1(s− n)−1 + c0 + . . .

ðàçëîæåíèå äçåòà-ôóíêöèè â ðÿä Ëîðàíà â òî÷êå s = n, òîãäà âåëè÷èíà
γX = c0/c−1 íàçûâàåòñÿ êîíñòàíòîé Ýéëåðà-Êðîíåêåðà ìíîãîîáðàçèÿ X.
γX ÿâëÿåòñÿ îáîùåíèåì êîíñòàíòû Ýéëåðà-Êðîíåêåðà ôóíêöèîíàëüíîãî
ïîëÿ íà ñëó÷àé ðàçìåðíîñòè n > 1.

Îáîçíà÷èì ÷èñëà Áåòòè ìíîãîîáðàçèÿ X êàê bi = bi(X) =
dimQl

H i(X,Ql), ãäå i = 0, 1, . . . , 2n. Îïðåäåëèì ½ðîä“ ìíîãîîáðàçèÿ X
êàê b = b(X) = maxi=0,1,...,2n bi(X).

Ïóñòü t = q−s, òîãäà ζ(s,X) ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé t è
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âûïîëíÿåòñÿ ðàâåíñòâî:

(5) ζ(s,X) =
F1(t) · . . . · F2n−1(t)

F0(t) · . . . · F2n(t)
,

ãäå

(6) Fi(t) =

bi∏
j=1

(1− qi/2ωi,jt)

è |ωi,j| = 1. Èç îïðåäåëåíèÿ äëÿ γX ïîëó÷àåì ðàâåíñòâî:

(7) γX = lim
s→n

(
ζ ′(s,X)

ζ(s,X)
+

1

s− n

)
.

Èç ôîðìóëû (6) ïîëó÷àåì ðàâåíñòâî:

(8)
F ′

i (t)

Fi(t)
=

bi∑
j=1

(
qi/2ωi,j

qi/2−nωi,j − 1

)
.

Îòñþäà, ó÷èòûâàÿ ôîðìóëû (5) è (7), ïîëó÷àåì âûðàæåíèå äëÿ γX :

(9) γX =
log q

2
+ log q

2n−1∑
i=0

(−1)i

bi∑
j=1

qi/2−nωi,j

qi/2−nωi,j − 1
.

Îáîçíà÷èì ÷èñëî òî÷åê íà ìíîãîîáðàçèè X íàä Fqr êàê Nr = |X(Fqr)|,
òîãäà ïîëó÷èì äëÿ ζ(s,X) ñëåäóþùåå âûðàæåíèå :

(10) ζ(s,X) = exp

( ∞∑
r=1

Nrt
r

r

)
.

Èç ôîðìóëû (10)
∑∞

r=0 Nr+1t
r = Z′(t)

Z(t)
, ãäå Z(t) = ζ(s,X) è èç ôîðìóë (5)

è (6) ïîëó÷àåì âûðàæåíèå äëÿ ÷èñëà òî÷åê Nr:

(11) Nr = 1 + qnr +
2n−1∑
i=1

(−1)i

bi∑
j=1

(qi/2ωi,j)
r.

Òàê êàê |qi/2−nωi,j| < 1 ïðè i ≤ 2n − 1, òî qi/2−nωi,j

qi/2−nωi,j−1
=

−∑∞
r=1 q(i/2−n)rωr

i,j ïðè i ≤ 2n− 1. Èç ôîðìóëû (9) ïîëó÷àåì γX = log q
2

+
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log q
∑2n−1

i=0 (−1)i
∑bi

j=1
qi/2−nωi,j

qi/2−nωi,j−1
= log q

2
+log q

∑2n−1
i=0 (−1)i+1

∑bi

j=1

∑∞
r=1 q(i/2−n)rωr

i,j.

Òàê êàê âñå ðÿäû
∑∞

r=1 q(i/2−n)rωr
i,j ÿâëÿþòñÿ àáñîëþòíî ñõîäÿùèìèñÿ, òî

ìîæíî ïåðåñòàâèòü ïîðÿäêè ñóììèðîâàíèÿ è ïîëó÷èòü, ó÷èòûâàÿ ôîð-
ìóëó (11), ÷òî γX = log q

2
+ log q

∑∞
r=1

∑2n−1
i=0 (−1)i+1

∑bi

j=1 q(i/2−n)rωr
i,j =

log q
(

1
2

+
∑∞

r=1
qnr−Nr

qnr

)
. Îêîí÷àòåëüíî ïîëó÷àåì:

(12) γX = log q

(
1

2
+

∞∑
r=1

qnr −Nr

qnr

)
.

Ôîðìóëû (9) è (12) äëÿ ñëó÷àÿ ðàçìåðíîñòè 1 ñîäåðæàòñÿ â ðàáîòå
[2](ôîðìóëû (II) è (IV)).

3.2 Íèæíÿÿ îöåíêà
Ëåììà 5 Ïóñòü ω ∈ C è |ω| = 1. Ïóñòü A = qi/2−nω

qi/2−nω−1
+ qi/2−nω̄

qi/2−nω̄−1
, òîãäà

âûïîëíåíû íåðàâåíñòâà

− 2qi/2−n

1− qi/2−n
≤ A ≤ 2qi/2−n

1 + qi/2−n
.

Äîêàçàòåëüñòâî.

A =
qi/2−nω

qi/2−nω − 1
+

qi/2−nω̄

qi/2−nω̄ − 1
=

=
2qi−2n − qi/2−n(ω + ω̄)

1− qi/2−n(ω + ω̄) + qi−2n
=

= 1− 1− qi−2n

|1− qi/2−nω|2 .

Îòñþäà âèäíî, ÷òî ìàêñèìàëüíîå çíà÷åíèå A äîñòèãàåòñÿ ïðè ω = −1, à
ìèíèìàëüíîå ïðè ω = 1.

Òåîðåìà 3 Äëÿ ãëàäêîãî ïðîåêòèâíîãî ìíîãîîáðàçèÿ X íàä êîíå÷íûì
ïîëåì Fq

γX ≥ log q

(
1

2
−

n−1∑
i=0

b2i

qn−i − 1
−

n∑
i=1

b2i−1

qn+1/2−i + 1

)
.
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Äîêàçàòåëüñòâî. Êîðíè ωi,j äëÿ êàæäîãî i ðàçáèâàþòñÿ íà ïàðû êîì-
ïëåêñíî ñîïðÿæåííûõ, çíà÷èò ïî ëåììå 5

−bi

2

2qi/2−n

1− qi/2−n
≤

bi∑
j=1

qi/2−nωi,j

qi/2−nωi,j − 1
≤ bi

2

2qi/2−n

1 + qi/2−n

è äëÿ γX ïî ôîðìóëå (9)

γX ≥ log q

(
1

2
− b0

2

2q−n

1− q−n
− b1

2

2q1/2−n

1 + q1/2−n
− . . .

)
.

Ñëåäñòâèå 1 Äëÿ ãëàäêîãî ïðîåêòèâíîãî ìíîãîîáðàçèÿ X íàä êîíå÷-
íûì ïîëåì Fq

γX ≥ log q

(
1

2
− b(X)

(
n−1∑
i=0

1

qn−i − 1
+

n∑
i=1

1

qn+1/2−i + 1

))
.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåìû 3 è íåðàâåíñòâ bi(X) ≤ b(X).

3.3 Âåðõíÿÿ îöåíêà
Ëåììà 6 Äëÿ ÷èñëà Fqr ðàöèîíàëüíûõ òî÷åê ñïðàâåäëèâà îöåíêà

Nr ≥ 1 + qnr −
2n−1∑
i=1

biq
ri/2.

Äîêàçàòåëüñòâî.Ïî ôîðìóëå (11) Nr = 1+qnr+
∑2n−1

i=1 (−1)i
∑bi

j=1(q
i/2ωi,j)

r.

Îöåíèì
∑2n−1

i=1 (−1)i
∑bi

j=1(q
i/2ωi,j)

r:

|
2n−1∑
i=1

(−1)i

bi∑
j=1

(qi/2ωi,j)
r| ≤

≤
2n−1∑
i=1

bi∑
j=1

|(qi/2ωi,j)
r| =
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=
2n−1∑
i=1

bi∑
j=1

qri/2.

Çíà÷èò,
∑2n−1

i=1 (−1)i
∑bi

j=1(q
i/2ωi,j)

r ≥ −∑2n−1
i=1 biq

ri/2, îòêóäà è ïîëó÷àåì
òðåáóåìóþ îöåíêó.

Òåîðåìà 4 Äëÿ ãëàäêîãî ïðîåêòèâíîãî ìíîãîîáðàçèÿ X ðàçìåðíîñòè n
íàä êîíå÷íûì ïîëåì Fq

γX ≤ log q/2 +
qn + 1

qn − qn−1/2
log q + 2 log(b(X) + 1).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî èñïîëüçóåò îöåíêó ëåììû 6 è íåðàâåí-
ñòâî Nr ≥ 0.

Âûáåðåì r0 òàê, ÷òîáû 1 + qnr0 − ∑2n−1
i=1 biq

r0i/2 ≤ 0 è 1 + qn(r0+1) −∑2n−1
i=1 biq

(r0+1)i/2 ≥ 0. Òàêîå r0 ñóùåñòóåò òàê êàê 1+qnr−∑2n−1
i=1 biq

ri/2 > 0
ïðè r →∞ è 1 + qnr −∑2n−1

i=1 biq
ri/2 < 0 ïðè r = 0.

Îöåíèì γX ïî ôîðìóëå (12), èñïîëüçóÿ íåðàâåíñòâî Nr ≥ 0 ïðè r ≤ r0

è íåðàâåíñòâî ëåììû 6 äëÿ r > r0 :

γX/ log q ≤ 1/2 + r0 +
∞∑

r=r0+1

(
− 1

qnr
+

2n−1∑
i=1

biq
r(i/2−n)

)
=

=
1

2
+ r0 − 1

qnr0(qn − 1)
+

2n−1∑
i=1

bi · qr0(i/2−n)

qn−i/2 − 1
.

Îöåíèì
∑2n−1

i=1 bi · qr0(i/2−n)

qn−i/2−1
:

2n−1∑
i=1

bi · qr0(i/2−n)

qn−i/2 − 1
≤ q−nr0

qn − qn−1/2

2n−1∑
i=1

biq
(r0+1)i/2 ≤

≤ q−nr0

qn − qn−1/2

(
1 + qn(r0+1)

) ≤ qn + 1

qn − qn−1/2
.

Îöåíèì r0:

1 + qnr0 ≤
2n−1∑
i=1

biq
r0i/2 ≤ b(X)qr0/2 q(2n−1)r0/2 − 1

qr0/2 − 1
.
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Îòñþäà
qr0/2 − 1 ≤ (1 + qnr0) · (qr0/2 − 1)

qr0/2 · (q(2n−1)r0/2 − 1)
≤ b(X)

è
r0 ≤ 2

log(b(X) + 1)

log q
.

Äëÿ γX ïîëó÷àåì:

γX ≤ log q/2 +
qn + 1

qn − qn−1/2
log q + 2 log(b(X) + 1).

Áëàãîäàðíîñòè.
ß áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ Öôàñìàíó Ì.À. çà öåí-
íûå çàìå÷àíèÿ âî âðåìÿ ìîåé ðàáîòû íàä ñòàòüåé. Òàêæå ÿ áëàãîäàðåí
Çûêèíó À. çà ñîâåòû ïî îôîðìëåíèþ ðàáîòû.
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